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( PREFACE 


Academician 1; I. Sedov 


Institute of Mechanics, M. V. Lomonosov Moscow State 
University 


For a scientific description of mechanical and, in general, 
physical objects, media, fields, and phenomena one must employ 
theoretical models. Mathematical modeling of physical space-time 
lies at the foundation of any theoretical interpretation of the world 
around us. 

At present the main distinctive feature of the common idea of 
physical space-time is that of a four-dimensional continuum of 
points, each of which is given by a set of four numbers, the coordi- 
nates, with one of these numbers being of a temporal nature, which 
is reflected in the geometric properties of the four-dimensional conti- 
nuum. There are different ways of giving a concrete physico-geomet- 
ric interpretation of the mathematical model of space-time. In 
Newtonian mechanics, as we know, a three-dimensional Euclidean 
space is used as the model of space, while time is considered a scalar. 
Special relativity postulates that a pseudo-Euclidean space is the 
model for the four-dimensional physical space-time. Finally, in 
general relativity and its many generalizations we assume that the 
four-dimensional space-time is Riemannian, while locally it is 
pseudo-Euclidean (the case in special relativity). There are also other 
interpretations of models of space-time. 

At present many scientific centers are further developing the ideas 
of general relativity and its applications to specific physical and 
astrophysical problems. At the same time in the formulation of var- 
ious problems involving second-order partial differential equations 
reflecting the dynamics of a problem there is an urgent need to ra- 
tionalize the theory of additional conditions (for one, boundary con- 
ditions) closely linked to the conditions at strong discontinuities 
that may appear inside four-dimensional volumes where the 
sought functions are continuous. 

The problems of individualization of points in a gravitational 
field, energy, internal interactions in a gravitational field, and a glo- 
bal proper time, connected with the choice of reference frames, have 
been largely solved. However, the final incorporation of theoretically 
and physically correct notions and model interpretations must be 
linked to special observations of natural phenomena and to laborato- 
ry experiments. In other words, the basic idea of the covariance of 
physical laws still requires considerable explanation. This is espe- 
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cially true when we deal with such basic characteristics as mass and 
energy, since the main physical laws are formulated only for indivi- 
dualized volumes of various fields and parts of matter and this requires 
the introduction of special reference frames so as to individualize 
the various objects. ; ; 

The law of motion of a continuous medium can be found theoreti- 
cally via the dynamical equations of the specific problem or experl- 
mentally by measuring in the observer's reference frame the signals 
that bring the data on the events in the comoving reference frame. 
The second way is not always possible and, besides, involves distor- 
tions introduced, first, by the peculiarities of and the processes in 
the intermediate media, where the signals propagate, and, second, 
by the differences in the mechanical and, in general, physical states 
of the observer and the moving medium. On the one hand, these 
are the phenomena associated with scattering, absorption, or distor- 
tion of electromagnetic or acoustic perturbations in the intermediate 
medium, all sorts of “noise”, and, on the other, phenomena similar 
to the Doppler effect and especially all sorts of relativistic effects; 
also phenomena associated with the differences in the electromagnetic 
characteristics and in the geometric dimensions and time intervals 
that exist in the observer’s reference frame and the comoving frame. 

Obviously, the examples we have just cited are strongly correlated 
with the choice of the observer’s reference frame and reflect not only 
the properties and the various phenomena in the moving reference 
frame but the phenomena in the observer’s reference frame and the 
state of the observer, which essentially is unimportant from the 
viewpoint of the physical laws at work in the moving reference frame. 
In this connection we can make the general statement that it is 
expedient to carry out experiments and establish the main physical 
relationships by measurements and by building theoretical models 
directly in the comoving reference frame either theoretically or exper- 
imentally. After this we can transform the results and formulate 
them in the observer’s reference frame. Essentially, this is done in 
physical theories in the simplest cases, though sometimes not ex- 
plicitly. 

The results obtained in the comoving reference frame are inde- 
pendent of the state and motion of the observer and, therefore, have 
a simpler form than the results obtained after the above-mentioned 
transformations, which often involve complicated mathematical 
operations (these constitute the essence of navigational calcula- 
tions). Roughly speaking, we can illustrate our point by comparing 
the Ptolemaic system, which puts the observer on Earth in the center 
of the reference frame, with the Copernican system, where the refer- 
ence frame is comoving with the Sun, or by considering the motion 
of Jovian satellites in relation to Jupiter’s center of mass, or by 
analyzing physical processes in atoms belonging to moving bodies 
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when using reference frames connected with the nucleus of an atom. 
Other examples can also be cited. 

A starting point of any experimental investigation is the percep- 
tion of the meaning of the characteristic concepts that are being 
introduced, the listing of such concepts, and the establishment of 
relationships between these concepts, which either follow from their 
definitions or are given by the conditions of the experiment, or by 
the postulates in a theory. In other words, in the set of characteristic 
quantities we must fix explicitly an independent system of determin- 
ing parameters and the characteristic quantities, functions, and laws 
that we set out to establish. These quantities, functions, and laws 
are obtained in the process of attaining the goals of the investigation 
via invented models that are put at the foundation of the study and 
are used in formulating over-simplified problems, so to say. 

To build models and obtain closed systems of mathematical rela- 
tionships we must use basic relationships, i.e. more or less universal 
relations which, on the one hand, are considered as laws that work 
in the different models and phenomena and, on the other, must serve 
as a testing ground for various hypotheses or laws that require verifi- 
cation when describing physical phenomena. For instance, assuining 
that space is Euclidean and time is absolute, after we have chosen 
the inertial system of coordinates and defined the concept of a mate- 
rial point, we can build an analytical mechanics of interacting 
discrete material points on the basis of Newton's second law of 
mechanics 


where m is the mass of the point, a its acceleration with respect 
to an inertial system of coordinates, and F the acting force, which 
is either defined through (0.1) or fixed by postulates, i.e. laws that 
are verified in advance on the basis of experiments that must employ 
Eq. (0.1). 

As is known, the basic relationship (0.1) in the general case or 
in important classes of phenomena can he substituted by other 
(equivalent) formulas, in particular, by generalizations of the virtual 
work principle and the basic variational equation. Note that in mo- 
tions of a system at each point of which there are no “gyroscopic” 
forces the basic equation (0.1) is equivalent to the corresponding 
energy equation. 

One of the most important alternative formulatiuns of a system of 
equations of type (0.1) in analytical mechanics is one scalar equa- 
tion for the virtual work principle or one scalar variational equation 
in the form of Lagrange. 

At present mechanics and physics are merging. This is especially 
evident in the macroscopic theories of mechanics of continuous 
media. In many cases, along with purely mechanical characteristics, 
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such as the displacement vectors of a point in the medium and the 
various derivatives of these vectors with respect to position and 
time, the thermodynamic and electromagnetic characteristics of the 
inner states of bodies and fields are also acquiring significance. An 
effective and plausible description of macroscopic relationships and 
models of continuous media with internal degrees of freedom proves 
impossible if we rely only on Eq. (0.1). This leads to the problem of 
finding basic relationships of a more general nature than (0.1), le. 
relationships that would contain as particular cases the basic laws 
whose fruitfulness has been demonstrated and proved in mechanics, 
physics. and chemistry in the study of material media and fields. 

To build a model means to establish a complete set of relation- 
ships suitable for describing a broad class of motions and processes, 
which as a rule are inhomogeneous over a volume and transient. In 
such a general formulation, however, a preliminary experimental 
verification can only be of partial importance; experience, common 
sense and intuition can help in supplying the minimally necessary 
mathematical and physical assumptions. The authors of the various 
theories are encouraged and inspired in their creative work by the 
many examples in which laws first established for a restricted class 
of phenomena have proved to be applicable to a much: broader class. 

In view of the complexity of describing the properties and interac- 

tion mechanisms between neighboring particles of matter and fields, 
one must use in constructing new models those methods that are well 
verified by practice. 
_ For a long time both mechanics and physics have used the follow- 
ing universal relationships: the law of energy conservation (which 
expresses the balance of all types of energies), the virtual work prin- 
ciple. and the Lagrange variational principle. The virtual work 
principle is usually formulated in terms of, or derived from, the 
equations of . mechanics for purely mechanical phenomena. The 
Lagrange variational principle can also be derived for continuous 
mechanical and electromagnetic phenomena. When we wish to gener- 
alize these principles so as to include the possibility of internal 
degrees of freedom. we can take them as postulates by fixing the 
coefficients of the variations of the sought functions. Just as with 
the force in Newton’s second law, the fixing of these coeflicients 
eae on the whole, to choosing a specific model of the medium or 
eld. 

We note in passing that if the infinitesimal possible variations 
a sought functions colncide with small increments of these 
eae eee ea ae real processes, then it is easy to show that 
ora ees ee ee the equation representing the 

nee ae ge e, ne the basic variational equation coincide. 
eae rere the Tea infinitesimal increments of the sought 

nections may he arbitrary (linear independence is sufficient), for 
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of external energy to an infinitesimal particle due to the variation 
of the determining parameters. This quantity incorporates the work 
of external forces, influxes of external heat dQ‘®), and additional 
influxes of energy dQ** of a nonthermal nature. 

Since both V, and > are arbitrary, the process of finding the coeffi- 
cients in the linear formula by the variations of the sought functions 
and their derivatives, which are present in the integrand of the sur- 
face integral for 6W, amounts to establishing the equations of state 
for the model discussed. If we wish to find the equations of state 
when the entropy S or the temperature T are included in the deter- 
mining parameters, we must use the second law of thermodynamics 
in the form 


\ of dS dV,= \ (dQ® +. dQ") dV,/dV 4, (0.4) 


Va V4 


so as to exclude dO from 6W*. In Eq. (0.4), dQ’ > 0 is the non- 
compensated heat. The fixing of dQ’ is equivalent to introducing 
the laws of energy dissipation into the model discussed. 

Hence, in introducing A and 6W* that fix the model we can rely 
on various physical and mathematical lines of reasoning related to 
the thermodynamic properties of the bodies in the model through 
the internal energy U and the dissipation laws, which determine dQ’. 
The introduction of dQ** also depends on the allowed physical 
mechanisms of energy exchange between a given particle, the neigh- 
boring particles, and the external bodies and fields. 

On the basis of physical considerations, Eq. (0.2) in its initial 
form (with dQ) can be postulated not only for processes that are 
continuous in space and time but for processes with strong discontin- 
ulties inside the medium being considered, discontinuities that oc- 
cur on certain surfaces S.. When such discontinuities do occur, we 
must introduce into 6W* an additional integral over S.., one that 
reflects the physical fact that at discontinuities there are intense 
energy influxes along Si. 

Equation (0.2) is a natural generalization of the Lagrange varia- 
tional principle of analytical mechanics. This generalization is based 
on the following important considerations. 

(1) The variational equation (0.2) is extended to cover continuous 
media in which there are mechanical and physico-chemical pro- 
cesses connected with internal degrees of freedom and characte- 
rized by macroscopic parameters (generally of «4° nonmechanical 
nature). 

(2) Equation (0.2) is used to describe irreversible phenomena (the 
Kuler equations include not only the general conservation equations 
but also;the transport equations of chemical reactions and phase 
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transitions and, if we allow for electrodynamic phenomena, the 
Maxwell equations). 

(3) Equation (0.2) is taken for arbitrary volumes and for arbitrary 
continuous variations of the sought functions, including variations 
that do not vanish at the boundary 2. This enables establishing the 
thermodynamic equations of state, which determine the characteris- 
tics of mechanical, chemical, and electrodynamic interactions in 
bodies and fields, and also finding the metric properties of 
space. 

(4) Once we have fixed the Lagrangian A and the functional 6W* 
expressed in terms of external energy influxes to the particles, we 
can on the basis of the integral form of Eq. (0.2) establish the condi- 
tions on the surfaces of strong discontinuities, where the determining 
parameters in the medium experience jumps (these conditions 
may be used, for one, to formulate initial and boundary condi- 
tions). 

(5) The integral equation (0.2) can serve as the basis of various 
approximate and numerical methods for solving specific problems, 
Without resorting to differential equations with additional initial 
and boundary conditions at the discontinuities. 

(6) Finally, Eq. (0.2) may be used to build special models of 
thin bodies such as plates, shells, or rods, of the motion of liquids 
in films or shallow channels (in thin layers of fluids), and in design- 
ing composite constructions. In such types of problems we can specify 
certain directions, e.g. the direction normal to the surface of a plate 
or a direction lying in the cross section of a rod, along which (if the 
plate is thin, say) the distribution of the state characteristics being 
studied may be presented in a simplified form by fixed functions. 
(In the case of a plate these functions are defined along the initial 
normal to the plate’s surface and contain “internal” parameters, 
which may depend on the directions lying in the plane of the plate 
and must be varied and defined via Eq. (0.2) in the process of solving 
the probJem.) 

Application of a similar method in various modifications to the 
three-dimensional case may constitute a direct or indirect general- 
ization of the Bubnov method. 

Once we have substituted the sought functions in such a way, we 
can carry out certain integration processes in Eq. (0.2), after which 
the resulting variational equation reduces the problem to a more 
complex model with internal degrees of freedom but of lower dimen- 
sion; e.g. for plates and shells the model is two-dimensional, while 
for rods it is one-dimensional. 

In connection with the basic equation (0.2) the following remarks 
are in order. | 

Fixing the set of Euler equations that contain the momentum 
equation, the moment of momentum equation, the energy equation, 
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the equation for entropy production, the transport equations, and 
the like (which may be interrelated) does not define the Lagrangian 
density A. Obviously, by adding to A nonzero “divergence” terms 
we do not change the Euler equations but do change the expression 
for 5W, which influences the state equations. In this way, fixing 
a complete set of Euler equations, i.e. all equations valid in differ- 
ent processes, does not fix the equations of state. The authors of some 
textbooks and monographs assert that if we know the complete set 
of differential equations describing phenomena within a certain 
model, then we can find the conditions at strong discontinuities. 
But this is untrue. In the first place, discontinuous motion, generally 
speaking, cannot be considered as a limit of continuous motions 
within the same model and, in the second place, in deriving the 
conditions at strong discontinuities we are forced to use integral 
relationships, which for a given set of differential equations cannot 
be defined unambiguously. For continuous motions, a given set of 
differential equations has corresponding to it a variety of integral 
relationships all equivalent to this set. By contrast, for discontin- 
uous motions each set of integral relationships gives different 
contradicting conditions. It is obvious then that to establish the 
conditions at strong discontinuities we must postulate as an exper- 
imentally established law a corresponding set of integral relation- 
ships that hold for both continuous processes and processes with 
strong discontinuities. 

Experience shows that the integral relationship that can be applied 
not only to continuous motions but to discontinuous motions as well 
is the energy conservation law in integral form. On the other hand, 
the heat influx equation in integral form or the entropy conservation 
equation for adiabatic processes in integral form leads to wrong con- 
ditions at strong discontinuities. In view of this it is clear that the 
variational equation (0.2) in integral form can be used for discontin- 
uous processes and to derive the conditions at discontinuities, pro- 
vided that the expressions for the Lagrangian density A and the 
functional 6W* are physically meaningful (i.e. agree with experi- 
ence). For one, when deriving the conditions at discontinuities we must 
retain for 6W* all terms characterizing energy influxes and introduce 
new concentrated influxes over the discontinuity surfaces in a form 
directly included in the energy equation. The function A must also 
be fixed (this determines the divergence term) by employing physical 
considerations, which in the final analysis are justified by the cor- 
respondence between the given model and experiments in which 
strong discontinuities in the state characteristics are observed. 

The present compilation includes works devoted to the building 
and study of models of various media and fields using the basic varia- 
tional equation. 

In the papers by L. I. Sedov, “A thermodynamic approach to the 
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basic variational equation for building models of continuous media” 
and “Applying the basic variational equation for building models of 
matter and fields”, the methods of building such models are defined 
more precisely. The author gives a thorough thermodynamic basis 
that allows for inclusion of the interaction of continuous media and 
fields in reversible and irreversible processes. He develops a theory 
of variations and establishes the interrelationships between these 
variations in the comoving reference frame and the observer’s refer- 
ence frame. Variations of special types are used to establish identi- 
ties that follow from the scalar nature of the Lagrangian, and the 
various determining parameters of continuous media and fields that 
enter the Lagrangian are discussed. Then the author establishes 
general methods for obtaining the conditions at strong discontinui- 
ties and considers specific models of fluids, elastic bodies and also 
models describing the interaction of material media and electro- 
magnetic fields. 

The paper “Transition from relativistic to Newtonian mechanics 
in the presence of irreversible processes” by L. T. Chernyi develops 
a general method of obtaining Newtonian models of continuous media 
starting from appropriate relativistic models. The main idea is to 
write the relativistic equations in the proper (or rest) reference frames, 
which are defined for each point of the continuous medium and 
at each moment of time, and then to go over to a unique global 
inertial reference frame of the observer by a Galilean transformation. 
This reveals that the various macroscopic relativistic effects can be 
divided into two types. The first includes relativistic effects observ- 
able in rest frames, while the second incorporates relativistic effects 
due to the transition from rest reference frames to a unique reference 
frame of the observer via a Lorentz transformation. The effects 
of the second type are associated with a navigational problem, while 
relativistic effects of the first type manifest themselves only in the 
dependence of the Lagrangian and the functional 6W* on the deter- 
mining parameters in the rest frames and can be interpreted within 
the framework of Newtonian mechanics. This method is examined 
on the model of an elastoplastic, viscous, heat-conducting con- 
tinuous medium with additional interna] degrees of freedom. 

In his next paper, “Models of ferromagnetic continuous media 
with magnetic hysteresis”, the author builds models of magnetiz- 
able, elastoplastic continuous media with magnetic hysteresis 
starting from the basic variational equation. An essentially new 
feature here is the introduction of the residual magnetization as an 
additional determining parameter, for which a new transport (kinet- 
ic) equation is found. The author postulates that an increment in 
the entropy of an elastoplastic ferromagnetic medium with hysteresis 
depends solely on the changes in the plastic deformations and the 
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residual magnetization and does not depend on the rate at which 
these changes occur. This assumption is based on the irreversible 
nature of quasistatic equilibrium (i.e. infinitely slow) processes of 
plastic deformation and the remagnetization of the medium. The 
author establishes a differential equation for the residual magnetiza- 
tion that enables him to build a phenomenological theory of magnet- 
ic hysteresis. He also considers gyromagnetic phenomena, irrevers- 
ible magnetostriction, the effect of internal stresses on magnetiza- 
tion in plastically deformed ferromagnets, and the various concrete 
models of magnetizable continuous media. 

In the article by V. A. Zhelnorovich, “Magnetizable and polariz- 
able media with microstructure”, the author offers a set of equations 
for the models of elastic and liquid magnetizable and polarizable 
media with microstructure within the scope of the Newtonian mechan- 
ics of Cosserat continua. As important physical parameters of the 
medium related to the Cosserat continuum he uses the vector of 
internal rotations (the angular velocity vector of the orthonormalized 
n-hedrals of the Cosserat continuum) and the tensor of internal 
“turns” (the Ricci tensor for the system of n-hedrals of the Cosserat 
continuum). The use of these characteristics enables the author to 
describe media with internal angular momentum and moment 
stresses. In the models discussed the author considers magnetizable 
and polarizable media with relaxation of the Debye type and magnet- 
izable media with internal angular momentum related to the mag- 
netization of the medium, for which he introduces the vector of 
internal rotations. Within the model of magnetizable liquid the 
author solves problems related to the propagation of spin waves 
and magneto-acoustic waves, establishes the magnetic resonance 
frequencies in an ellipsoidal volume of the liquid, and obtains exact 
solutions of the type of Riemann waves. To build the various models 
he also solves the problems of the plane-parallel Couette flow and 
the cylindrical Poiseuille flow. 

In his article “On exact solutions for interacting gravitational and 
electromagnetic fields”, G. A. Alekseev uses the general ideas and 
methods of integrating nonlinear systems, which first emerged in 
the inverse scattering theory, to develop a method for building 
broad families of solutions of the soliton type for a set of equations 
that describe the nonlinear interaction of electromagnetic and gravi- 
tational fields in the framework of general relativity. These families 
of solutions, which contain an arbitrary but finite number of free 
parameters, depend on two coordinates (either time and one spatial 
coordinate or two spatial coordinates) and describe the propagation 
of plane or cylindrical electromagnetic and gravitational waves 
with arbitrary polarization and also the nonlinear interaction of 
static axisymmetric electrovacuum fields from different sources 
with a complex multipole structure. Since the method allows not 
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only finding solutions with an arbitrary number of free parameters 
but using as the background solution any known exact solution 
(depending only on two coordinates, of course), it can be employed 
to build various concrete (exact) models for processes involving 
nonlinear interaction of gravitational and electromagnetic fields. 

The next article, “Neutrino fields in general relativity”, bv 
N. R. Sibgatullin. considers the properties of interacting fundament- 
al fields (gravitational. neutrino, and electromagnetic) in the frame- 
work of general relativity. The focus is on developing methods of 
obtaining exact solutions of the Maxwell and Weyl! system of equa- 
tions in the presence of additional symmetry of an Abelian group of 
motions G, on V,. The author also studies the propagation of discon- 
tinuities of the first kind in a neutrino electrovacuum. For static 
axisymmetric fields as well as for plane waves, the system of equa- 
tions for the neutrino electrovacuum reduces to a system of canonical 
equations, which include the known equations of Geroch, of Hauser 
and Ernst. and of Kinnerslev and Chitre as particular cases in the 
absence of neutrino fields. The author studies the group properties 
of these canonical equations and builds new classes of exact particu- 
Jar solutions. He considers the collision of neutrino and gravitational 
fields, gives exact solutions related to a static neutrino vacuum, and 
builds a solution for a black hole in arbitrary neutrino fields. When 
there are no neutrino fields, the solutions found by the author include 
as a particular case the solutions of Sato and Tomimatzu, of Belin- 
skii and Zakharov. and of Kinnersley, Chitre, Hoenselaers, Xantho- 
poulos, Hauser. Ernst. and others. He shows that a neutrino field 
leads to a new effect. rotation of the plane of polarization of discon- 
tinuities in the gravitational field. If, in addition, external electro- 
magnetic fields come into play, then in the first approximation the 
action of the neutrino fields on the propagation of weak discon- 
tinuities can be described by fixing an effective electromagnetic field; 
as established earlier by Sibgatullin (see reference [13] in the litera- 
ture cited in his article), in arbitrary external electromagnetic fields 
there is successive transmutation of gravitational and electromagnet- 
ic discontinuities into each other and rotation of the polarization 
vectors corresponding to these discontinuities. 

The last article, “Tensor representation of spinor fields’, by 
V. A. Zhelnorovich, presents methods that enable fully determining 
spinors in a three-dimensional Euclidean and a four-dimensional 
pseudo-Euclidean space in terms of certain tensors. The components 
of these tensors. by definition, are connected by simple algebraic 
(bilinear) equations. A one-to-one invariant relation between the 
spinor components and the tensor components enables representing 
the spinor equations in the form of equivalent tensor equations. 
Important classes of spinor equations used in field theory and quan- 
tum mechanics are given as examples. The developed tools are used 
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in the mechanics of continuous media to formulate integrals of 
nonlinear partial differential equations describing relativistic mo- 
dels of liquids. 

Thus, the reader can see that using the basic variational equation 
(0.2) and the physical meaning of its terms we can establish and 
then use the various links with thermodynamics, electrodynamics, 


and chemistry. 
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Theoretical and experimental studies in physics. and in 
general in the natural sciences, are based on the utilization of a num- 
ber of concepts—the characteristics of objects and phenomena— 
which in many cases are presented as mathematical abstractions 
introduced through a system of axioms or formulas and various 
mathematical relations that enable the researcher, at least in prin- 
ciple, to find the characteristics by logically developed operations or 
by observation and measurement in experiments or by a combina- 
tion of the two. 

In other words, problems are formulated, described and solved 
by introducing models that must reflect the basic and important 
properties of substances and fields and a grasp of the processes in 
our environment and at the same time serve as a basis for understand- 
ing and solving many problems of technology and other aspects of 
everyday life. 

A number of basic concepts are introduced axiomatically as pri- 
mary and others as secondary, or derived, concepts expressed in 
certain ways through the primary [1-6]. 

Among such characteristic objects defined exactly in mathematics 
are the model concepts of space and time, the concept of mass as 
the measure of inertia or as a characteristic of the gravitational as 
pects of substance, and the like. 

The basic concepts in mechanics are the ideas of geometric points 
of space, of time, and of reference frames, with whose help we intro- 
duce spatial and temporal coordinates. 

Physical space and time are taken as a four-dimensional geometric 
manifold of points. In Newtonian mechanics this manifold forms 
the exactly defined and well-known Euclidean space while time is 
considered an absolute scalar measurable by clocks at each point 
in space with a result independent of the motion and position of the 
point and clock. 

This model of space and time is well suited for describing many 
phenomena of practical importance and serves as a basis for other 
models of space and time. 

For instance, in special relativity theory, which is an outgrowth 
of the theory of the electromagnetic field, three-dimensional space 
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and one-dimensional time are taken as an integral whole, the four- 
dimensional pseudo-Euclidean space. 

In general relativity, space and time are taken as a curved four- 
dimensional pseudo-Riemannian space, which is not given a priori, 
as is the case with the pseudv-Euclidean space in special relativity, 
but is determined by the phenomena in which matter and fields, 
including electromagnetic fields, take part. 

The problem of finding physical models of space and time can by 
no means be considered closed. Further developments of these con- 
cepts are being discussed in works concerned with gnoseological 
problems, e.g. in the supergravity theories one must consider four- 
dimensional metric affinely-connected non-Riemannian spaces with 
torsion. 

Nevertheless, each of the classical theories, such as Newtonian 
mechanics, special relativity, and general relativity, will always 
retain its importance for the cognition of nature with the proper 
limits. The same is true of other physical models of matter and 
fields, such as the material point model, the models of a rigid body 
and an ideal fluid, the models in elasticity theory, some models in 
plasticity theory and the Maxwell theory of electromagnetic fields— 
in general, of any model that is not only rational but has been well 
tested in experiments or important fields of application [17]. 

The essence of models of space and time is the same as of any other 
model objects and] formulations of problems. For instance, in con- 
structing rockets or television towers we can assume them to be bars 
or beams as a first approximation. Ihe initially rough schemes be- 
come more refined and detailed to meet the requirements of technology 
and with the need for a fuller understanding. But in relation to 
models of space and time, this process has a more universal nature 
and is of basic importance to science. 

It must be noted that the essence of Newtonian mechanics and the 
meaning of its laws become clearer after we have gone beyond its 
limits in practical applications and have to deal with special or 
general relativity. This is the case, for instance, when we wish to 
understand the fundamental aspects of inertia and inertial reference 
frames and the nature of gravity and inertial forces, or when we are 
interested in motion by inertia or the meaning of the invariant read- 
ings of the spring accelerometer, readings independent of the under- 
lying theory or the reference frame used [23]. 

Perhaps even today in the everyday problems of physics the chief 
importance of general relativity is the greater insight that it gives 
into the essence and meaning of Newtonian mechanics. This idea 
should be the guiding principle in constructing new models. 

No special understanding is needed to follow the guidelines just 
presented. Creative thinking that would generate new ideas and help 
obtain new results requires a profound understanding of the meaning 


1. The Basic Variational Equation 21 


of the modeling process. But strange as it may seem, the understand- 
ing of simple basic facts is hindered by a mass of prescriptions embed- 
ded in our thinking by an imperfect learning process. 

The above-stated truths may seem trivial, but this is not so. A well- 
known professor once said at a conference, “You keep talking about 
models, but we are studying metals!” 

It is characteristic of our times that the study of various phenome- 
na is getting more and more complex and allows for important and 
subtle details that earlier were simply ignored. Versatile computers 
and measuring devices of astonishing accuracy facilitate tinding an- 
swers to correctly posed questions. Hence, the focus of studies is 
shifting to a deeper theoretical investigation, one that involves 
modeling and correct formulation of problems [6, 17, 18, 22]. At 
times formulating suitable schemes and defining mathematical 
problems are among the main scientific results; they represent more 
than half the work of reaching the goals set in practice or 
theory. 

Often the restricted applicability of new models narrows tle very 
meaning of them as useful and effective tools, albeit crude, for study- 
ing various phenomena. The precision of these tools is dictated both 
by the requirements of practice and technology and by the goals set 
by fundamental studies of nature. 

Summarizing, we may say that theoretical and practical construc- 
tion of new models of matter and fields is a most essential problem 
with its own rich history. But experience has shown that there is 
a need to regulate the work in this field in accordance with the exist- 
ing effective methods of interpreting these questions. This presup- 
poses the use of modern achievements in physics and asa basis the use 
of the universal laws of physics, such as the first and second Jaws of 
thermodynamics, the covariance of physical laws in their mathemat- 
ical formulation, the tested ways of accounting for the macroscoptic 
irreversibility of phenomena, and the like. 

The flood of works in which new phenomenological models are 
offered must be rationalized. This is most essential in generalizing 
the laws found theoretically or experimentally for simple particular 
cases to processes of a general nature. 

One last remark is in order. The common concept of energy, forces, 
and interaction mechanisms inside matter and fields must be refined 
explicitly only after a sufficient understanding has been achieved. 
In some cases these refinements, in both the microscopic and the 
macroscopic approach, constitute the most important subject of 
current studies, since often these questions have no clear answers 
as yet. 

In Newtonian mechanics the dynamical relationships of analytical 
mechanics and of the simplest models of continuous media are based 
on the laws of motion of Newton and additional laws for the forces 
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acting in a particular system, laws that have been checked experi- 
mentally and agree with the Newtonian laws. 

Let us take the fundamental equation for a material point or 
a body in translational motion 


where m is the mass, a the acceleration vector of the material point 
with respect to an inertial system of coordinates, and F the vector 
sum of all forces acting on the point. 

Equation (1.1) is in a known manner generalized to the model of 
a system of material points with applied constraints. 

Obviously, in applications the vector equation (1.1) and its gen- 
eralizations are equivalent to a scalar equation for appropriate virtual 
displacements . 


(—md?zx,/dt? + X i) Sz! =(, (1.2) 


where z; = z' (i = 1, 2, 3) are the Cartesian coordinates of the 
point, ¢ the time, X; the components of the force F, and dz‘ the 
mentally introduced components of the vector dr of virtual displace- 
ments of the moving medium points. (Here and in what follows we 
assume summation over the same covariant and contravariant in- 
dices. ) 

Each component X; can be expressed as a sum of a potential term 
and a residual term: 


X, = —dU/ox' + X$, 8U = (aU /dz') 82". 


The scalar function U is known as the potential energy. 

Next we denote the three-dimensional scalar mv?/2 by T and call 
it the kinetic energy, with v = dr/dt. After certain transformations, 
Eq. (1.2) can be expressed thus: 


5 (T — U) —d (mv,6z")/dt + Xjdz' = 0. (4.3) 


The equivalent equations (1.1)-(1.3) can be written for real dis- 
placements, when 5z' = dz’, in the form 


—d(T + U) + Xjdzi = 0. (1.4) 


By definition, Eq. (1.4) implies that the total mechanical energy 
’ + U is not conserved, and its increment d(T + U) is equal to 
Xj dz', which may be nonzero and for finite bodies can be interpreted 
in many cases as the increment of other forms of energy in balance 
with changes in the mechanical energy. on 

The generalization of the energy equation (1.4) to the equation of 
the first law of thermodynamics, which does not directly follow 
from (1.1), takes the form 


—d(T + U) + dQ =0. » (4.5) 
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Here dQ stands for the influx of energy, which in the Newtonian 
mechanics of a material point can be attributed to the elemental 
work of certain generalized forces F’, while in the mechanics of 
finite bodies it is considered equivalent to fluxes of other types of 
energy, sometimes thermal, in balance with changes in the mechani- 
cal energy. 

The first law of thermodynamics in the mechanics of a material 
point coincides with Eq. (1.5) if dQ = 0, i.e. in the absence of trans- 
formations of the mechanical energy of the point into other forms. 
But if such transformations do take place, Eq. (1.5) is the energy 
conservation law in thermodynamics, while in mechanics no such 
law exists for purely mechanical energy. 

In the theory of continuous media, dQ may have a purely mechan- 
ical meaning, e.g. the work of surface forces at the boundary of 
a body or the work of external body forces inside the body. Another 
example is the work of the body or surface forces of a higher order 
when the internal interactions are characterized by tensors of rank 
greater than two (e.g. a force couple). In general, however, Eq. (1.9) 
is the first law of thermodynamics, where dQ is the increment of 
energies of various types that can be interpreted as thermal, chemic- 
al, or electromagnetic energy. 

The scalar relationships 


67 — d (mv,8z')/dt = —m (a-5r), 
—dT = —m (a-dr) 


are simply the elemental work of the external inertial force over 
the virtual displacement 652‘ or over the real displacement dz’. 
The scalar equation 


8 (T — U) —d (mv;5z')/dt + 60 = 0 (1.7) 


(1.6) 


is a generalized form of Eq. (1.3), which after we have summed 
(integrated) over all the particles becomes valid for finite bodies and 
which can be thought of as the equation for the law of virtual con- 
servation of energy—the basic postulate of physics corresponding 
to the first law of thermodynamics. Note that Eqs. (1.3) and (41.7) 
contain 7 — U, while Egs. (1.4) and (4.5) contain —(7 +- J). 

Instead of the fundamental equation (1.1) or its generalizations 
we may start at the fundamental energy equation (1.3) or (1.7) or 
the equivalent integral relationships of the variational type. These 
questions are studied in detail in analytic mechanics. 

In Newtonian mechanics the elemental work of an external body 
force of inertia over the virtual displacement dr of the center of 
a small individual particle of mass Am is 


—Am (a+d5r) = —Am ((d*x/dt?)- 6r), (1.8) 
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where ais the acceleration vector with respect to any inertial refer- 
ence frame, e.g. the Jocal rest frame, r the radius vector of the 
particle, and dr the virtual change in r. 

The vectors a, r, and é6r in Newtonian kinematics can be taken 
for any coordinate system. If we use a noninertial system of coordi- 
nates, which can be considered as a system of coordinates z* in 
translatory motion, the following formulas are true: for velocity 


v = dr/dt = vy + Vo); (1.9) 
and for acceleration 
a= ag) + ary + UG) (AV¢)/d2*), (1.10) 


where vt) and aj) are the velocity and acceleration in any inertial 
reference frame of points in the translatory reference frame (coordi- 
nate system), and v,) and aj,) are the three-dimensional velocity 
and acceleration taken in motion with respect to the translatory 
reference frame. 

The third term on the right side of (1.10) represents a generalized 
Coriolis acceleration, which takes into account the stressed state of 
the translatory reference frame [27]. The vector formulas (1.9) and 
(1.10) can be written for each components in any system of coordi- 
nates. 

We can write Eq. (1.8) at each point AZ in the following forms: 


— Am (a-6r) = Am [6 (v?/2) — d (v -6r/dt)] 


( dV] a [o (v-6r) dV,] — Fe ov (v-8r) | dV, 
= —8 ($ av,) +Am[ 62a (v--)). (4.44) 


Here dV, is the three-dimensional element of volume, and v is the 
velocity of the points of the medium with respect to the global 
inertial frame. The expression in the square brackets in the last line 
of (1.11) is zero for real motions, while the third term in the second 
line can be integrated by parts. This term is obtained from the equa- 
tion of continuity in the form 


Am =odV;= const, or 6p/dt + div pv = 0. (4.12) 


In a local rest inertial reference tetrad, at each fixed point M 
we have v := v* = 0. Hence 


—Am (a-:6r) = —Amd (v*-5r*/dt) and —Am Aun) = QO. (1.43) 


Thus, for real motions of small particles the energy equation (1.3) 
in rest reference frames does not contain the work of inertial forces 
and the kinetic energy, but the work of inertial forces over virtual 
displacements is generally nonzero. 
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In physics and chemistry equations of type (1.5) and (1.7) are 
considered fundamental in the studies of many phenomena, including 
those in which we may neglect the motions entirely or take into 
account only the motions due to changes in volume. In general, in 
both physics and chemistry when considering virtual states we must 
allow for the virtual work of inertial forces. 

From the first law of thermodynamics for virtual or real processes 
it follows that the energy (including kinetic) of isolated individual 
systems, or systems that do not interact with the surroundings, is 
conserved if we allow for the work of inertial forces. When a system 
interacts with other systems, its energy may change only due to 
energy transfer between the various systems. 

In order to write the general macroscopic equation of the first 
law of thermodynamics we must first discuss the nontrivial meaning 
of the following concepts: 

(1) an individual physical object; 

(2) the energy of physical objects, the various types of energies, 
and their distinctive features; 

(3) the process of defining energy by different observers (both for 
the system as a whole and for its separate parts). 

From the viewpoint of analytic mechanics, which deals with 
discrete systems of material points or with solid bodies that do not 
change, the concept (1) is quite clear. As to models of continuous 
media, the individuality of an isolated finite system as a whole is 
generally obvious, but the individuality of small parts of such 
a system is model dependent, i.e. depends on how we introduce the 
Lagrangian coordinates which specify the points in the me- 
dium. 

In the final analysis, a macroscopically individual small particle 
of a continuous medium is simply a varying small volume of the 
substance; for this volume both the kinematic and physical states 
and the physical processes are governed by laws that by definition 
are true only for individual particles. In other words, individual 
particles are those whose states are described by laws for individual 
particles. By fixing the velocity field of individual points for each 
time ¢ we define the Iagrangian coordinates that individualize the 
points in a medium. 

To introduce a Lagrangian system of coordinates for a medium 
that is a mixture of various substances and fields for each of which 
the Lagrangian coordinates have already been chosen, we must rely 
on additional conditions that determine the characteristic physical 
properties of model individual particles for the entire continuum. 
When diffusion, chemical reactions, or transmutation of elementary 
and nuclear particles is present in the system, the common notion of 
an individual body, used in analytic mechanics becomes considerably 


more complex. 
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Indeed, if we consider the particles of matter of a small varying 
volume as a collection of the same atoms or molecules, then after 
a finite time interval has elapsed the individuality of the correspond- 
ing small particle in the continuous medium loses due to diffusion 
the usual meaning attributed to it by analytic mechanics. It is 
clear that even for a medium consisting of the same atoms the indi- 
viduality of particles of a continuous medium for finite time inter- 
vals also depends on well-known mechanical assumptions introduced, 
implicitly or explicitly, in transferring from models of discrete 
media to models of continuously distributed continuous media. 

iThus, the new concepts of individual particles of a medium in 
the mechanics of continuous media are closely linked with nontrivial 
axiomatic generalizations of microscopic concepts and laws (postulat- 
ed instead of being introduced) to macroscopic concepts and laws 
formulated in the mechanics of discrete material points, which in 
turn constitute a far-reaching simplified ideal scheme of phenomena 
in the world around us. 

In view of what has just been said we must also note that quantum 
mechanical effects in both internal and external interactions lead 
to a deeper level for the idea of individuality, e.g. when macroscopic 
phenomena can be described within the framework of classical 
mechanics (here the quantum effects manifest themselves through 
separately defined thermodynamic notions and through functional 
relationships introduced by quantum mechanics). 

In connection with concept (2) we may ask: What is energy? 
First of all we must say that energy is the main model characteristic 
of physical ubjects (matter and fields) that can be taken either as 
a basic primary characteristic, similar to mass, in terms of which 
one can express other physical characteristics, or as a characteristic 
that can be expressed in terms of other characteristics taken as 
primary. : 

At this point it is important to note that in the case of any physical 
object we can always introduce and study in an infinitely small 
volume’ its total energy and, in some cases, parts of this energy 
corresponding to the various types of energy. In every physical 
theory and for all physical objects, energy is the basic characteristic 
of a state and a process. 

Of particular importance are such characteristics as total energy 
and its parts for individual objects considered over an infinitely 
small time interval or, if the meaning of an individualized object 
permits it, over finite time intervals. wae A 

The meaning and the very existence of the concept of energy for 
any physical object is derived from the first law of thermodynamics, 


1 As we know, in general relativity the notion of a finite three-di- 
mensional volume of a medium generally loses its meaning. 
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which is a universal statement postulated for individual objects 
in all models of matter and fields. 

One more remark is in order here. When processing the data of 
experiments in which energy imbalance has been observed, one 
must bear in mind that such imbalance may indicate the existence 
in the experiments of individual physical objects, bearers of the 
corresponding energies. The neutrino was discovered in this way. 

We can say, therefore, that every physical model object has a char- 
acteristic, its energy, and this is always true irrespective of whether 
this characteristic is present in a theory or experiment explicitly 
or implicitly. 

Now let us consider the second law of thermodynamics. For a sys- 
tem consisting of a large number of particles and described macroscop- 
ically, the concept of entropy plays a unique role, similar to that 
of energy in the first law. This macroscopic quantity, which reflects 
the peculiarities of thermal energy and irreversible processes, shows 
that statistically only such events are possible as lead to states with 
the highest probability. Both theory and experience show that states 
with the highest probabilities in many-particle small volumes of 
a given system are characterized by distributions with high peaks. 

In constructing macroscopic models of physical objects described 
in a suitable way by the minimal number of characteristic quanti- 
ties possible we may, and in general should, introduce, in accordance 
with the first and second laws of thermodynamics, both energy and 
entropy as postulated functions of a generally small number of 
parameters. It is clear that for many models these postulates can be 
substituted, on the basis of experiments or other preliminary theo- 
ries, by equivalent postulates for other characteristics. Then we 
can express both energy and entropy in terms of these characteristics 
by means of calculations via formulas or in any other way. 

In contrast to the notion of force in Newtonian mechanics, which 
is a vector with a restricted meaning and can be used in describing 
the interactions in only certain elementary mechanical systems and 
phenomena (i.e. interactions that do not include heat fluxes and 
fluxes of energy not related to the work of common forces, e.g. the 
magnetization and polarization of bodies, and many other inter- 
actions), the universal concept of cnergy for all types of objects is 
always linked to the idea of energy as a three-dimensional spatial 
scalar. Interpreting the energy conservation law in a somewhat 
more complex manner, we can take the energy as a four-dimensional 
scalar in four-dimensional space with respect to position coordinates 


2 A three-dimensional scalar is a quantity invariant under transfor- 
mations of three spatial coordinates (which do not depend on time), while a four- 
dimensional scalar remains invariant under transformations of the general type 
of spatial coordinates and time. 
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and time (this is essential in special relativity and general rela- 
tivity). 

The fact that energy is a scalar and the scalar nature of the equa- 
tions of the first and second laws of thermodynamics are due to the 
covariance of the laws of physics. which is a natural generalization 
to global symmetry of the local symmetry laws represented by Gali- 
lean transformations in Newtonian mechanics and by Lorentz trans- 
formations in special relativity and general relativity. 

Let us now recall the basic types of energy that appear in the form 
of arguments in thermodynamic functions and as separate terms 
in the first law of thermodynamics. This law is an outgrowth of 
Eq. (1.3), met with in studying physical phenomena in continuous 
media, matter and fields in which there may occur external actions 
and internal processes accompanied by transformations of energy 
from one type to another. 

If we wish to fix the types of energy, their dependence on the main 
parameters, and the laws governing their transformation into each 
other, we must rely on the data concerning these types. 

We will start with nuclear energy. This type manifests itself in 
strong and weak interactions of elementary particles. A vast body 
of data exists on this type of energy and also on the possible condi- 
tions in which it manifests itself. In many phenomena of physics 
and mechanics nuclear energy does not manifest itself in anv way, 
and its presence is made evident only by the proper constants. 
However. there is no doubt that in many urgent problems of mechan- 
ics, and physics generally, that already face researchers the energy 
in atomic nuclei will be of primary importance. 

The next type is electromagnetic energy. This is the main character- 
istic of electromagnetic fields. [t manifests itself in structural micro- 
scopic collections of the atoms of molecules and larger associations, 
In various bodies and substances, In their interactions, and in ehe- 
mical compounds of organic and inorganic materials. Electromagne- 
tic energy plays an important role in problems associated with the 
propagation and absorption of various types of radiation, in emission 
of light waves and radio waves, in laser technology. ete. Obviously 
there are many mechanical effects directly related to and produced 
by electromagnetic interactions. 

The third type, chemical energy, has an electromagnetic nature. 
It is associated with the energy conserved in fuels and explosives, 
the energy absorbed or liberated in chemical reactions in both inor- 
ganic and organic chemistry, and the like. It is clear that this type 
of energy is closely linked to the mechanical phenomena occurring 
in chemical processes. 

echanical energy. Primarily this is the potential and the kinetic 
energy of relative motion related to the work of acting forces and 
moments of various order, the main ones being of gravitational and 
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eleetromagaetic nature. Tue interaal potential energy of contin- 
Uous media ale belongs to this type. In Newtonian mechanics we 
can conader the work and the respective enerzy associated with 
inertial forces. 

fo: flea twos te tuermal energy. This is the macroscopic energy of 
disyciered dleucbures elotes. mucrsicuple processes. and internal 
MIyNoONs IA ecroscopie bodies, We Kaow that in many case: regular 
Macro sonic tyoes of cnorey. such as macroscople mecnanical energy, 
trenstocn tate tucrmal enerzy, whics is highly important in irrevers- 
ible ghenonenay. Tas properties of possible transformations of 
thermal cuergy fato otwer types of energy are reflected by the second 
Jaw of thermodynamics and serves as the basis for introducing such 
a macroscypic characteristic as entropy. 

Fiaally. we turn ty gravitational energy. In Newtonian mechanics 
yravitetlonal eneszy is a four-dimensional scalar representing the 
encegy of universal gravitation. This energy is ascribed ty bodies 
and depend. on theic sslative position. In genera) relativity the 
encrgy of 4 gravitetional tleld is associated with the curvature of 
the Riemannian s0sc8. i¢ determined by the geometric properties 
of four-dimemelons! ipace-time, and must be nonzero in free space, 
where there is ang matter aad fields but where there are gravitational 
Waves propagating with + finite velocity. 

Obtaining formulas thst determine the energy in the simplest 
model¢ is equivalent ty finding the four-dimensional energy-mo- 
mentun tenesp F. In this case the energy is strply the compo- 
nent To*, which ies three-dimensional scalar; in a coordinate trans- 
formation depending on the teraporal coordinate the value of 7,4 
may change. 

To deting energy still further we must introduce the notions of the 
following reference frames and the asiociated systems of coordinates. 

1. Tue Lagrangian reference frame and coordinate system. This 
is a evaitera of coordinetes comoving with fixed individualized par- 
ticles of the continusus medium (for matter and field) corresponding 
ty which ther: are uniquely defined constant values of the spatial 
coordinates 2). 24. 5% while the temporal coordinate 3° changes 
along trajectories that do not intersect (the world line in four-dimen- 
sional space for Gach given individualized point in the medium). 
Jt is clear that disferent comoving systems of coordinates. ¢¢ and 
for 2 vivem reference Trame are coupled by one-to-one transforma- 


tions of the type 


yi PB, 2% 2 tH, gt ee GY, BY), 2 212 NY 


2. The observer's reference frane and the respective system of 
egupdiggtes ¢ Gi = 1. 2. 3. 4). The observer’¢ reference frame must 
he given and may be fized arbitrarily. In Newtonian mechanics the 
main type of observer's reference frame is an inertial frame. This is 
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the reference frame in which physical laws are usually stated. But 
as a rule, we know, we can also use an observer's reference frame 
that is not inertial and, in general, stressed. The observer’s reference 
frame can always be thought of as a frame comoving with some 
abstractly introduced ideal media or objects. 

In one and the same space the functional relationships of the type 


xt = fi (EY, 6, &, &4), t= 1, 2, 3, 4, (1.15) 


constitute the law of motion of the medium. In connection with 
the f‘, which are functions representing the law of motion, we can 
introduce various characteristics (velocity, acceleration, tensors 
representing strain and rate of strain, etc.), which may be used 
as arguments of the given and sought functions. 

In the comoving reference frame of individualized points, the 
three-dimensional velocity and acceleration vectors at each point 
are always zero. In the observer’s reference frame the three-dimen- 
sional velocities and accelerations of individual points are nonzero. 
On the other hand, in the comoving system of coordinates individual 
particles may become deformed with passage of time. It is clear 
that a comoving reference frame may be inertial only in certain 
cases. 

However, for every point Mf in the medium and at each moment 
of time we can introduce a locally inertial observer with respect 
to which point M has a zero velocity. The corresponding inertial 
coordinate tetrad determined locally is called the proper system of 
coordinates. In the rest reference frame point // has a zero velocity 
but a nonzero acceleration, while the velocities of infinitely close 
points are generally nonzero but infinitely small. 

The sets of inertial tetrads of rest reference frames for each point 
of the medium are determined at each moment of time, form a non- 
holonomic set of reference frames, and may be taken as an inherent 
characteristic of the noninertial comoving reference frame. We can 
consider the characteristic vectors and tensors by employing compo- 
nents and bases determined at each point in the rest reference frame. 

The physical relationships between the characteristics of various 
phenomena established theoretically or experimentally in the local 
tetrads of the rest reference frames can be transformed to the obser- 
ver’s holonomic reference frame; this transformation constitutes 
solution of the basic problem of navigation [23, 24]8. 

Thus, the fundamental equations of continuous medium mechanics 
(for one, thermodynamic equations) can be formulated for inertial 


= 


: The fundamental problem in navigational calculations in Newto- 


nian mechanics was first formulated and solved for the general case by L.I. Tka- 
chev in 1944 (see his doctor’s thesis and book Systems of Inertial Orientation 
fin Russian], Moscow Power Institute, Moscow, 1973). 
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proper reference frames in which at each given point M the medium 
is at rest. These equations and the various conclusions valid for the 
relative state of rest must then be transformed to the observer’s 
reference frame by navigational calculations [23, 24]. 

At the same time, the physical essence of a problem connected 
with the nonholonomic system of proper tetrads goes much deeper 
and, for one, is closely linked with the definition of energy as a four- 
dimensional scalar. 

Indeed, consider two inertial laboratories A and B with identical 
measuring instruments but moving in relation to each other. We 
assume the earth to be the inertial reference frame A, while the other 
laboratory B is placed on the platform of a truck that is in transla- 
tional motion along an ideal smooth road with a constant horizontal 
speed v. In laboratory B we take a small lead pellet that is at rest 
with respect to the platform. In this case the inertial reference frame 
connected with the platform wil] be the rest frame for the pellet and, 
obviously, in frame 8 the kinetic energy of the pellet will be zero 
in Newtonian mechanics while in special relativity the pellet’s 
energy will be E, = m,c*, where m, is the rest mass of the pellet 
and c the speed of light. 

On the other hand, in reference frame A connected with the earth 
the pellet’s kinetic energy will be nonzero and equal to myv*/2, 
while in special relativity the pellet’s energy will again be £y = 
mM c*. 

It can be shown that in special relativity the basic types of energy 
can always be introduced as four-dimensional invariants, while in 
Newtonian mechanics the kinetic energy is not a four-dimensional 
invariant. To rid ourselves of this situation with kinetic energy, 
in the energy balance equation for a small individualized particle 
we can take instead of the kinetic energy only the elemental work of 
external inertial forces equal to the increment of the kinetic energy, 
which because of the vector nature of Newton’s second law of motion 
does not depend on the choice of the inertial system of coordinates. 

The use of proper tetrads in system B is expedient because then 
the differential equations of the first and second laws of thermodynam- 
ics do not include the thermodynamically insignificant velocity v 
and kinetic energy (both of which depend on the choice of reference 
frame A); this as a rule does not depend on the processes studied 
in the proper reference frame or laws independent of the viewpoint 
of observer A, which can be chosen arbitrarily. 

The above reasoning concerning the role of kinetic energy agrees 
with the traditional interpretation of the energy equation as a heat 
influx equation. The importance of the tetrad system B and of the 
corresponding form of the energy equations is manifested most 
vividly when in addition to mechanical energy we allow for other 
types of energy and develop expressions for these types. 
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The above frames of reference can be used to define mathematically 
a variety of physical concepts and characteristics expressed in terms 
of these concepts, characteristics with a kinematic, dynamical and 
general physical meaning. We note that each of the above-mentioned 
reference frames may help, on the one hand, to formulate and deter- 
mine the corresponding four-dimensional tensor characteristics. 
On the other hand, characteristics of a scalar or tensor nature defined 
by certain conditions in a fixed reference frame can be considered 
in any other reference frame and, hence, may serve as characteristic 
quantities for phenomena and respective invariant formulations of 
various physical laws in any other systems of coordinates. 

There are two reasons for determining physical characteristics 
(energy, for one) in tetrad reference frames (when this has been done, 
we can find these characteristics in any other reference frame): 

(1) each tetrad at each point M in the medium is an inertial 
reference frame in which point M has zero velocity; 

(2) for a given medium and each moment of time the system of 
tetrads defines a unique reference frame. To this we must add that 
experiments and their results are usually described in a local inertial 
reference frame. 

What we have just said manifests itself with the greatest physical 
significance if we consider electromagnetic energy, which occurs as 
a separate term in the energy equation. To clarify this statement 
let us consider once more the laboratories in reterence frames A 
and B while employing for each point in the medium the correspond- 
ing tetrads of the rest inertial platforms. Suppose that on platform B 
that moves with respect to A in an inertial reference frame there is 
an electrically charged sphere at the end of an ideal insulating rod 
{the sphere is made of conducting material and there are no objects 
that introduce perturbations). In this experiment measurement of 
the electromagnetic field by observer B both in Newtonian mechanics 
and in special relativity yields a stationary Coulomb field without 
a magnetic field, while measurement of the electromagnetic field 
by the “motionless” observer A yields a nonstationary electromagne- 
tic field with a nonzero magnetic component. Thus, the results of 
freasurements by identical devices prove to be different in the two 
mames. The same is true for the energy density in free space outside 


the sphere; we know that the electromagnetic energy density in free 
space is 


(E? + H?)/8n. (1.16) 


Hence, the energy density in one and the same volume depends on 
the choice of the inertial reference frame, which’ in this experiment 
manifests itself most clearly. (For small three-dimensional velocities 
v of motion of frame B with respect to frame A the difference is very 
small and of the order v/c.) Here we must note that the electric and 


1. The Basic Variational Equation 33 


magnetic field vectors may be defined only in inertial reference frames, 
which in special relativity may be global, but in general relativ- 
ity they are local near any point M, namely, the tetrad proper ref- 
erence frames. 

In this connection we recall that a comoving reference frame is 
not usually inertial, and the same is true of the observer’s reference 
frame. As we know, in general relativity inertial tetrads can be 
introduced only locally, near each point in the medium. 

On the other hand, E and H, which are characteristics of the elec- 
tromagnetic field, can be defined only by measuring them in an inertia 
reference frame. Obviously, measuring devices that are identical 
but move in relation to each other yield different results’. In this 
connection there arises the problem of selecting an inertial reference 
frame that would guarantee unambiguous results in measurements 
of the physical characteristics of the electromagnetic field and definite 
expressions for the energy and its increments in the field. Here two 
main conditions must be met:. 

(a) We must fix the energy-momentum tensor of the electromagnet- 
ic field (we can also take the Minkowski tensor). The problem of 
fixing the electromagnetic field energy-momentum tensor was clari- 
fied in 1965 [8], although even until very recently there appeared 
works that confuse the picture. Now, however, a correct understand- 
ing of this problem seems to be gaining acceptance everywhere. 

(b) To find the required energy fluxes at each point in the medium 
we must use the inertial reference frame, in which the medium is 
locally at rest (the rest frame). 

These conditions ensure that the electromagnetic field energy is 
a four-dimensional scalar. 

The foregoing analysis shows that the problem of establishing 
a correct picture of these phenomena and an expression for the 
electromagnetic energy, which enters into the first law of thermody- 
namics, is not trivial. All previous conclusions can he reduced to 
one condition, namely, that the energy density of the medium and 
electromagnetic field are represented by a four-dimensional scalar 
equal to the component 7,* of the energy-momentum tensor, the 
component being taken at each point in the medium in a rest iner- 
tial reference frame determined locally. 

The situation with the energy of a gravitational ficld in general 
relativity is even more complex. Over a period of 70 years various 


4 Here there seems to be a rough analogy with the uncertainty prin- 
ciple of quantum mechanics, according to which the results of measurements 
depend not only on the state of the observer but also on the setting of the exper- 
iment and type of measuring devices. We know that in both special relativity 
and general relativity there are many quantities, e.g. geometric, whose measured 
values depend on the choice of a moving observer. These effects are similar to the 
Doppler effect, which is present in Newtonian mechanics. 
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ways were proposed for defining the energy of a gravitational field 
via the gravitational field energy-momentum pseudotensor. But 
pseudotensors defined in nonuniquely determined reference frames 
have no physical meaning. In one of his works the present author 
introduced a uniquely defined comoving system of coordinates for 
the Riemannian space. With this uniquely defined system he built 
a physically meaning real tensor (not a pseudotensor) of the energy- 
momentum of a gravitational field in general relativity [26], but 
the construction involves the possibility of various values for the 
invariant energy of the gravitational field. The quantity may be 
chosen, say, on the grounds of simplicity and then verified experi- 
mentally, but detecting the effects and gravitational waves experi- 
mentally poses as yet undetermined difficulties. This remark, true 
for any theory, is of a general nature, since in physics correspondence 
between well-constructed theories (which in themselves are impor- 
tant) and reality must always be checked and verified by experiments. 
In other words, every constructed model and all the numerical 
values of the model’s parameters must correspond to experience. 

These conclusions concerning the definition of energy and the 
methods that follow, which are linked with the universal thermody- 
namic laws, must be taken as the required theoretical basis for all 
future progress that uses previous experience and must clarify new 
generalizations in the light of achieved results. 

In building models in general and continuous models in particular 
we must introduce the sought main varying characteristics and given 
constant parameters or given functions and also thermodynamic 
functions depending on them, such as the internal energy Ll’, the 
free energy F’, the entropy S, the laws for fluxes of various types of 
energy, and the like. In the process we must use the generalized 
equation reflecting the principle of virtual work or displacements, 
which are closely linked with those fundamental laws of nature, the 
first and second laws of thermodynamics; these laws for individua- 
lized small volumes dV, of particles and fields take the following 
form [5, 16]: 


—5 (U dV;) + 6A®) + 5A) + SQ) + O** = 0, (1.17) 
(the first law of thermodynamics), 

—o05S dV, + 6Q©@ + 60’ = 0 (1.18) 
(the second law of thermodynamics), and 

dm + odV3, &6dm—0 a (1.49) 


(the equation of continuity). Here U dV, is the total energy of the 
particles, 6(U dV;) the virtual energy increment for imaginary 
phenomena, 6A) and 6A) the corresponding elementary virtual 
works for external body and surface forces (which in Newtonian 
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mechanics must include the elementary work of inertial forces, 
—dm (a-ér)), 6Q® the total virtual external influx of heat due to 
external distributed body sources and the external influxes of heat 
across the surface dX encompassing the volume dV, = dV, dt, 5Q0** 
an additional virtual flux of nonthermal energy arising from the 
fact that the arguments of U and S contain various electromagnetic 
quantities or quantities expressible in terms of derivatives of the 
laws of motion and similar characteristics of matter and fields, 
and dQ’ the uncompensated heat due to irreversible phenomena. 
Often in application the definition of dQ’ uses ordinary linear rela- 
tionships for the corresponding quantities in the Onsager theory or 
nonlinear relationships in the generalized Onsager theory, e.g. in 
the theory of plasticity or the theory of magnetic hysteresis. 

Equation (1.19) its written on the assumption that nuclear pro- 
cesses play no role in real and virtual processes and hence 


ddm = 5dm = 0. 


We also note that Eq. (1.18) is written under the assumption that 
there is an absolute temperature 0. 

By integrating Eqs. (1.17) and (1.18) over a four-dimensional 
volume V, we can replace them with integral relationships, which 
in general are not the integral laws for the energy of individualized 
objects as the initial equations are, since in integrating over V, 
the time intervals for different particles may be different, so that 
at different times different particles are inside V,. 

It immediately follows that the universal equations (1.17) and 
(1.18) can be used to derive the following basic variational equation 


[14, 13, 45]: 
§ \ A dV,+6W*+6W =0, (1.20) 


V4 


where V, is an arbitrary four-dimensional finite volume of space- 
time. The Lagrangian A = —U is the total thermodynamic energy 
density taken with a minus sign and generalized to all virtual pro- 
cesses that differ little from real processes®. This energy density is 
very close to the physical energy of matter and field in the varied 
volume V, built out of the volumes dV, of individual particles for 
appropriate moments of time. 

We note here that A for virtual processes may contain additional 
terms that are zero for real processes. The variations 6 are taken 


: The derivation of Eq. (1.17) and the justification of the term 6Q** 
were given by the present author in 1964 in a report [5] at the 114th International 
Congress on Applied Mechanics in Munich. 

6 To be more exact, A is the Lagrangian density, but for the sake 
of simplicity we will use the term Lagrangian. 
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for constant Lagrangian coordinates §', §7, &°, €* and may be sub- 
stituted by variations 0 for fixed coordinates x‘ in the observer s 
reference frame according to the operator formula’ 


§ = 0+ 67' Vi. (1.21) 


The scalar equations (1.17)-(4.19) and Eq. (1.20), which follows 
from them, are written for arbitrary continuous variations of the 
sought quantities. This imposes certain restrictions on the coefficients 
of the variations—they must be zero after variation for all possible 
real processes and motions. This, in turn, leads to a closed system 
of Euler equations, equations of state, and additional conditions 
at strong discontinuities and the domain boundaries fer the sought 
functions. 

In the general theory the procedures by which such relationships 
are obtained and their analysis are well-known. From the covariance 
of the equations and laws of physics it follows that the Lagrangian 
A and the corresponding energy U must be introduced as four-dimen- 
sional scalars that generally depend on the known and, which is 
most important, on the sought functions, in particular, on functions 
that can be expressed in terms of the law of motion and certain phys- 
ical parameters—the components of the sought tensor parameters 
u4 (2) (A =1, 2, 3, ...) [10], the components of the metric 
tensor g;;, and constant parameters or known functions K® (§") 
or K¢ (zx') given in the comoving or observer reference frame, re- 
spectively. Since A is a scalar, its arguments can be written both 
in the comoving reference frame and in the observer’s reference 
frame (or the tetrad system B). 

If we use the basic variational equation (1.20), each of the three 
scalar terms has a definite physical meaning, where the volume V, 
is arbitrary and the variations of the sought functions on its 
boundary & may take arbitrary values. 

(In accordance with the fundamental equations of thermodynamics 
(1.17), (41.18), and (1.19), the variational equation has additional 
terms 6W* and 6W for any volume V,. In the general case the scalar 
functional 6W* is given by the formula 


éw* = \ [09 6S dV,—8Q’ + 8A + 8Q%*] (dV, /dV,). (1.22) 


Va 


We see that 6W* depends on the influxes of heat 6Q® = 9086S dV, — 
80” and the body energy influxes 6A“ + 5Q%*, where 5Q%* are 
the body influxes of energy due either to the vatiations of the addi- 


ee ete, 


The corresponding theory of variations that preserves the same 
he nature as the varied tensor component is not trivial. For more details see 


[31 
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tional parameters 4 or K# or to the presence of higher-order partial 
derivatives of the sought functions in the arguments of U. 

In analytic Newtonian mechanics one must introduce a term 
of the type 5W* when there are external nonpotential forces and 
nonholonomic constraints. In Newtonian mechanics the variation 
5W* contains a term corresponding to the work of external inertial 
forces if A is expressed only in terms of the potential energy U. 

In reversible phenomena dQ’ = 0, while in irreversible dQ’ is 
positive; for instance, in the presence of viscosity, electric currents, 
or hysteresis we can sometimes put ® 


5Q’ = (t/? yj; dz? + I* €A,) dVs, (1.23) 


where t;’ is the appropriate tensor of the type of viscous stress tensor, 
I* the components of the four-dimensional current vector, and A, 
the components of the four-dimensional vector potential of the elec- 
tromagnetic field. The term /* 0A, is due to the fact that the phe- 
nomena associated with the interaction of the electromagnetic field 
and matter are nonconservative. Z | 

As to the scalar 6W determined via Eq. (1.20), we find that since 
V, 1s arbitrary, fer any variations on the boundary 2 the scalar 
SW is given by the formula 


éW = \ (P bai + M4,6pA4) n; do, (1.24) 


vv 
—_ 


where mn; are the components of a unit vector normal to % (this is 
true provided both A and 6W* have no derivatives of the sought func- 
tions with orders higher than the first). The components <";’ and 
M4 are determined via Eq. (1.20). The tensor f= F& /9'9; is simply 
the energy-momentum tensor of the field and medium. Both 3 
and 9; are the coordinate vectors of a basis in the observer's refer- 
ence frame, and the tensor components Ma define additional tensors 
similar to the tensor &. The presence of M% is due to energy fluxes 
through 2, in view of the additional parameters p4 in the argu- 
ments of A and in the expression for 6W*. The formulas for the 
components #,/ and M4 are simply the thermodynamic equations 
of state. 

We can also show that if inside V, there are surfaces 2 of strong 
discontinuities, then on these surfaces there occur special conditions 


that reflect the continuity of the components & ’n; (5) and Man; (3) 
on > [16, 18] (if (1.24) holds). 
8 The term J0A;, in the formula for 6Q’ first appeared in [29], and 


its justification was revealed in an improved version of this work (see [30], 
pp. 254-280). 
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Finally, what is most important is that the dynamical equations 
follow from (1.20) and are the Euler equations for the basic variation- 
al equation. We can easily show that the Euler equations for the 
variational equations (1.20) remain the same if for A we substitute 
A + V;2', where Q# are any function of the determining parameters 
or other quantities [26]. But this substitution changes the expressions 


for the energy of the system and for the components =,’ and Ma. 
In view of this, in any physical problem involving construction 
of a model the energy U and Lagrangian A must be given in full, not- 
withstanding the fact that terms of type y;92' in the Lagrangian A 
do not influence the Euler equations. These remarks are important 
in solving the problem of the gravitational field energy-momentum 
tensor. This is obviously true in all cases where the building of models 
requires equations that must be used, say, in formulating the bound- 
ary conditions. 

In the aforesaid we have established a procedure for building 
models that is based on very general physical principles and uses 
various information obtained through physical experiments and 
theories. For one, in the mechanics of continuous media the theories 
that are very fruitful are those of statistical physics. In these theories 
the thermodynamic functions are calculated in the rest reference 
frame using the simplest classical or quantum assumptions. 

Of great importance is the various data obtained through proces- 
sing the simplest experiments whose results can be given in the form 
of empirical formulas. These formulas are then generalized and are 
formulated in the test reference frame. We know of examples where 
empirical formulas become the basis of profound theoretical gen- 
eralizations a d new physical insights. We must also note the fruit- 
fulness of Eq. (t.20) in developing various kinds of theoretical models, 
such as the theory of shallow water, the theory of various kinds of 
thin films, plates, shells, rods, and the like (21, 28, 32]. 

In all these examples we can reduce the dimensionality of the 
problem by finding a general plausible law of distribution of the 
sought functions of three variables in terms of functions of two or 
one variable with internal parametric functions of the reduced num- 
ber of variables; for these we obtain the Euler equations, the appro- 
priate equations of state, and boundary and other conditions. The 
Lagrangian of model problems with a reduced number of independent 
variables may be obtained, say, by integrating the Lagrangian relat- 
ed to a three-dimensional problem over a thin cross section (as is 
the case in the Pohlhausen method in the theory of a boundary 
layer). Such theories have been developed and*the corresponding 
models have been substantiated on the basis of the basic variational 
equation (1.20). 

With the help of Eq. (4.20) each of the known models and a num- 
ber of new models can be obtained by using only the minimum of 
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physically necessary and natural assumptions both in the framework 
of Newtonian mechanics and of special relativity and general rela- 
tivity. The same is true even in a broader context of general ideas 
of space and time and, in particular, in microscopic theories of cle- 
mentary particles [7, 9, 12, 14, 19, 20, 25, 29, 31]. However, the 
developed general theory based on Eq. (1.20) has not reached its 
full potential in the various applications. 

Both in Newtonian mechanics and in special relativity and general 
relativity we may assume that the Lagrangian A is equal to —U; 
for instance, in Newtonian mechanics we may leave out the specific 
kinetic energy 7. In this case, as we have shown above, 6W* must 
include the work of external inertial forces besides other external 
influxes of energy and the energy influxes of the type pO6S dV, 
and —6Q’ due to irreversible phenomena. 

In some cases we are able to write 


SW* —6 \ A* dV, -+6W*’. (1.25) 


Va 
For this reason we may put 
A= —U + A* (1.26) 
instead of A == —U. But this changes the physical meaning of the 


Lagrangian as the energy U taken with a minus sign. In particular, 
according to Eq. (1.3), in analytic mechanics 


N= Pi (1.27) 
We could, following Eq. (1.11), put 
A =—(T + U). (1.28) 


Such a reshuffling of terms in the basic variational equations in no 
way influences the Euler equations, but then the four-dimensional 
invariance of each of the terms in Eq. (1.20) is not retained although 
Eq. (4.20) as a whole remains a four-dimensional invariant. 

If condition (1.27) is met, there is no explicit relation of the 
variational equation (1.20) to the first and second laws of thermo- 
dynamics. To this we may add that in special relativity and general 
relativity neither the kinetic energy in A nor the work of inertial 
forces in 5W* is present in Eq. (1.20). In contrast, in Newtonian 
mechanics there are many cases of adiabatic reversible processes 
where dQ’ = 0 and dS = 0 and the condition (1.27) is met with 
A* = T and 6W*’ = 0. But for irreversible processes innoncon- 
servative systems the term 6W*’ must always be present in Eq. 
(1.20). 
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At present in physics, when building new models of media and 
fields (especially fields), the common form of the variational prin- 
ciple is 


6 \ LaVv,=0, (1.29) 


as 


where L is postulated from mathematical arguments and is not taken 
as the thermodynamic energy (at least explicitly); the volume V% 
is taken fixed, and the variations of the sought functions are not 
tensor components and vanish on the boundary =* of Vj; (this is 
the volume of the region in which we are looking for a solution with 
given boundary conditions on &*). The main problem is to build 
the Euler equations. 

The possibility of obtaining the equations of state and the for- 
mulas for the energy-momentum tensor after we have fixed Z and 
5W*' = 0 or A and 6W* £0 via Eq. (1.20) is often overlooked. 
In view of this, incorrect interpretations of the essence of the Euler 
equations and of the concept of the energy-momentum tensor are 
widespread. 

Thus, we may say that in physics all constructions associated with 
the introduction of new models originate in one degree or another 
in integral variational equations but, unfortunately, without close 
links with the thermodynamics. At the same time we must note 
that in each separate case of building models one must overcome 
the difficulties associated with the complexity of describing the 
required assumptions and their interpretation. 

Some simple models of the classical type for describing the motion 
of material media interacting with an electromagnetic field are dis- 
cussed in [31]. In these models, Eq. (1.20) is used to derive, with 
thermodynamically justified A and 6W*, the Euler equations, which 
contain all the dynamical equations, including the Maxwell cqua- 
tions. For important cases we find formulas for the interaction be- 
tween the electromagnetic field and matter, the forces being dependent 
on the field characteristics and the properties of matter, and other 
relationships. 

The main meaning of the theoretical program outlined above con- 
sists in the fact that in both mechanics and physics there are only 
a few universal concepts and general relationships related to exact 
models specified by means of particular postulates. The concepts 
of energy and entropy, connected with the first and*second laws of 
thermodynamics, may be considered basic to mechanics and physics. 
There are a few of such basic concepts, but understanding and 
applying them creatively require a thorough grasp of the essence 
of scientific methods of studying nature. 
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INTRODUCTION 


This paper offers a general variational method of build- 
ing theoretical models for different substances and fields inan improved 
and more explicit form. The essence of the method is connected 
with a number of subtle points that must be brought out and taken 
into consideration in applications. Notwithstanding the large num- 
ber of published works starting in the 1960s devoted to the basic 
variational equation, many details and a considerable part of the 
material presented here, material touching on the very basics of 
model construction, are published for the first -time. 

Many theories use variations of different quantities, sought or 
fixed, and their functions. Explicit definitions of mentally intro- 
duced variations may be quite different. The properties of and cor- 
telations between such variations for the same quantity, used in 
various holonomic or nonholonomic reference frames with indistinct 
designations, are often felt and used on the intuitive level in the 
mechanics of continuous media and physical fields and practically 
only in restricted theories (e.g. only for material media or special 
fields. when there are no geometric or physical variables that are 
parametrically fixed characteristic tensors, when the processes are 
reversible, etc., or when the observer uses Cartesian coordinates, 
which is impossible globally in Riemannian spaces). 

Since the peculiar features of the variations used and the inter- 
relationships between them are fundamental, there is a need lo de- 
scribe these peculiarities explicitly. This could simplify under- 
standing the essence and sometimes even the peculiar nature ofthe 
usual theories. 


2.1 DEFINITIONS 


Suppose that in a metric space-time continuum of points, the coor- 
dinates & (i= 1, 2, 3, 4) with basis vectors 9; and J' and with 


metric tensor components g;; (&*) form a comoving coordinate sys- 
tem, where the conditions E* = const, a = 1, 2, 3, individualize 
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the particles of the given ideal “medium”; the coordinates z' with 
basis vectors 9, and 9! and with metric tensor components gj; (z") 
define the observer’s system of coordinates, which can also be taken 
as a comoving system of coordinates for individual points with 
x* = const for another ideal “medium”. 

Individualized world lines in the comoving system are coordinate 
lines along which the temporal coordinate €* changes, while in the 
observer’s system the world lines correspond to the coordinate lines 
along which the temporal coordinate z* changes. Each family of 
world lines by definition forms a reference frame. 

For the sake of simplicity we will assume that space-time is a four- 
dimensional Riemannian space (fixed or the one we are looking for) 
and has the local or global structure of the Minkowski space-time. 
However, this assumption is not always important. 

A function that defines a global coordinate transformation in 
a four-dimensional space, say 


zi == x' (6, &, &%, &), t= 4, 2, 3, 4, (2.1.1) 


is called a law of motion and may be considered for §* = const, 
a - 4, 2, 3, as an equation of the world lines of the comoving 
system in the z' coordinates. Along with the law of motion (2.1.1) 
we may consider scalar, vector, or tensor fields defined in various 
ways and whose components can be defined via (2.1.1) or otherwise 
in the coordinate bases of the comoving system or the observer's 
system [1-5]. 

In problems that have to do with fixing or finding the laws of 
motion and fields we may use, aside from “real” laws of motion (2.1.1) 
and the above-mentioned “real” fields for the characteristic quanti- 
ties. virlual laws of motion (introduced globally or locally. i.e. near 
each point) of a “medium” or fields in a fixed or varied four-dimension- 
al space belonging to a certain class (e.g. the class of continuous 
Riemannian spaces) [6-10]. Varied laws of motions and fields may be 
introduced in various ways depending on their definition [6-13]. 

Variations of various functions may be considered as the incre- 
ments of these functions. but the meaning of this operation must be 
clearly defined. For instance, the increment of a quantity defined 
Inside a certain volume at each fixed point M may be considered as 
the result of moving from the given point Af to a neighboring 
point 17. The variation of tensor components may be considered as 
their increments due to an infinitesimal transformation of the coor- 
dinate system ata fixed point M or otherwise. In contrast to common 
conceptions, there is no need to define variations as partial deriva- 
lives with respect to some auxiliary parameters that determine the 
global fields of the varied states and their characteristic functions. 

The varied increments of given or sought quantities determined 
locally, i.e. near each point inside a restricted region, can be defined 
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via nonholonomic relations. The physical meaning of given function- 
als, e.g. O'V* (a functional in the basic equation; see the text below), 
in real phenomena as well as in varied states must determine the 
mathematical form of the variations of the characteristic parameters 
in terms of which one expresses the functionals. 

In what follows we will consider none but infinitely small vari- 
ations of scalars and tensors. Some important particular cases of 
correlated variations in a fixed system of coordinates are considered 
together with the case of arbitrary variations, coupled, however, 
in the coordinate systems & and z’. 

‘We also note that in an infinitesimal variation of a tensor it is 
expedient (so as to retain the properties of invariance in all relations 
that we obtain) to use infinitesimal tensors of the same mathematical 
nature as the variations. (Many authors using the variation tech- 
nique do not devote enough attention to this point.) 

Thus, together with functions of type (2.1.1) we introduce varied 
functions 


xt = x'(B*) + da° (8), (2.1.2) 


‘with 6z' the infinitesimal virtual displacements of points M of 
‘tthe world lines into neighboring points M’ in space-time (these 
displacements are measured in the observer's system of coordinates). 
The variations 6z’ are components of a vector field ér = 62'9;, 
which field can be considered both in the observer’s system and in 
the comoving system: 


Sr = 6219, -= b2!0,, where 6x! = Sx" ati/az*. (2.1.3) 


In addition we may assume by definition that 6,r for real processes 
becomes a real displacement, i.e. 


6yr = dr=uds, dz = ds/ Voix dxe = 0, 


‘where wu is the velocity four-vector. i.e. a unit vector tangent to 
a world line in the comoving rete:ence frame, and ds is anelement 
of these world lines. 

For varied basis vectors 9; and 3* in any system of coordinates 
we may write for each point M 


= 9; + 0/79,, 979 = F + Q7,9°, (2.4.4) 


where wo = w;"9'9, and 2 = Q/,0,3° are infinitesimal second-rank 
tensors. To retain the scalar product for two vectors, one with covar- 
iant components and the other with contravariant, and the main 
property of covariant and contravariant basis vectors in the varied 
form, we must assume that 


3-97 = 6, (2.4.5) 
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where iY is the Kronecker delta. This implies that 


wo = —Q',, 
whence in the general case formula (2.1.4) takes the form 
9, = (8 — OF) D,, 3 = (6, + 2%,) DF. (2.1.6) 


Many formulas below have nothing to do with raising or lowering 
the indices of the Q’, components, but we may assume that juggling 
of the indices of the components of tensor Q is achieved via the covai- 
iant and contravariant components of the metric tensor, g;; = 
(9;-9;) and g'? =(3'-9’). 


2.2 VARIATIONS OF TENSORS FOR WHICH SCALAR 
INVARIANTS RETAIN THEIR FORM 


Let us take some examples in which the variations of covariant or 
contravariant tensor components are nonzero while the variations 
of the scalar products are zero. . 

Suppose that we have two vectors A = A'‘d; and B = B;9' with 
the scalar product A-B = A‘B;. By varying the components A’ 
and B; and the basis vectors according to (2.1.6) we get 


A’ = Ad; = A’™ (8; —Q',) Dj, 
B’ = Bj9’t = By (6 4+ Q*,) 9%. 
If we also put 
A’*— A*= 6A* and Bj — B; = 5B;, 
where 6A‘'9; and 6B;9' are infinitesimal vectors!, we can write 
SA = A"'9; —A'9; = 6A‘9; — A*Q',9; = 6*A'D,, 
6B = Bi) — B,3' = 6B,9' ~ B,Q* 3) = 6*B, Di, ee) 
Here the tensor components 2”, are arbitrary.’ 

The above definitions imply that 
A"); — A‘d; & Ajd%— Ad’. 


The form of (2.2.1) is retained both when the basis vectors of the 
coordinate system are varied (Q*;- 0) and when the components 
A‘ and B; are varied in a fixed system of coordinates. 


: Both 6A? and 68; are vector components if the Q’q are tensor 


components, which follows from (2.2.4). 
a _ In (2.2.1) the terms depending on the Q?_ may emerge, for one, from 
5A? and 5B;, irrespective of whether the basis vectors are varied or not. 
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Formulas (2.2.1) imply that 
A" Bi= A'B, + 6 (A'‘B)), 


which dces not contain the Q', components. Thus, the variation 
of the scalar product of two vectors is zero if 6A‘ = 6B; = 0 but 
6*A* and 6*B; are nonzero. 

For the variation of tensors of arbitrary rank, e.g. tensor T = 
T’,;*39;9’ 9,, formulas (2.2.4) transform to 


6*T =— (6 co) 3;9’9, == T? FQ? 9,979, 
+ T' FQ? 9,999, — TPQ" 0,070" 
= (STi ,! oT!) 9,559,. (2.2.2) 


Obviously, for any scalar contraction of tensors, e.g. 7';'7,/B,, 
for all Q?, we have 


6* (T° ;"T7B,) = 6 (1';"T7Br). (2.2.2’) 


Since all scalar invariants of a system of tensors are expressible 
as functions of an appropriate system of scalar contractions formed 
from the components of these tensors. we conclude that the variation 
components ég of tensor components can be expressed in terms of 
mixed tensor components Q”, related to variations of the basis 
vectors 9; and do not influence the variations of any scalar. 

Scalar contractions besides the sought variable components of 
tensors may contain given, variable or fixed, components of para- 
metric tensors. The components of such parametric tensors must be 
varied as long as we consider the variations 69 of the tensor com- 
ponents due to transformations obtained as a result of varying the 
a; and 3°. 

Thus, if we vary a scalar L depending on tensor components for 
which the infinitesimal variations 6 9 are expressed only in terms of 
Q?., ~ 0 via (2.2.2), we find that the variations of L vanish for any 
infinitesimal Q”, irrespective of the type of function L. If the varied 
quantity Z depending on tensor components is not a scalar but is 
invariant under transformations of a group G, the above stalement 
that 69 L =O remains valid if the tensor components Q’, define 
the variation of bases corresponding to transformations of G. For 
the components of the metric tensor we may write 


8* gi; = Sei; + Qigpy + QP? iBpi = S813 4- Qi + Qi; (2.2.3) 
and similarly 

b* go — $e —QU_ Q”, (2.2.4) 
This implies that 6*g;; = 6g;; and 6*g? = 5g" if the Q;; are anti- 
symmetric, i.e. Q;; = —Q,;,;; but if the Q,;; are arbitrary, 


608ij = —Bpif gifog’’. (2.2.5) 
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2.3 SPECIAL TYPES OF TENSOR COMPONENTS 2° 


Here are some important formulas for the Q?, that follow from 
natural assumptions. 

Example 1. In problems involving the law of motion (2.1.1) we 
can write 


9, = (dri/at) 9; and 9! = (a&'/dz’) 9%. (2.3.1) 
We introduce the notations 
ox'/OE? = x ;, 0&'/dx? = EF, (2.3.2) 


For a fixed index j and, correspondingly, for the £' constant, the 2’; 


may be taken as the components of vector 3 in the basis 0;. 
According to (2.3.1) we can write 


89, = 6 [(axi/a#) 9,] = (8 axi/ati) 9, + xt; (89; + 609,). (2.3.3) 


The variation 89; is taken at the & constant, and 6’ (dz'/dE’) is 
a variation with respect to z'; (&") at the &* and 9; constant. Whence 


6'x', = dbx' (E")/a&? = 2°, 06x! (x")/dz*. (2.3.4) 

Next, 5'9; is the variation of vector 9; due to the displacement 
of point M(z") to point M (c* + Sz*) for a fixed point with coor- 
dinates §’, while 699; is the variation of 9; at a fixed point with coor- 


dinates &’ and x‘ due to a change in the basis vectors 9;. Conse- 
quently, 


69, =T62*9, and 599, = —2,9). (2.3.5) 


On the basis of (2.3.4) and (2.3.5) we can write the tensor relationship 
(2.3.3) in the following form: 


—Q* 9, = 89, i= xy [y dc! —Q',] 9. (2.3.6) 


When y.62°-< 0, this implies that 69; 0 at Qi, = 0 and that 


5z' |; =| jy 62"; (2.3.7) 
if 69; = O (and, respectively, 693i = 0; see below), we have 


Qt, = v,bx!. . (2.3.8) 
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On the basis of (2.3.8) we can rewrite (2.2.3) and (2.2.4) in the follow- 
ing form: 


6 (g,;9' 9) = (S¢;)) oO 4_ 2, /0'd, 
8 (g79;9;) = (5g’) 9,9) — 2€/9;9), 
where the ten independent components of the symmetric tensor 
of infinitesimal stresses e;; can be expressed in terms of the four 
components $z‘ of the displacement vector. Obviously, the compo- 
nents e;; at a given point can take on arbitrary values, but being 
functions of coordinates they must satisfy the well-known compati- 
bility conditions. 

Example 2. Now let us take a fixed point M and at this point 
consider an infinitesimal transformation of coordinates: 


gt. = gt + $y (x*). (2.3.9) 


Here zx‘? and x’? are the initial and transformed coordinates at the 
same point Mf. We intruduce the variations 


Enq? ?d'9 — £;j;9'9? = 5g; ,9'9 ; 


If we employ the well-known formulas for transforming tensor com- 
ponents and basis vectors under a transformation of coordinates, 


f Oxi = x) rpryrq _ 92'P O2'T nin; 
8nq Dee Bij Geb ox _ 6) ov = ae a a oO F (2.3.10) 


then after we have substituted (2.3.10) into the definition of 6g;; 
we arrive at the trivial result 


68; = 0. 
To have a nonzero 863; and yet retain the tensor nature of 8g;;, we 
change the second formula in (2.3.10) for 9’* in the following way: 
Qt = OF + (09*/d27) by" = 9% —T, by7d! 
and, respectively, 

9 = 9, + I, dn'9:. (2.3.11) 
Now, bearing in mind that 
Ax™/lAx'? = 6™ — Cby™ /0x7™, Ox'™/Ox™ -- 6™ 4. Oby™/ Oz", (2.3.12) 


and the formulas (2.3.10) for gp, and (2.3.11) for 0, we find that 
to within infinitesimals of the first order 


89:7 = —Vidny — VON, 
4—0714 
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and in a-similar way we find that 


dg) = yidy’ + y’dn'. (2.3.13) 
Obviously, in this case 
583; = Bip qd8P%, (2.3.14) 


which can immediately be generalized to arbitrary tensors of any 
rank and with an arbitrary index structure. 

Formula (2.3.13) and its generalization to arbitrary tensors imply 
that the transformation (2.3.9) under assumption (2.3.11) corre- 
sponds to an {2’; represented by the formula 


Qi, = ay ,6r/. (2.3.15) 


The formulas (2.3.8) and (2.3.15) are different notwithstanding the 
fact that the dz‘ enter formulas (2.1.2) and the 4y similar formulas 
(2.3.9) in the same way. In both cases formula (2.2.2) retains its 
form but the 27; prove to be different.2 Formulas (2.3.15) impose 
differential restrictions on the variations expressible in terms of 
5x’. 

To find the corollaries of the fact that a function is a scalar, we 
must use the variations of the arguments of any parameters of 
a tensor nature defined by the general formula (2.3.5) for the same 
arbitrary components 9’; or for ’; defined by (2.3.15). After we 
have varied the scalar with respect to all the tensor arguments on 
which it depends and nullified in the sum obtained all coefficients 
of the arbitrary /’;, e.g. those defined by (2.3.15), we arrive at 
16 relationships that are valid identically. The number and type 
of identities can be changed as we integrate over the volume, with 
separating terms that vanish if the Gauss theorem (the divergence 
theorem) is applied. 

We note once more that in obtaining the above identities we must 
vary all tensor arguments (both constant and variable) whose values 
depend on the choice of the coordinate system. 


2.4 DEFINING VARIATIONS AND THEIR 
INTERRELATIONSHIP IN THE COMOVING AND 
THE OBSERVER’S REFERENCE FRAME 


Obviously, if we wish to obtain equations by varying a scalar L 
and not simply identities that follow from the fact that Z is a scalar, 
we can exclude the variations of the basis vectars and tensor com- 
ponents that are due to the tensor Q’;. On the other hand, if we wish 


: The above analysis enables us to explicitly realize the essence of 


the various ways in which variations connected with displacements and transfor- 
mations of coordinates are defined. 
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to obtain such identities, it suffices to vary 59L in such a way that 
the variations of all tensor arguments are expressed solely in terms 
of the 02’; via the transformations of the coordinate bases according 
to (2.2.2). 

Let us now consider variations of the general type, where in 
a given coordinate system no variations of the type 59 exist. First 
we will give the definition of a variation of a scalar L. Thus, we start 
with a scalar LZ that can be studied and varied either directly or 
through its arguments, which are either unknown or fixed functions 
of coordinates z* in the observer’s reference frame, or by using the 
law of motion (2.1.1) and expressing the arguments as functions of 
coordinates &* in the comoving system. According to 


L (a* (&*)) = L (8); L’ (xt (&*) + 82% (&*)) = L’ (6) 


we can write 


6b = L’'(*) — L (&") 
= L' (2) —L (2) + ZL (zt + 62) — L (2%), 
or 
6h = 0L + 6z'y;L (oL/dx*t = y;L), (2.4.1) 
since 


L’ (xt) —-L (2'*) & L’ (zt) + L (2') 


to within higher-order infinitesimals. Here the symbol 6 corresponds 
to variations with constant &* and the symbol 0 to variations with 
constant z*. Obviously, for real phenomena the variations 0 with 
respect to any quantities are zero by definition. 

Formula (2.4.1) gives the interrelationship between arbitrary 
variations of scalars in the comoving system and the observer's 
system. 

When we go from a mentally varied phenomenon to the realized 
phenomenon, the real process, we may use the two definitions of 
variations given below. 

1. Mentally introduced variations, e.g. 6Z, are virtual, which 
means that, by definition, for fixed &' these variations vanish when 
we go over to real processes or states. Hence, for real processes we 
have 


a’? = 27 and 62? = 


and whence 
6L = oL = 0. (2.4.2) 


2. Mentally introduced variations at a given point §&', which we 
denote simply by 6&4, are possible and are given by the relationships 


6,01 = dx + bai, 6yL = al + 8L; (2.4.8) 
4* 
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etc. Here dz’, dL, etc. are infinitesimal increments of zx‘, LZ, etc. 
in real processes. Whence,: when: we go over to real processes, we 


have <2 ee 
) qu = dx’, 6, =dL= (0L/0t) at, . (2.4.4) 


where t is proper time. Hence, in such a definition of variations, 
when we go over from varied phenomena to real, the variations 6, 
become the réal increments of the varied quantities, which generally 
differ from zero. © ee heny 

If’some quantities u', uw’, ..., w”™ are coupled by equations, 
the variations du" satisfy these equations with fixed coordinates & 
that enter the equations as parameters, while the possible variations 
6,u* satisfy relations which allow fot:a nonzero increment in the 
temporal coordinate. For instance, for a holonomic constraint 
f (ut, w*, ..., tT) =O and at dt =0 we have 


(Of/Ou4) du! + (Of/Ou*) 6p? +... + (0f/Ou") Su" = 0 

and 

(Of/Out) Sau* + (Of/Ou*) Sau? +... + (Af/dt) dt = 0, 

while for a nonholonomic constraint we have 

A, (yu, w?,. . . &') Out + A, (ul, w*,..., £7) bu? + ....-+ A, du" = 0 


and 
A,6gut + Ad gu? 2 e6. A dt = 0. 


From the fact that dL = dz'y,L it follows that (2.4.1) for the same 
OL is valid for both virtual variations 5 and possible variations 6 4. 

The formula (2.4.1) considered above for the variations of scalar L 
are naturally generalized to variations of tensor components in 
the comoving coordinate system with fixed bases 9; and 3+. The 
result can then be transformed into the observer’s reference frame. 
We can then use the variations of tensor components in the observer’s 
reference frame, defined in a similar way for the components of the 


same tensor, the components being transformed from bases 9, and 


3' to bases 3, and 3%. 


For simplicity we will first define the variations of the components 
of vector 


= wi (EY) 9 = py (BY) OF = pi (wt) By = py YD, 


where 


By = 8b, py = eypi, pt = ot yp, (2.4.9) 
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and, respectively, the variations of the components of tensors of 
arbitrary rank and with arbitrary index structure. According to 


(2.4.5), for given or sought ian gi;, and z'; (E®), which are defined 
separately either in the statement of the problem or in its solution, 


it is sufficient to fix or define one of the functions ui or pw" or LU; 
or 4; so as to find all the other. In this connection, it is clear that 
for any sought tensor it is sufficient and generally necessary to for- 
mulate the problem for the tensor components with only one definite 
index structure. The components with a different index structure 
can then be found via (2.4.5). If we use for arguments of each tensor 
only the components with a single index structure in a fixed basis, 
there is no need for the formulas in (2.4.5). These may be needed 
only post factum to define the respective components with other 
index structure. . 
In varying tensors it is expedient to ccnsider their varied componcnis 
as tensors of the same nature but in unvaried bases. For this reason the 
varied tensor components will obey relations of the type (2.4.5), 


where the g;;. g;;, and 2*; are taken for real phenomena. The for- 
mulas cannot be used for variation. It is clear that formulas (2.4:5) 
are also valid for increments of tensor components defined for real 
solutions. | 
In determining variations we find that the components of du 
and Ou in various bases and with various index structure are also 
related by formulas of the type (2.4.5). In other words, when con- 


structing varied functions, we must not vary g;;. g;;, and x’; in (2.4.5). 
This implies that the varied values of tensor components with any 
index structure and in various bases are determined in a one-to-one 
manner by components with a fixed index structure. 

For instance, in the comoving reference frame we have, by de- 
finition, 


6u = 6n'9, = 6n,9%, 
with 6n, = g)Sp' and Gui = wt (EF) — pi (EX). Next, we deter- 
mine w’'*(x") from the obvious necessary condition 


du = [du*t (2*) + b2?y pp’ (x*)] 9; 
[Opy (2*) + 62Pypuy (2*)] 9, (2.4.6) 


! 


with | 
by = yp (w") and Opy = Bi; Op". 
The presence of the covariant derivatives y, with respect to a2” 


in (2.4.6) is an important fact since in the arguments of ww’! and qj 
there is a shift from point A/ to point M’ owing to the variations 62'. 
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From (2.4.5) and (2.4.6) in the observer’s reference frame we have 


Sui (E*) = ap (wt) + da? yppt (o*) = ai, 6n° (E*), (2.4.7) 
and similarly 
Spy (E*) = Op; (2*) + 62? ypu, (2). (2.4.8) 


We must note at this point that the definition of the variations 
du is given in the comoving system of coordinates §', while the de- 
finition of the variations Op is given in the observer’s system of coor- 
dinates z‘ (which may be arbitrary). However, the vector du, whose 
components may be taken in any system of coordinates including 
the comoving, depends essentially on the choice of the observer's 
system of coordinates, since its nature is similar to that of the observ- 
er’s basis vectors. These are real vectors and may be taken in any 
reference frame, but essentially they are linked to the choice of the 
main reference frame of the observer. Obviously, (2.4.6)-(2.4.8) just 
as (2.4.1) are valid and retain their form both for 6 and for 64. 

We can see that for variations of the tensor components 7%," 
the generalization of formulas (2.4.7) and (2.4.8) has the form 


S71 = oTi + b2?y,T7;* (x*). (2.4.9) 


In the same way as in varying scalars, when we go over from virtual 
processes and, respectively, from possible processes to real processes, 
we can use the variations defined above in item 1 or 2. 


A 


On the other hand, such quantities as z‘,, g;;, and g;; May occur 
explicitly as sought or given characteristics in the form of separate 
arguments, similar to the varied components u* discussed above; 
hence, they must also be varied in the sense discussed above.* In 
such cases we must use formulas (2.4.6)-(2.4.8) if we wish to operate 
with variations of such additional arguments. The following for- 
mulas, besides (2.3.7), become useful in operating with the z*,, 
which occur as separate arguments. | 

Let us take the second-rank tensor g, which can be written inthe 
following form if we account for transformations of basis vectors: 


g = < 9,9) == 629,97 = 12,0". 


23 

S 
This means that the second-rank tensor g is the same in all reference 
frames.° 


: If the sought functions g;; and g‘/ also belang to the argument of 


the varied functions, we must substitute giJ according to the following formulas: 
gid = (1/g) (0g/g;;), where g = det ll gi; |. The contravariant components of 
the tensor 0g;; must be calculated via formulas of the type (2.4.5). 

The reader can easily see that in view of (2.3.7’) 
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On the basis of (2.3.7) and (2.4.7), where the variations dz‘, are 
assumed to be vector components, we obtain 


b2'; = a°yy.62* = dz; + B2'vy.c',. (2.4.10) 
From this follows an important formula for tensors: 

Ox’; = 2 ;V52r' — b2'yo2%;. (2.4.11) 
The reader can easily see that (2.4.11) is equivalent to 

Ox*; = 2°; 0bz'/dx* — bx° dz',/dz°, (2.4.12) 
where 


x°, 06z'/dx® = Obz'/0F? = §’x', and S2° dz',/dz° 


are not tensors. We note that 6’z', 4 6z‘,, in accordance with the 
definitions on page 48. For real processes 0x’; = 0. 


2.0 AUXILIARY FORMULAS FOR VARIATIONS 


Besides the formulas in Sec. 2.4 we list the following useful for- 
mulas: 


8g:; = 94815 = 98:3, gis = Ax*ys8iy = 9. 
We also have 
0 (0g; ;/0x") = 0 (0g;,)/dz", 
@ (0%g;,/dx*dx') = 0" (0g;;)/Ox* Oz". 
This implies for variations of Christoffel symbols the following: 
OT ij = (1/2) 8° (Vi 9855 + Vj 98 si — Ve 98is) 
= (1/2) [g*” (8367 +- 8367) — g**8783] Vs O8ng 
and 
OV ipt=V; ana + Faiz OT j. (2.5.4) 
Here A stands for all the indices in components of a tensor of arbi- 


trary rank u4, and the corresponding factor FA can be expressed 
in terms of the Kronecker deltas 6%. For instance, for a second-rank 
tensor, when A = (mn) and B = (Ir), we have 


Fs = 655°) + 85676. 
For the variations of an element of four-dimensional infinitesimal 
volume dV, we have, in the general case, the following formulas 


6dV,= (3£+vide') av, 
== [(1/2) 9” 4g;; + ViSz'] dV, (2.5.2) 
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where ‘* eee : 
g = det || g:; tl, 


provided we vary the law of motion (2.1.1) and the metric of the 
space. For 6, dV, we have a similar formula with 6 ,xz' substituted 
for 82%, ~ 8 ; . 

~ In modeling space-time in varied four-dimensional Riemannian 
spaces, we can use the following determining formulas and formulas 
for the variation 0: 


R= g" Ri, = 8 Ris, 
Riji = OT j,/0ax) — OV i;/Ox* + ToT hi —T pi 7. 
As we know, 
OR=—R¥0g,,+V.W', yiW'=e" oR; 
W! — (gi46, — gi'63) OT; = (eg — a e"*) yy 08:5. 


2.6 GIVEN SCALAR AND TENSOR PARAMETERS 
CHARACTERIZING MODELS OF MATERIAL MEDIA 
AND FIELDS 


In the general case, the construction of macroscopic models of mate- 
rial media and fields is a thermodynamic problem whose solution 
may be built via the basic variational equation of the following 
type [6-17]: 


ba | AdV,+6.W*+ daW =0, (2.6.1) 


V4 


where V, is arbitrary, and the scalar Lagrangian density .\ and the 
scalar functional 6,W*, the latter being linear in the variations 
6,4, must be defined on the basis of the first and second laws of thermo- 
dynamics and allowing for the specialization of thermodynamic func- 
tions as applied to the properties of the selected physical objects 
and the processes being studied. The term 6,W is an integral over 
the surface % restricting the region of continuous values of the state 
characteristics and their variations in V,. The integrand of the above- 
mentioned integral can be found from (2.6.1) [7-12, 45]. 

The various models of matter and fields and the properties of classes 
of phenomena can be characterized via a set of, so-called deter- 
mining parameters 7 


u4 (A = 1, 2,..., N,...), 


some of which may be scalars while others may be components of 
vectors and tensors [2, 3, 14]. When applied to specific phenomena, 
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the quantities u4 must be defined from the solution of a given 
problem or from experiments as functions of coordinates and time 


=i 


s' or x' and the parameters 
KB (*), KC (x) (B= 1,2,..., C =1,2,...), 


which are either physical constants or fixed functions of coordinates 
x® or &*. In particular, among the parameters »4 there may be anti- 
symmetric tensors defining intrinsic angular momenta, various 
vectors, tensor characteristics of dislocations, characteristics of 
electromagnetic and other fields, etc. The parameters K® and K€ 
may be scalars or components of tensors of various ranks [2, 3, 14]. 

The compulsory presence of parameters K? and K© is due to 
a geometric selection of the observer’s and comoving reference frames 
and a selection of the physical properties of the objects and pro- 
cesses considered. These are represented only by means of fixed 
parameters K® and K® in the definitions of thermodynamic func- 
tions, A and 6W*, in the particular systems under study and in the 
formulations of concrete problems. 

As examples of parameters K® and K© we point to various quanti- 
ties that may and must be present in the definitions of characteristic 
thermodynamic functions. These may be various kinds of constant 
scalars or scalar functions of time and position fixing the properties 
of the substances in question, such as the masses of characteristic 
individualized particle-volumes, tensor invariants (Young’s and 
Poisson’s moduli, quantities defining anisotropy, etc.) characterizing 
internal interactions in the system, concentrations of various chem- 
ical and phase components in mixtures (which must be given), con- 
stants in laws of diffusion, heat transfer, viscosity, radialion (or 
absorption) of light, and the like. The various substances and the 
properties of the various fields are distinguished only by K® and 
Ke and the type of thermodynamic functions. 

The parameters K® and K© may be the fixed or the variable in 
time and space tensor components. For instance, K (z*) may be 
the known components of the metric tensors g;; (z”") in the observer’s 


reference frame, while K® (&) may be the g;; (€%, t,) taken in the 
comoving reference frame only at t = tT) but considered for any 
moment of time t. These are either given or sought components of 
the metric tensor in the initial state. The corresponding tensors 
with constant components K® (€%) along world lines will change 


in the variable basis 9* (€%, &*) or 0; (&%, &*). A tensor obtained 
in this manner can be used to define the tensor of finite deformations. 

One can also introduce tensor components that fix the symmetry 
properties of the physical structure of small volumes of particles 
in a medium [2]; in some cases these are the tensor components for 
the density of intrinsic angular momenta, tensors fixing certain 
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plastic deformations, or vectors of residual magnetization and polar- 
ization. The K? may be the tensor components in the expressions for 
the internal energy, in equations of state for the energy-momentum 
tensor, in the electromagnetic equations of state related to the laws 
governing polarization and magnetization in an electromagnetic 
field; it may also be the constants that enter Ohm’s law. 

Introduction of the parameters K® is necessary to provide a physi- 
cal characteristic of the properties of the objects (i.e. models) being 
constructed that have to do with the objects’ internal degrees of 
freedom and external interactions and, in general, all properties 
important for the class of phenomena considered. 

By its very definition, the starting basic variational equation 
(2.6.1) for real phenomena that take place in an infinitesimal vol- 
ume dV, tending to a point is an energy equation, in which we must 
exclude, prior to further steps, the external influx of heat dQ) 
entering dW* via the second law of thermodynamics. 

For varied phenomena Eq. (2.6.1) for finite volumes V, is not an 
energy equation for fixed masses. Here we must also exclude 6,0) 
via the second law of thermodynamics generalized to varied states 
for each term in the integrand of 6,W*. 

For real phenomena we can write this equation as 


d | Ao dV,+dW*+dW =0. (2.6.2) 


V4 


The differences A — A® and 6,W* — dW* = 5W* must vanish 
when one goes over to real processes. This may occur automatically 
or on the basis of the Euler equations resulting from (2.6.1). For 
instance, in the presence of constraints this is achieved by applying 
the well-known Lagrange methods of multipliers. 

The initial thermodynamic equation (2.6.2) may serve as a “lead- 
ing” relationship for determining A and 6,W* in Eq. (2.6.1), which 
on the basis of the definition (2.4.3) of variations and Eq. (2.6.2) 
can be written thus: 


6 | AdV,+6W*+8W =0. (2.6.3) 


V4 


Obviously, the systems of Euler equations and of the equations of 
State for the basic equations (2.6.1) and (2.6.3) ‘combined with 
kiq. (2.6.2) prove to be the same. In view of the Euler equations, 
a transition from variation 6, in (2.6.4) to variation & in (2.6.3) 


leads to equivalent relationships if A— A®°—0O and dw* — 
dW, a Q. 
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Now let us study the question of varying the parameters K? or 
KC at 89, = 0 or 60; = 0. Starting from the relations 
5K" (E*) = 0K (x*) + b2'yK? (z"), 
6aK® (E*) = K® (x*) + Bariy,K® (x*), 
we obtain 
5K® =0, 6,K8 = dr'y;K® , 0K? — — 6&2'y;K® (2.6.4) 


when the K8 (£*) are given and therefore not varied, or 
8K°S == &z'V, Ke ’ §,Ko — § 92'V ;, KE . (2.6.5) 


when the K©(z") are given and therefore not varied. 

If in the comoving system of coordinates the tensor components 
K® (&") are known (given or determined separately), in the ob- 
server's system of coordinates the tensor components K® (z"*) are gen- 
erally not known, since &* = &* (z‘) and the partial derivatives 
az'/0&' or 0&/dz® connected with the law of motion of the medium 
and with transformation from the comoving reference frame to the 
observer's are the very functions that we are looking for. However, 
formulas (2.6.4) remain valid for variations of the function K® (z*), 
i.e. variations that enter the arguments of the varied functions, and 


expressions of the type y;K® (z") = (0&"/dz’...) V,KB (§°) contain 
derivatives of the sought functions, which enter the Euler equations 
in the observer’s reference frame if the basic variational equation is 
used. If the K#(§) are functions only of the gpg (&"), then 


VnKB (&°) = 0. Accounting for the fact that one condition of homo- 
geneity and permanency of the properties of the medium or field, say 


v,K® (2*) =0 or y;K® (&*) = 0, (2.6.6) 
follows the other, we see that in this case Eq. (2.6.4) yields 
SKB = 6,K® = 6K® = 0. (2.6.7) 


Similar conclusions are true for K©. In particular, Eqs. (2.6.6) 
and (2.6.7) are valid when either the K° == gi; (c") or the KB 
giy (E*) are given. 

In general relativity, the g;;(x*) or 21; (E") are the sought functions 


that must be varied. These functions obey the Euler equations and, 
hence, Eqs. (2.6.5) or (2.6.4) and, consequently, Eqs. (2.6.7) for gj; 


or Bij are not valid. Below we will show that application of the basic 
variational equation (2.6.3) provides a unified method for using the 
first and second laws of thermodynamics to find equations for physical 
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problems in the form of Euler equations and also to find the subsid- 
iary conditions on strong discontinuities and the boundary conditions, 
which contain all the conservation laws, all the dynamical equations, 
and all the equations for determining the characteristics of the inter- 
nal degrees of freedom for the physical systems modeling the material 
media and the various fields. | . | 

On the other hand, some of the Euler equations and the correspond- 
ing conditions on strong discontinuities do not correspond to any 
physical conservation law. The attempts of some authors to always 
postulate and construct every equations for determining internal 
parameters as an analog of a conservation law cannot be considered 
justified. We must also note that constructing complex physical 
models of matter with internal degrees of freedom and of various 
physical fields by employing variational methods of a thermodynamic 
nature often proves to be the only way to solve such problems. For one, 
this is the case in the theory of simplified one- or two-dimensional 
problems introduced instead of complex three-dimensional problems. 

The theory, developed below, of constructing models via the basic 
variational equation (2.6.3) can be considered as a far-reaching gen- 
eralization of Lagrange’s variational principle or as a generalization 
and further development of the virtual work principle for holonomic 
and nonholonomic systems and for reversible and irreversible pro- 
cesses. 


2.7 THE DETERMINING PARAMETERS 
IN THE CHARACTERISTICS 
OF A CONTINUOUS MEDIUM AS A WHOLE 
AND THE CHARACTERISTICS 
OF INDIVIDUAL WORLD LINES 


Every model of a medium or field is characterized by a set of variable 
or constant (sought or given) functions or parameters that must be 
intreduced as arguments in characteristic thermodynamic functions, 
e.g. the specific internal energy U or the specific entropy S. These 
functions are usually postulated on the basis of actual or thought 
experiments or statistical theories applied to a specific type of mac- 
roscopic medium and phenomenon [6, 7]. We can also include in 
these characteristic quantities the locally or globally defined charac- 
teristics of space and time or other geometric and kinematic quanti- 
ties connected with the law of motion of the given individualized 
point objects of a four-dimensional or three-dimensional nature. 

In each set mentioned above, the characteristic quantities are the 
velocities of points, stress tensors and tensors defining the rate of 
deformation, rotation tensors, etc. Aside from this we must also 
introduce the scalar or tensor quantities u4, A = 1, 2, 3, .. 


*% 
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characterizing. the physical and -chemical states of particles and 
helds. These may include the various characteristics of the electro- 
magnetic field, the concentration of various components, or the 
characteristics of various internal degrees of freedom, i.e. the inter- 
nal angular momenta. Such characteristics may be scalars or tensors 
fixed, via physical considerations; by their components either in the 
observer's system of coordinates or in the comoving system for the 
motions being studied and the accompanying phenomena; we can also 
choose any other reference frame comoving with an appropriate 
observer [8-12, 16-18]. 

Some of the characteristic quantities similar to those just men- 
tioned may be known beforehand, such as K® (&') or K¢ (z"), or must 
be found in solving the problem. In particiular, this may be the law 
of motion x‘ (&") or the characteristics (included in the parameters 4) 
of the properties of electromagnetic processes given by functions of 
the electromagnetic field tensor components ¥,; (z") and H (2°), 
the magnetization and polarization tensor components M;;(z"), and 
the components A; of the vector potential. 


Sometimes in defining thermodynamic functions we encounter 
cases where the arguments are components‘of tensors for which all or 
some of the indices refer to different bases, e.g. the observer's bases 0; 


and 9” or the bases in the comoving system of coordinates 9; and 9? 
and, in particular, the bases in the rest inertial reference frame. When 
calculating the physically essential three-dimensional acceleration, 
one has to find proper-time derivatives of three-dimensional velocity 
in the rest frame. | <4 - 

- The covariance of all physical laws, a condition that follows auto- 
matically from the variational technique, leads to the necessity of 
varying in Eq. (2.6.3) any scalar functions of the Lagrangian densi- 
ty A that depend on arguments of a scalar or tensor nature. To obtain 
correct results, we must know all the arguments of both the sought 
tensor components and the tensor components given through para- 
meters (the latter tensor components are either constant or variable 
in time and space). ~ | | 

We can say, on the basis of the general theory of tensor functions, 
that here the problem is the same as in establishing the nm theorem 
in dimensionality theory, where we must include in the arguments 
of physically meaning functions all variable and constant parameters 
that have dimensions. 


If we wish to employ the above theory to obtain a set of identities 
following from applying variations 6g to scalar functions of A, we 
must vary in the arguments of A all tensor components not only of 
the unknown functions but of the given functions as well. In calculat- 
ing 5gA we must consider all tensor components in one system of 
coordinates, e.g. in the observer’s system of coordinates x’, where, 
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for one, we must introduce the following substitutions: 


gi CVS Beg (Oe 2) 


or 
Tish = JP, (a&*/02") (dx2/0€?) 


(a hat over an index means that the index refers to the bases 9; and 


34). As to the z' s, these quantities can be considered as the components 
of four vectors 


x 9; (71, 2. 3; 4). 


Thus, when we reduce all tensors to the observer’s reference frame, 
the dependence of A on the initial arguments z'; may change. After 
we have reduced all tensors to one system of coordinates, we can 
apply &g to A along the lines developed in Sec. 2.2. We then obtain 
the appropriate relationships in the form of conditions according to 
which the coefficients of the 0&2”, must vanish. 


In constructing the variations 6 9 \ AdV, or simply 6 gA we must 


V4 

also vary the tensor components K? and K° (g;;, for one) in the 
same manner (discussed in detail in Sec. 2.2) as we would with com- 
ponents of any tensor in the arguments of scalar A. In building 
variational expressions containing the variations of arguments of the 
type 5 (see Sec. 2.4) we need not reduce all tensors to one system 
of coordinates. In this case, to calculate the variations of the known 
functions of &' or of x’ we may use Eqs. (2.6.4)-(2.6.7). 


2.8 THE BASIC VARIATIONAL EQUATION 
AND IDENTITIES FOLLOWING 
FROM THE SCALAR NATURE 
OF THE LAGRANGIAN DENSITY 


Let us take the basic variational equation [6, 7] 


6 | Adv,+6W*+6w=0. : (2.8.4) 


V4 


Here A is the scalar Lagrangian density obtained via a mental gen- 
eralization of thermodynamic functions on varied phenomena (A is 
generally the specific total energy of a particle but. with a minus 
sign), the thermodynamic functions being defined for real phenomena 
related to the specific model, and dV, is the (scalar) volume element. 
The integration domain V, constitutes an arbitrary volume. 
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For the integrand in the first term on the left-hand side of (2.8.1) 
we can write 


—A€ = AdV, = A (dV4/dVo,) dV oq = A°dV ou, (2.8.2) 


where dV, is a liquid material four-dimensional volume of a particle 
in the comoving reference frame &', and dV), isa similar volume in 
the observer’s reference frame. We then have 


A = —AG/dV,, A®° = —A€/dV ox. 


From the definition of the scalar quantity € related directly to 
energy and the concepts of dV, and dV,, as scalars it follows that A, 
A® and the ratio dV,/dV,, are scalars. 

In a small region the transition from dV,, to dV, is the result of 
an affine transformation, whereby the ratio dV,/dV,, does not depend 
on the initial shape of dVo,. 

Below we consider a fairly general model within the framework of 
special relativity® (the model is of a purely illustrative nature) in 
which A is given by the following formula: 


A= A (2; HA, vant, Sy gi; (2*), KB (EY), KC (2")). (2.8.3) 


From (2.8.2) we see that A® depends on the same arguments as A 
but the dependence on z'‘; is different. Since 


8 QA] = 8g (AdVy/dV 4) + Aba (dV/dV 4), 
with dV,/dV,, 0, we find that 
5 9 (dV4/dVo,) =0, S5gA°=0, and 6,A = 0. (2.8.4) 


According to the basic postulate, Eq. (2.8.1) in variations 6, for 
an infinitesimal volume dV, is the equation of the first law of thermo- 
dynamics in which the external influx of heat is excluded via the 
second law of thermodynamics (this law is used on the assumption, 
for the sake of simplicity, that forsmall particle the concept of absvu- 
lute temperature has a meaning). 

We can write an expression for 6W* in accordance with the energy 
equation for real phenomena and the generalization of this equation 
that allow for additional external influences on an infinitesimal par- 
ticle in varied processes and for the irreversible effects, which con- 
tribute to the influx of the uncompensated heat dQ’ in the equation of 
the second law of thermodynamics 


oTdSdV, = dQ® + dQ’, (2.8.9) 
also mentally generalized to varied processes. 
° More general models have been considered in [2,7]. In (2.8.3) 


we have assumed that the arguments can be taken in any reference frame of an 
observer but with a fixed comoving system &/; for one, for the observer reference 
frame we can take a nonholonomic system of local (proper) inertial tetrads. 
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In the model (2.8.3) the expression for the scalar 5W*, which we 
must also postulate for varied processes, is taken in the form 


6W* = \ (oT 6S — OFSx' — 7," ,62*-'- M4 dp A) dV,. (2.8.6) 
Va ; : es 


Here 0 is the density calculated with the mass at rest, 7 the temper- 
ature, OF = QO; + B;, where Q; is a component of the body exter- 
nal four-dimensional force and ZH; a similar component of a force 
depending on the sought functions; t;" and M, are known or addition> 
ally sought functions of x‘ or of the arguments in (2.8.3) or of other 
given or sought quantities—both are tensor components emerging 
from 6Q’ and characterizing energy dissipation (for one, this may be 
the dissipation due to the mechanical or electromagnetic viscosity of 
the medium taken into account by 7;"). 

In the formula (2.8.6) for 6W* the last term in the integrand can 
be taken, without loss of generality, in the form M,0u4 when the 
coefficients 7,4 (zero or nonzero) are determined from the thermodynam- 
ics of irreversible phenomena. Obviously, the presence of terms in 
the integrand with Q* and t;", which must be determined from 
subsidiary conditions that allow for the possible presence of terms of 
the type M;6z' and M;"*vy,6z' or terms of the type M,6p4 = 
M, (du4 + Oz'vyiv4) that might appear in justifying the models 
from the standpoint of physics, must be taken into consideration in 
additional studies with fixed expressions for Q% and 7;*. 

In view of the scalar nature of the volume V,, we find from (2.8.1) 
that the scalar 6W is an integral over the three-dimensional surface > 
that is the boundary of V, and may contain two-sided surfaces of 
strong discontinuities inside V,. In our example this integral is 


6W = \ (Pj*8a*+ N 4* ay) n, do 
= 


= \ (P;*52? + N ,*5y4) n, do. (2.8.7) 
p> 


Since A is a scalar and variations of tensors are tensors of the same 
nature, each term in the integrand of (2.8.7) is a scalar. Here the n, 
are the components of a unit normal to &. As will be shown in the 
next section, the coefficients P;" and N4", which are tensorcompo- 
nents, can be expressed via (2.8.1) in terms of the Lagrangian densi- 
ty A and the terms in 6W* that can be transfermed into surface 
integrals over D.°--: i 
The fact that 


SoA = 0 (2.8.8) 
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can be stated explicitly in the following. way: 


60A = (0A/0z" ;) Sox; -f (OA/Ou4 )Squé - (OA/OVzuU4 ) beVnu4 
+ (AA10g;})80gi; + (@N/OK® )SoK? 
+ (@A/AK°)8gKE = 0. (2.8.9) 


where we have used the fact that S is a scalar. Equation (2.8.9) con- 
tains no terms with the variations d9 of the scalar quantities from 
the set u4, K8, and K¢. 

To reduce the size of the formulas below that follow from (2.8.9) 
and yet retain their meaning (the formulas contain sums involving 
the tensor components u4, K®, and K°) and the typical features 
of (2.8.9), we leave only one term for each of these parameters. We 
take only one second-rank tensor with components p'; instead of the 
tensors 4, one given vector with components K‘ (z”) instead of the 
tensors A®, and only one second-raunk tensor with components 


A 


Eis = Epgt' x’, (e.g. the components of the tensor of remnant defor- 
mation, which are the characteristics of an individual! particle whose 
position is given by the coordinates &' ) instead of the various ten- 
sors K®. Using (2.8.3), (2.2.2), (2.2.3), we can rewrite Eq. (2.8.9) in 
the following form: 


aN oi aA aN 


ee Axi; po aut ; p? Q* + Ousp ps, Q* 
a gree Vap? Qt ae Vp" 
A vita! +2 GR ep ip — Ee KPO, 
Since Q', is arbitrary, we have 
— x, om = — Pye a wi 
= oe Veh? + ta Vali 
ba Ville —_—~ Ree Sem Ei; 
+a = 25 gy. (2.8.10) 


These are 16 identities (in i and p) obtained as a consequence of the 
scalar nature of the Lagrangian density A. After symmetrization and 
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alternation they reduce to 10 symmetric and 6 antisymmetric ten- 
sor identities that do not contain the term with 0A/dg,;. Adding the 
same term —62A to the right- and left-hand sides of (2.8.10) and 
allowing for the formulas 


sp — 1 Oleiil y 2 dV —s8 
r ee e 
lgisl 8p; 


and the relationships 


aA DA 2. dAV—8 
aie ry ar 


that follow from these formulas, we can rewrite (2.8.10) in the fol- 
lowing manner: 


ON OA ON 
Pea wP y+ 1; ———— 
Opsp  . OV RG 


—_—_— a 


7 6x} opt j 


Va’; 


ON 


OA oA 
1 BVailtp Vatu + Wout, Villa — 


OK? 


KP 


oA OA 2 dAY —g 
agen 10S eye des asp; 


(2.8.44) 


The equivalent identities (2.8.10) and (2.8.11) can be used to trans- 
form the relationships that emerge later and to calculate insome 
important cases the energy-momentum tensor components. 


2.9 THE EULER EQUATIONS FOR THE BASIC 
VARIATIONAL EQUATION (2.8.1) 


Now let us apply the variation of the type 5 to Eq. (2.8.1). Since 


6 ) AdV,= \ (0A -+ driy,A+ Av;oz') dV, 
Va Va 


=| [aA +y;(Adz')) av, . 
Va = 


we find that for A defined by (2.8.3) and in view of the fact that 
Ogi; = 9, 6K? =O (because of this 0K? = —Sz'y;K®), and 
Ox’; = x°3V Ox’ — bx*y .x';, we arrive at the following formula (if we 
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allow for (2.8.3) and (2.8.6): 


\ {| —v; e=n . ee us ye ee eee 
V 


4 


a a V1 aVip A 


+ val (2 + Adie) bat 


sia ay + (<> ~~ wai 6S 


a ay |} dV, +5W =0. 


(2.9.4) 


This together with the fact that 62’, 6u4 , and 6S are arbitrary 
yields the following Euler equations: 


at 62% 
—Ve( ari a axs; Vi j 
: A A 
+ Vath — Soy —Q,—D,=0; (2.9.2) 
at dp4 
<r — vy, (0A/0V,u4) + M4 =0; (2.9.3) 
at 6S 
aA/OS + oT =0. (2.9.4) 


From the divergence terms in (2.9.1) and the formula (2.8.7) for 
the surface integral 6W we find that 


P;* = — (0A/dz})x*,; — Abi + (A/OV ,p4,)v ips + 1:" (2.9.5) 
since 

NA = — OA/dy,y4 . (2.9.6) 
On the basis of (2.9.5) we can write 


Vie = —WVk oo x*,) —ViA+ Vr ( aa vind ) +2T;", 


and since 


OA 
ViA= : Vit® +a Vib“ 


Oxk; 


viko + 


OA 
a av aa ViVey4 ari “- A VS: - eo 


Eq. (2.9.2) combined with (2.9.3) yield 
vaPi® = Qi — (GA/0KS Vike + DGi+ Maviv*. (2.9.7) 


5* 
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If Eq. (2.9.7) reflects a conservation law, we must have 
D,-- Mavie*® = ve", (2.9.8) 


where the tensor components A;" are functions of the determining 
parameters. Condition (2.9.8) follows from the energy-momentum 
conservation law in the region of continuous motions and imposes 
certain restrictions on the choice of Z;. In this case we can write 


Eq. (2.9.7) in the form 
Vile == Q rs (OAN/0Ke )y -Ko : (2.9.9) 


where 
1; ee hk. hk 
T= PR; 


— —2,* (0A/dz* ;) — AS} + 1," -4-[0A/0 Vn p4)] vi4— R;*. 
(2.9.10) 


This formula simplifies if 
R," =- [0A/0 (y,u4)) vip4 or R;* = loA/a (vinte*)ivis™. (2.9.11) 


In the first formula in (2.9.11) the summation is over all the com- 
pound indices A, while in the second the summation is over the 
compound indices A* chosen from all indices A. | | | 

In general, the tensors P = P;"0'9, and T == T ;*9'9,, are 
different; they coincide only when &;* = 0, for one, when FZ; = 0 
and when the covariant derivatives V;u4 of subsidiary parameters 
are not included in the parameters of A. Each of the two tensors can 
be called the energy-momentum tensor for the given model; the com- 


ponents 7," enter the equation of conservation laws (2.9.9), while 


the components P;",as we will show below, enter the conditions for 
conservation laws at strong discontinuities. 


Equations (2.9.2)-(2.9.4) generally contain functions t;° and M,, 
which are needed for building the model and must be given sepa- 
rately as characteristics of irreversible effects. The components of the 
four-dimensional body force Q; + 4; determine the interaction of 
an element of a given substance and field with neighboring elements 
and other objects. In the statement of a specific problem we must 
know how to fix such forces. 

_ Specifying the functions K°(z') and K® (§'), which are arguments 
in the functional definition of the Lagrangian density (2.8.3), is asso- 
ciated with a manifestation of certain thermodynamic properties of 
the model! considered. For instance, we can take as the known para- 
metric functions A°(z') the characteristics of an unperturbed elec- 
tromagnetic field (fixed in the statement of the problem) or a given 
unperturbed gravitational field when we are considering the motion of 
matter for which the internal energy depends on the field character- 
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istics. Another example is the motion of a liquid in a porous medium, 
for which the characteristic A°(z') of the frame deformation is 
given. For an individualized particle the function A(&') may be the 
components of the remanent plastic deformation tensor or the rema- 
nent electrization and magnetization tensor; the values of these 
components in the particles must be constructed separately by a spe- 
cially introduced theory or experimentally. On the other hand, these 
parameters may enter the expression for the internal energy and, 
hence, the Lagrangian density A. 

The main equations (2.9. ae) whose number is equal to that 


of the sought functions 2;' = dx'/d&, pa (c"), and S(z"), forma 
closed system of partial i iffereatial equations. 

All the equations derived above have a tensor nature. They can 
be considered in any reference frame of an observer, including the 
special frames related to defining the thermodynamic functions of 
the system combining the field and medium and also the comoving 
system of coordinates &". The reader is reminded that the aforemen- 
tioned reference fines and tensors may be introduced both via holo- 
nomic systems of coordinates and via nonholonomic bases. For in- 
stance, all the tensor components and corresponding equations can 
be considered at each point of the four-dimensional space in local 


(proper) inertial reference bases 9, and 3*. 

In comoving or proper (rest) frames the parameters A(x") will 
not be present in (2.8.3) if the presence of an arbitrary system of 
coordinates z” of the observer is irrelevant. If because of certain 
physical interactions and corresponding special features a system 
of coordinates 2" of the observer plays an essential role, the parame- 
ters K (x") calculated in the comoving or proper reference frame 
may prove to be significant. In such special cases the K© will be 
included in the proper reference frames and thermodynamic func- 


tions together with 2 j and .r'; (where fi (E*) are infinitesimal coordi- 
nates of individual points in a proper system of coordinates). 

Formulas (2.8.11) imply that at 4; <0, t/ -=0, and in the absence 
of parameters u*, K®, and A© from the arguments of A the fol- 
lowing formula for determining the energy-momentum tensor 1s 
true: 


: 2 dAV—-z 
Tt =: Pk = a Be (2.9.12) 


This formula is common in many works and various applications 
but it is important to bear in mind that generally formulas (2.8.11) 
and (2.9.10) imply that (2.9.12) does not hold. However, it can he 
used in the more general cases, where the additional terms in (2.5.11) 
form combinations that vanish identically. 
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It is easy to see, and this is a well-known fact, that the set of equa- 
tions (2.9.2), (2.9.3), and (2.9.4) remains the same for two Lagrangi- 
ans A and A* if 


At = A + V,M. (2.9.13) 


Here ' are any functions of the determining parameters that are 
included in the arguments A according to (2.8.3); in general they 
may depend on any other arguments or simply be functions of the 
coordinates x”. 

The divergence term V;2° influences only the equations of state 
(2.9.5) and (2.9.6) and, hence, the energy-momentum tensor. This 
term is a scalar when Q9, is a vector. 

To find how the formula for the energy-momentum tensor changes 
we will calculate the variation of this tensor when a term of the 
type V;8* is added to A. We proceed with the calculations in the 
general case where O81; 0, which is often the case in general rela- 
tivity (here g,; (x) is a sought function [9, 10, 12]). We have 


6 \ V 92' dV, = : | Ovi! + a V2) = 7, (y;'bz° ) | dV, 
Va 
=| V—sz sav /—¢ dV, + V:2'6z'n, do. 


Vi 


To transform the first integral on the right-hand side we note 
hat 
t 


PO | tp OV Seay 
) one ; \ V -g Oxt av, 
1 0 —.,; 
= \ Ez ger OV =a) av, 
= { 0 — { 0V — 2K 
a V =e azi ba (==) Jew. 
fy VEE yy (av =RO 
=\ vi V ae ~~ Voz n, do. 
Hence, 
§ { V 2° dV, = \ vi Q16a5 4 aa / -- gQ* ) |r, do = — SV 
Va zr 7S Q 


(2.9.14) 
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Within the framework of special relativity the formula (2.9.14) ac- 
quires a simpler form. Since dV —g = 0 we find that 


§ \ VR2idV,= \ (V :Q'52° + Q) n, do = — 6W i. 
V4 z 
Because of the additional term SW: in OW the equations of state 


and the formulas (2.9.5) and, in general, (2.9.6) change. 

The additional term y;° in the Lagrangian density occurs due 
to a physical assumption of a thermodynamic nature, since adding 
this term is equivalent to changing the thermodynamic functions 
for the varied states. Generally speaking, such a change is related 
to the addition of latent energy, which does not influence the physical 
equations (in particular, the equations of motion), i.e. the Euler 
equations, but can modify the equations of state and in this way 
influence the boundary conditions in boundary value problems; it can 
also manifest itself at strong discontinuities. 

According to the general theory outlined here, the addition of the 
term y;2' to the Lagrangian changes the tensor P;* but leaves un- 
changed the tensor 7;* since the Euler equations retain their form. 


2.10 THE CONDITIONS AT STRONG DISCONTINUITIES 


As the reader may know, in many problems formulated in certain 
regions Z of the four-dimensional space-time the only solutions are 
those with strong discontinuities on three-dimensional surfaces S; 
inside & for the characteristic functions that are arguments in the 
thermodynamic function of the states of matter and field and in the 
Lagrangian density A (e.g. the quantities z';, u4 , and S may have 
discontinuities). 

The sought functions that have discontinuities must satisfy certain 
conditions on the surface with the discontinuities. In the simplest 
cases such conditions can be obtained via universal conservation laws 
that allow for possible external interactions (the lifting surface and 
the pull in a propeller, and the like). The conditions may also emerge 
as a result of various assumptions introduced in the regions of 
continuous smooth variations of the characteristics of the introduced 
model, which is built with no regard for various important properties 
and effects inherent in more complex models, properties and effects 
that manifest themselves and must be taken into account by intro- 
ducing sudden jumps in the simpler model within regions where the 
sought quantities have large gradients (e.g. viscous properties, 
chemical reactions in combustion and detonation, absorption or lib- 
eration of energy in phase transitions, surface currents, etc.). 

For models with internal degrees of freedom and additional charac- 
teristic parameters of the type u4 , if we are to obtain the conditions 
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at discontinuities we must rely on thermodynamic laws of the type 
of the energy conservation law. Such regularities must be included 
in the basic equation (2.8.1). For this, if there are external interac- 
tions of the type of distributed surface forces or moments on, say, the 
lifting surfaces, we must introduce additional fixed integrals over 
the surface of discontinuity S, into the expression for 6W*. — 

In the absence of external interactions, Eq. (2.8.1) with A defined 
by (2.8.3) yields 


| {{P;*8a'n, do] ~[M4Sp4n, dol} = 0 (2.10.1) 
S,1+Se+...- 


after we have derived the Euler equations and the equations of state 
from the expression for 6W. The surface integral in (2.10.1) encom- 
passes both sides of all discontinuity surfaces S,, S,,..., Sm- Since 
the basic variational equation is formulated on the assumption that 
all variations of the sought functions 6z' and 6y4 inside Vy, on 2, 
and on S, are continuous and arbitrary, it followsthat at each 
point S, the following relations must be true: 


(P,;" do, — Po;" do.) nn = 0, (My do, —Mo4do>)n, == 0. (2.10.2) 


Here the indices 1 and 2 denote the two sides of the discontinuity 
surface S,, and we have taken into account that ng) = — Woy== N. 
In addition, we assume that, generally speaking, on both sides of 
the surface S, the metric may also undergoa discontinuity and 
hence do,  do,, which may be the case in general relativity. 

If on the discontinuity surfaces S, the metric is continuous, do, = 


do,. In this case we can rewrite condition (2.10.2) in the following 
form: 


Pistny — Poi*nn =0, (2.10.3) 
M an, — Moin, =0. (2.40.4) 


Equation (2.10.3) can he simplified by applying Fiq. (2.10.4). 

[f there are external influences, we must place in the right-hand 
sides of (2.10.3) and (2.10.4) the quantities that characterize these 
influences. These terms will be in the form of surface integrals to be 
inserted into Eq. (2.8.1) and similar to 6W*. Such integrals must be 
introduced additionally on the basis of the physical data on influx 
or outflow of external energy at the discontinuities and in the same 
way as for 6W* in continuous motion. If the motion and the corre- 
sponding parameters u4 at the discontinuities are given, then expres- 
sions of the type (2.10.3) and (2.10.4) but with nonzero right-hand 
sides can be used to find the values of the external: discontinuity 
influences. 

If the arguments of A include derivatives of the sought functions 
u4 and zx‘ with an order higher than the first, the integrand in 6W 
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will have terms of the type 
May Spang, Mia viv Spany, N "yy j6z'ng, Vi wry 82'ng, etc. 


In this case the integrand in 6W can be transformed in a one-to-one 
manner’ so that the result will contain only covariant derivatives of 
du4 and 6r' of various orders along the normal n to S;, e.g. only 
terms of the type 


May. Sp4, Mayrvrou4, Niv,62', Niv»vy,5z', ete. 
The coefficients of 6z' and 6u+ change as a result of such transforma- 


tions. We will denote these coefficients by P; and M4, respectively. 
After such a transformation the conditions at discontinuities take 
the form 


Pi + Pig =0,.. M ay ty M2 =0, 
lig Nig =0; Mai— Miao = 0, | (2.10.5) 
Nit Nig=0, Mat -+-My2=0, 


where we have allowed for the continuity of 65z', 7,62’. V,,V,62", 
V,Ou4, and ypVndp4 and the sign convention forthe derivatives y, and 
VnVn on the two sides of each S;. We may arrive at sitnilar relation- 
ships when the arguments contain derivatives of a higher order. It 
is obvious that when the arguments of A contain higher-order deriv- 
atives of the sought functions, the order of the Euler equations in- 
creases. 

We note that the conditions at the boundaries of the region of 
continuous solutions may be obtained as conditions at discontintti- 
ties, but we must either postulate or know the values of the character- 
istic quantities in the exterior of the boundaries. It is also clear 
that the conditions at the discontinuities  (2.10.3)-(2.10.5) while 
retaining their general form change significantly when a term of the 
type V;82' is added to the Lagrangian density; however, the Euler 
equations remain unchanged while the boundary conditions and the 
conditions at the discontinuities do change [10]. Here we have 
explicitly stated the fact (often ignored by authors) that the condi- 
tions at discontinuities and the boundary conditions cannot be de- 
rived from the equations of motion. 

The building of models of matter and fields is always closely 
linked to the problem of universal postulates and the particular vart- 
ants of the postulates that define a model. Among the universal postu- 
lates used in everyday life are the concepts of space and lime, the 
concepts of various types of macroscopic and microscopic energies, 
which transform into each other, and the first and second laws of 


cae eas ’’ For details see (2, 7]. 
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thermodynamics. An important assumption is the scalar nature of 
the local energy equations. This assumption leads to the conclusion 
that A and 65W* are scalars, which, in turn, guarantees the covari- 
ance of the complete system of the Euler equations and the auxiliary 
conditions in specific problems. Notwithstanding the covariance, 
physical effects depend generally on the observer's reference frame 
and the physical nature of the phenomena studied. Experiments and 
the impressions of the observer depend not only on the object observed 
and the processes occurring in the object but on the choice of the 
observer’s rest frame (the reference frame comoving with the observer). 

From the covariant nature of the formulation of the problem 
there follows, for one, the invariance of all determining equations 
with respect to particular coordinate transformations (the transition 
from one observer to another) that retain the invariance of the metric 
tensor components. This is the basis on which one formulates the 
Galilean transformation laws in Newtonian physics and the Lorentz 
transformation laws of relativistic physics concerning the equival- 
ence of various reference frames. 

As already noted, a system of none but Euler equations can be 
obtained for various A. But the chosen system of equations, bound- 
ary conditions and conditions at discontinuities obtained from the 
basic variational equation by fixing A and 6W* (in the absence of 
additional constraints) markedly reduces the degree of arbitrari- 
ness in choosing A and 6W*. This problem is similar to the one 
that we encounter when we look for the quantities in the Newtonian 
equation| 

ma = F. 

“But how is one to select the A and 6W*? In many works this is 
done in such a way that the Euler equations and the conditions at 
the discontinuities coincide with those of well-known models or 
with equations that the author expects to obtain. But obviously, 
such a method is expedient only in perfecting the technique of operat- 
ing with the basic variational equation and in deepening the 
intuitive aspect in formulating new problems. 

Specific postulates and assumptions in the development of new 
models must take into account the known data of a thermodynamic 
nature and must firmly rest on the postulated or separately estab- 
lished physical properties of the objects and the mechanisms of the 
internal and external interactions. Statistical theories may also 
prove to be expedient in the choice of A and 6W*. 


2.44 ON MODELS OF FLUIDS _ 


The mass m and the energy € are characteristics of matter and fun- 
damental physical concepts, which for both macroscopic and microscop- 
i¢ objects are introduced as scalars. In macroscopic Newtonian 
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mechanics of individual particles these are three-dimensional scalars. 
In the special and general theories of relativity we can introduce in 
an appropriate way the notions of rest mass my and energy € as four- 
dimensional scalars. 

The concepts of mass and energy are closely related to the equa- 
tions where these concepts appear and which are built for a model 
description of the physical phenomena. On the basis of such equa- 
tions, which enable interpreting, predicting, and “understanding” the 
observed effects, we are able to form intuitive and practical ideas 
concerning the essence of mass and energy. 

The physical meaning of the nature of the macroscopic concepts of 
mass and energy may be interpreted in various ways. For instance, 
for a small particle of a material medium we can introduce the notion 
of the state of rest, i.e. consider the particle and its physical state as 
being inthe comoving and, respectively, local rest frame of reference 
and introduce for such reference frames the rest mass dm , the internal 
energy dU*, and the geometrically individualized spatial three- 
dimensional volume dV3. 

The internal energy dU*, being a characteristic of a macroscopic 
state, emerges as a result of microscopic internal interactions, macro- 
scopic internal thermal or other types of motion, or some postulated 
physical properties of material medium, field, of four-dimensional 
space-time. Formulas for dU* in the classical theory of a small par- 
ticle at rest may be introduced in terms of the determining parame- 
ters with due regard for internal interactions of a quantum nature. 

As a universal relationship (postulate) whose validity can be 
proved in a number of special theories we take the following rela- 
tionship between mass and energy: 


dé= dmc? = dm,c? + dU*. (2.44.1) 


Here c? is the square of the speed of light, and dm is the elementary 
mass defined in terms of dm,, which is the elementary mechanical 
rnass similar to the mass of a material point and remaining the same 
during internal processes in the particle (although dm, may change 
in nuclear reactions and in absorption or emission of some types of 
energy). In many theories and in practical life we may consider dry 
to be a constant characteristic of a given individualized particle. 
For a continuous medium, dU* is the macroscopic thermodynamic 
energy of an individualized particle determined primarily by micro- 
scopic thermal motion and internal forces or generally quantum in- 
teraction connected with deformations, internal structure, and vari- 
ous internal processes in the small particle (chemical reactions, phase 
transitions, etc.). The quantity dU* may be also connected with 
various fields, primarily of an electromagnetic nature, and may also 
change in absorption and emission of various types of energy. 
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Alongside the notions of infinitesimal masses and energies for small 
particles and small volumes of fields, it is often expedient to intro- 
duce the concept of their densities, which are finite ratios of the 
mass and energy of an individualized particle to its three-dimen- 
sional volume, which changes along world lines. 

Let us now see how the three-dimensional volume of an individuali- 
zed small particle changes along the world line of the particle in 
the four-dimensional space-time with a metric. In the Minkowski 
space-time for any coordinate system x’ of the observer and the co- 
moving system of coordinates §' we have 


ds? — g,,dx' da’ = g,, de‘ dt) = gy, (81)? + hap db" db", 


dE, == dEA+ Buy dE" 1845, 
with® 
hap Sap — Farka! Bur = Gap —Uallps dl? = —hop ag dg”, 
where dl is the length element in a space that is orthogonal tothe 
given world length at a point MW. 

Let dV, be an infinitesimal four-dimensional volume, while dV 
is the common three-dimensional spatial volume linked to the for- 
mer by the following relationships: 


dV,= —V |hapl dé dé dé; 
= a (2.14.2) 
dV,=-V -- gd d& d&3 dt#=adV, Vv 1, dt4*= dV, ds. 


Here g = det || g;; ||, and ds is the world line element at an arbitrary 
point Wf. We can write similar relationships for another point, say Mo, 
on the same world line &* = const with the same values of d&* and 


dé* but in different 3; and 3°. Obviously, 


Ao 
/ 
/ 


fe | Lx 6 
dV /AVq,= V 8/g = (dV3/dV 3) V Baa/ Bars 


whence 


dV 3= AV o3 V (Balu) (g/g)» (2.11.3) 


8 The reader can easily verify that when the comoving coordinate 
oe - 


system undergoes the following transformation: - 
= ELEM, EO RE, 


the tensor components hag remain invariant although the metric tensor compo- 
nents gj, €-2. £44, do not. 


Re 
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Now let us define the densities. We can either introduce the density 
0. by. the formula 


0 = dm,/dV, (2.11.4) 
or, according to (2.11.1), the density p* by the formula 
o* = dm'dV, = [dmy + (A/c*) dU*]/dV3. (2.11.5) 


Definition (2.11.4) is useful when the rest mass dm, is constant along 
a world line, whichis atypical case inmany applications and phenom- 
ena. If we use definition (2.11.5), we can see that dm of an individ- 
ual particle varies. If dU’* is an infinitesimal of the order dV, the 
second term in (2.11.5) is an infinitesimal of the order 1/c?; to within 
this precision definitions (2.11.4) and (2.11.5) coincide. Combining 
(2.11.4) with (2.11.3). we find that 


— dmg, —— amg, ding V/ 3 ° es Epq (OxP/d§*) (0r9/§*) 
Vs “ding dog) 8°86 V 76, oanjast (929/05))| * 


where dm,, is the mass element of a particle at point M, and dm, is 
the mass element at point ‘74, or 


-———-  YV,. 44 
amo “L e4 ae V epariz] 
= 0 (8%, &) ) eg gu — (2.11.6) 
vaing Pots » (ak V [eal . 
The law of rest mass conservation can be written in the follow- 
ing way: 
dimy, = amo. (2.11.6’) 
Equation (2.41.6) is a four-dimensional relativistic equation of 
continuity for finite deformations, when the ratio dmy,/dmg is 


known. . . 
When dm,,/dm, does not depend on z';, formula (2.11.6) yields 


x”; (0p/dz' ;) = — 9 (87 — u,u?); ae (2.41.7) 


where uw? = dx”/ds and u; ~~ gig (dx*/ds). Indeed, Eq. (2.11.7) can 
be obtained directly by the following line of relationships: 


r ‘ 28 
y d | z s | ones ae &? x? IV Berit == 4?, , Rist 4 
ory 0x’; VV orstiti 
rakists (464)? 4/5 rs 
HV gates EY Ly geek ue? (2.11.8) 


Now let us turn to the problem of constructing models of fluids. 
The basic feature by which fluids differ from other models of deform- 
able bodies is the assumption that the dependence of the internal 
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and the total energy of the deformation of the particles manifests 
itself solely in the variation of the density defined by (2.11.4). One 
also assumes that the arguments z'; enter A only through o. In other 
words, in typical examples of fluids we take the following postulate: 


A= — [pc? + 0U (9, S, pA, van, giz (x*), KE (z"))I, (2.11.9) 


where U is the internal energy per unit rest mass, py“ the additional 
sought (variable) parameters (which may be either scalars or compo- 
nents of tensors), and S the specific entropy. 

For reversible processes, i.e. processes in ideal fluids, we have, by 
definition, 


oT dS = dQ@). 
Whence, in the absence of external body forces we assume that 
swe = | oT 6S dV,. (2.41.10) 
V4 


But in some cases, which will ke discussed later, e.g. a fluid inan 
electromagnetic field, the expressions (2.11.9) and (2.11.10) for A 
and 5W* become more complex even in the absence of Joule’s heat. 

In irreversible processes the expression for 6W* is generally more 
complex. For instance, in some cases we must assume the basis of 
the thermodynamics of irreversible processes that 


6W* = \ (oT 6S —1,"V,62t + M4 on4 —Q,6z") dV,. (2.11.41) 
V4 


At Z; = 0 the main problem in defining Q;, t;", and MM, lies in 
the irreversibility of the phenomena. This is a special rheological 
problem of thermodynamics. 

On the basis of formula (2.9.5) and the notation P = 9? (@U/d0) 
we can write 


Pi = —P (5; — uyu*) + 9 (2 + U) uw + oF 
—p (OU/dV ,uA)V iA, (2.41.12) 


since 


on the basis of (2.9.5), (2.9.6), and (2.11.9). All the Euler equations 
and the general form of the state equations are given in Sec. 2.9. 

If we apply the variation S59 to this case, we immediately notice 
that the density p and the entropy S are scalars and therefore &g o-== 
OQ and 62S = 0. The corresponding nontrivial identities (2.8.40) 
at). emerge only because of the presence of tensor components 
in (2.14.9). 
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2.12 AN ELASTIC-BODY MODEL 


When builiding models of deformable “solid” bodies, the main charac- 
teristic of deformation is the tensor of finite deformation, which is 
defined in a local comoving reference frame through spatial variations 
of infinitesimal individual segments of length dl (perpendicular at 
each point to the world line passing through this point) along a world 
line and corresponding to infinitesimal increments of the Lagran- 
gian coordinates d&1, d&?, dé&°. 

Thus, according to Sec. 2.10, we can introduce the length of the 
above-mentioned segment according to the formula 


dl? = —h, .dt“deB = — h; did, (2.12.1) 


where we have taken into consideration that ha; = 0. 
The simplest and at the same time most widely used characteristic 
of the length of a “fluid” segment is the difference 


dl? — di? = (hap — Nap) dE*dEB, 


where hap = hap (E%, &*) and hap = lap (E% €*); correspondingly, for 
each two¥points 4, and M on the same world line there are two 
different tensors: 


E = E,,9'9) = (1/2) eh 519/ 
and 


E = E, 3°39! = (4/2) (hy; —h,;) 99%, (2.12.2) 
which can be taken at point M only if we bear in mind that the ten- 


sor components h,; (E*) are constant along a given world line, 9 
are the basic vectors at the running points M, and J’are the basis 


vectors at point My, while at point MM these vectors (9") are obtained 
by their translation from point M to point M, along the 
world line connecting the two points. In special relativity, obviously, 
this translation does not depend on the path. 

In what follows we will deal solely with tensor EZ. For its covariant 
components in the comoving reference frame we have 


Eoyg = (1/2) pq (Mo) — Up (Mo)ttq( Moo) — 8 pq (M) 4-Uy (M) Ug (M)]. 
(2.12.3) 


80 L. I. Sedov 


In the observer's reference frame, 2', the contravariant component 
of this tensor are 


© fee oe , OxP Gxt oe > ott 
Be (1/2) [ ee RnB — BP TED er eae ORTOET 
(EL = 0! z"), (2.12.4) 


Let us consider the definition for the Lagrangian density for an 
elastic medium, a definition which generalizes that given by for- 
mula (2.11.9): 


A = —[pc? 1 pU (EP, 8, WA, yap, gi (a), KE (a"))]. (2.42.5) 


In contrast to (2.11.9), the arguments of U include the tensor 
components E?? instead of o; these components are expressed in 


terms of z';, gi?(a"), and hy, q (E%, &) via formula (2.12.4). Using this 
formula, we apply the general theory developed in the preceding 
sections. For the sake of simplicity, in the arguments in (2.12.5) we 
exclude additional arguments of the type A¥, e.g. tensor components 
that fix the three-dimensional symmetry in the “initial state” spaces 
at different points of the medium. In addition to the general defini- 
tion (2.12.5) for an elastic-body model with possible internal degrees 
of freedom represented by parameters u4, we note that the character- 
istic feature of an clastic medium is the reversibility of processes 
associated with the medium’s motion and the internal transmuta- 
tions described by changes in the parameters 4. 

By definition, the second law of thermodynamics for an elastic 
medium and for real and varied phenomena is represented by the 
following equations: 


oT dS — dQ and pT6S — 60. (2.12.6) 


Hence, we take the main postulate for 5W* in the case of an elas- 
tic body in the following form: 


6W* =: | (pT5S —Q,6zx') dV, (2.42.7) 


V4 


where, as before, Q; are the components of the external body four- 
dimensional force (2; = 0). 

We will now calculate p;" via (2.9.5) at t;* = 0. Bearing in mind 
(2.11.12), we have 


OU ok OEPT 0U 


5EPa Tt Gat, Oa Wah. (2.12.8) 


pi = (c+ U)uu*-+ p : 
aVyut 


To calculate x"; (@E”4/dz';) on the basis of (2.12.4), we note the 
following auxiliary relationships: since EPxi = 6? and, hence, 
Egdx} + xid&; = 0, multiplying the latter relationship by E" and 
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contracting the product with respect to n, we obtain 

d&h, =: — EMEP dx, whence 0€f,/dx% = — ENED. (2.12.9) 
Combining (2.12.9) with (2.12.4), we obtain 

xk OEP1/ax', = (1/2) [— hp Bie gt? a"? — hy kr elg™?ahs 

+ (6Prkxq + S$xkrf) (dE*)?2/ds? — 2uPu%u*u, ]. (2.12.10) 
After substituting (2.12.10) into (2.12.8) we must contract the result 
with respect to p and q; since 0U/dE?? is symmetric in p and gq, we 


find 
pj =0 (c2+U) u,u" + p (QU/OE™) (-—hjigt? + 6Putu* — uPutu"u;), 
(2.12.11) 
where we have dropped the last term in (2.12.8). Here the tensor 


components h;7 are calculated in the observer’s reference frame and 
are given by the formula 


te] 


hit == h, Big" (2.42.42) 


Equation (2.12.11) is the generalized state equation for four- 
dimensional strains in nonlinear elasticity theory within the frame- 
work of special relativity. The corresponding state equations for the 
three-dimensional Newtonian elasticity theory may be found in [1]. 


In the comoving reference frame, we =dtt/ds=4/V ga, ux —-0, 
and u=tulV Bur Whence 


a, ae OU x 
Pp ,~ =P (c2?-+U), P ah = PT (ate™): 


P’at = (c+ U) £24 +p ( — ha%e"? + 6261 — ~- 5167 £24 } 
Baa BP B44 Big 
Sa, . . OU A wu 4 au og 
0 (UO ee ai ee 
es E44 : oEP4 : aEX* Baa GEM gi, 
2.13 CONSTRUCTING MODELS OF FIELDS 


The observations and data on the various interactions lead to new 
ideas on the specially defined microscopic and macroscopic physical 
objects called fields. The initial concept of a field was the gravita- 
tional field, a concept that grew out of experience. This experience 
showed that there is an at-a-distance attractive force acting between 


6—0714 
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all material bodies, and also an electromagnetic field, due to the 
presence and movement of electrically charged or magnetized hodies 
or to the propagation in vacuo or in neutral media of electromagnetic 
energy, which may be detected by applying an appropriate test body, 
a measuring device. (This is the way in which we obtain data on 
fields in reference frames comoving with the test bodies.) 

The theory of fields is a theory of mathematical modeling that 
enables studying real phenomena. This modeling is based on a num- 
ber of assumptions about the geometric and physical properties of 
the interaction mechanisms observed in nature. 

As with any modeling process, various models can be built for 
the same effects. For instance, we know precise ways of interpreting 
gravitational fields in Newtonian mechanics, on which the basics of 
the earth’s technology and important parts of astronomy rest. But 
there is another model of gravitational fields, the general theory of 
relativity, which claims a deeper penetration into the essence of 
gravity. In this model gravitation is reduced to the geometric pro- 
perties of the Riemannian four-dimensional space-time, which in 
turn is determined by processes in matter and in other fields (e.g. elec- 
tromagnetic) abounding in the Universe or in its parts. 

In theoretical physics the models of fields built are connected with 
clearly idealized assumptions. These models are mathematical con- 
structions that leave out many of the facts firmiy established by 
science. For instance, the macroscopic interpretation of material 
bodies and fields is related to the hypothesis that bodies and fields 
are continuous, to the differentiability of the characteristic functions, 
etc., and especially to the hypothesis that there are fewer degrees 
of freedom in a small region than the number in the known micro- 
scopic structure. The microscopic structure is modeled, in turn, on 
the basis of the data of refined experiments or theories that are still 
more refined models reflecting the level of knowledge and understand- 
ing of nature in each period of the development of science. 

However, for certain classes of phenomena and problems such 
consciously introduced simplifications and schemes are not only 
permissible but reasonable and correct when solving many urgent 
problems of science and technology. Suffice it to note such exactly 
describable mathematical models as the material points, solid body, 
elastic body, or the ideal and viscous fluids; also, similar schematic 
properties are characteristic of any physical objects and processes 
ever considered in a theory. 

Of course, in many cases the problem itself immediately shows 
whether or not a model is applicable, i.e. whether it reflects the real 
world sufficiently, is simple, and in general can be used to obtain 
the needed results, though these will always be only approximate. 

Below we will study several methods of building macroscopic 
models for electromagnetic fields and material media that allow for 
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interaction between the two. In a number of elementary examples 
of simple models and phenomena, important from the viewpoint of 
theory, such models exist and are widely used. However, when con- 
fronted with complex situations we must design satisfactory, physi- 
cally justifiable, and universal methods of constructing the models, 
which is equivalent to introducing macroscopic thermodynamics of 
mechanics of continuous media and electrodynamics. Such unifica- 
tion of thermodynamics, mechanics, and electrodynamics adds new 
features to these departments, while the experience gained in the 
process of building such models enriches their general rational basis, 
minimizes the number of necessary hypotheses, and unifies their 
physical and mathematical essence. 

In Sec. 2.14 we build a model with due account for the electro- 
magnetic interaction with matter and further elaborate the genera] 
methods developed above. 


2.14 A MODEL OF INTERACTING MATERIAL MEDIUM 
AND ELECTROMAGNETIC FIELD 


The main characteristic quantities and laws were established and 
refined over a period of many years starting from the last century. 
As a result the macroscopic Maxwell equations and their covariant 
form in the Minkowski space-time become the main basis for electro- 
dynamics. The components #;; and H;; of antisymmetric four- 
dimensional second-rank tensors, the components A; of the vector 
potential, and the four-dimensional electric current vector J* (i, j= 
1, 2, 3, 4) enter the Maxwell equations as characteristic quantities. 
These quantities must also be included in the determining parameters 
of the system encompassing the medium and the field. 

We must note here that in the presence of currenls, polarization, 
and magnetization the system of Maxwell equations is not closed 
and, hence, for a complete description of all concrete and general 
problems we need additional assumptions. 

When we use the basic variational equations, these additional 
assumptions reduce to establishing the appropriate form of the 
dependence of the Lagrangian A and the functional 6W* on the set 
of determining parameters. After this is done, by applying the 
methods developed earlier, we arrive at a closed system consisting of 
state equations (mechanical and electromagnetic) and the Euler 
partial differential equations, which must include the Maxwell equa- 
tions and the universal relationships that reflect the experience of 
many diversified experiments. As we said before, the selection of A 
and 6W* are connected with a number of universal and particular 
properties of the model under consideration, namely the field plus 


g* 
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the material medium. One such property is the natural requirement 
that the Euler equations contain all the Maxwell equations. 

The main guideline in choosing the A and 6W* for the variations 6, 
in the basic variational equation must be the assumption that locally 
the transition to real processes makes the basic variational equation 
a corollary of the formulation of the given system of the first and 
second laws of thermodynamics. This choice is implemented on the 
basis of an analysis of the energy differential equations for a material 
medium and an electromagnetic field, allowing for the fact that the 
system including the medium together with the field is not conserv- 
ative (even in reversible processes of polarization and magnetization), 
a fact due to the transformation of electromagnetic energy into 
heat in the presence of currents. 

The question of how to establish the expressions for A and 6W* 
via the energy equations in the case of a material field combined with 
an electromagnetic field is discussed in [19], where the starting rela- 
tionships for real processes are given by Eqs. (2.5), (2.8), and (2.9) 
(pp. 262 and 263 in [19]). We recall that in (2.5) and, hence, (2.9) 
in [19] for the corresponding differentials dx’ — dx*', which are 
factors of electromagnetic parameters, we have 


dx** = u*idt, with y,u*? = 0, (2.14.1) 
where u* = u*'0# is the velocity 4-vector for the rest inertial frame 
considered as a system that is comoving with the electromagnetic 


field and the material medium at a given point in space. 
For a material medium, 


dx! = u'dt, dz* = dr*'’, 
with ut = u**, but in general 

Viu' £0 (2.14.2) 
for a medium. The total energy flux from the electromagnetic field 
to a unit volume of the medium is given by the formula (see [2], 
Vol. 4, p. 345) 

| ee —u*'y,S;*, (2.14.3) 


Where we have allowed for (2.14.1), and S;* are the components of 
the Minkowski tensor: 


Si* = [1/(167)] .F mn Hd; — [1/(4n)] F 5H. (2.14.4) 
In what follows we will use the scalar quantity 
L == [4/(462)]F mn. aan (2.14.5) 


The energy equation (2.9) in [19] for a system that combines 
medium and field can be rewritten in the following form: 
—(dL* + dU*) + [4/(8x)] A" .F yjdx** + I® Fy dax* 
+ dQ + dW,'— O,dzt = 0. (2.14.6) 
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Here L* and U* are quantities calculated for a unit volume dV 4, 
conserved in the rest reference frame. The quantity U, = o (c? + U), 
just as in the examples of Secs. 2.11 and 2.12, can be taken as the 
specific body energy of the medium particles (in the case at hand in the 
presence of a macroscopic electromagnetic field) calculated per “fluid” 
volume dV,, which at a given moment of time is equal to dV 4); the 
quantity dQ is the external influx of heat to a unit volume of field 
and medium determined from the second law of thermodynamics, 
and J* # ,,0r** is the Joule heat per unit volume (this heat is liber- 
ated in the course of internal energy processes and is an integral part 
of the energy flux F over the time dt; dW, is the influx of the external 
energy of a nonthermal nature across the particle boundary in time 
dt; and Q; is the external four-dimensional generalized body-force 
density, which determines the influx of the energy —Q,dz' to the 
medium (this quantity has a nonthermal nature). 

Let us denote the entropy per unit mass of the medium substance 
by S and the absolute temperature by 7, which we assume exists for 
processes in the system consisting of field and medium. For real 
processes the second law of thermodynamics for the above-mentioned 
system is written thus: 


oT dS = dQ® + do’, (2.14.7) 


where dQ’ is the uncompensated heat per unit volume. 

Let us assume, for the sake of simplicity, that in the examples at 
hand the uncompensated heat is produced by only two mechanisms; 
the liberation of Joule heat and dissipative processes defined by cer- 
tain tensors with components tT,” (viscosity, heat conduction, and 
possibly other mechanisms). This is reflected by the following for- 
mula: 


dQ’ = I* (y,4;—ViAn) ui dt +1;"Vp (u' dt) 
— Jr (dziy,A; — dA,) + 1;"Vp dx*. 2.14,8) 


The first terms on the right-hand side have a clear physical meaning, 
since in real phenomena they give the Joule heat, by virtue of the 
Maxwell equations, which we will derive later from the asic varia- 
tional equation (2.14.22). The /" stand for the components of the 
four-dimensional current, which in an inertial reference frame are 


[% = (1/c)j*, I4 = — Grey, (2.14.9) 


where ¢ is the speed of light, j~ the components of the three-dimen- 
sional conduction current, and (ie) the body charge density. 
When irreversible magnetization and polarization is present in 
the medium, additional terms may appear on the right-hand side 
of (2.14.8). When we substitute 5x’ for dz' and 6A, = 0Apn + 
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dz'y;A,, for dA,, we obtain 
dQ’ == [ (VA i — Vidn) dx? — "0A, + TV, 62", (2.14.10) 


while, by virtue of (2.14.8), the expression for the influx of external 
heat in varied states can be written thus: 


so = oTdS = 7 (VrAi = Vids) $x’ + I'0A, — t;" Vror'. 
(2.14.14) 


Formulas (2.14.7), (2.14.8), and (2.14.11) can be taken as the 
definition of the heat increments dQ and 6Q° in terms of the 
increments of internal determining parameters in real and varied 
processes. 

The quantity L* + U* stands for the characteristics (defined 
above) calculated per unit (constant) volume dV,) taken in the rest 
internal reference frame, while by L + U, we denote similar quan- 
tities calculated per unit “fluid” volume dV, taken in the reference 
frame comoving with the medium and at a given moment of time 
equal to dV,9. Since it is clear from the standpoint of physics that 


(L* a U*) dV 4 =— (L +L U,) dV 4, ddV 4 => 0, 


ddV, = vy; dz'dV,, (2.14.12) 
we see that 

—d (L* + U*) dV = — Al (L + U,) a4) 

= —([d(L + U,) + (L + U;,) vyidzx') dV,. (2.14.13) 


After we substitute 6 = 0 + 6z'y; for d and d* (and, for one, 
dx* for dz’ = dz**') and use formulas (2.14.7), (2.14.11), and (2.14.13), 
we can write the general energy equations in variations for the sys- 
tem combining field and medium in the following way: 


{— 4 (L+U,)4+ vr (E+ Uy) 62") + pT 6S + [4/(80) JH YF nS" 
+I* (F ni —VrAit Vi An) 62'+(Vati® — Q;) 62° — yp (1;452") 
+J*9A,+6W,} dV, =0. (2.14.14) 


The energy equation in variations, (2.14.14), can be taken as the 
basis for deriving the basic variational equation in an arbitrary 
reference frame of the observer, xz’, and with A and 6W* that we will 
now choose. 

Depending on the choice of the determining parameters, we can 
write the functional A in similar but slightly different forms (which, 
however, do not influence its value). For instance, if we assume that 
L£ and U, are given functions of 


ti, S, Fiz, VnF iz, Gig, K® (&*), KE (x*), (2.14.15) 
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we may, for independent variations 62',5S, 6.7 ;;, OH”, and 0A; 
and at 6K? = dK¢* = 0, put 


Ke Sie) ee 
= [1/(8n)] ¥ ,;H'? — [1/(4n)] vA jH%. (2.14.16) 


Below we will show that the quantities Z and U, as functions of 
the parameters listed in (2.14.15) cannot be given arbitrarily, since 
from other definitions it follows that L = (1/162) .F; ;H”, and later 
we will see that H’’, in its turn, is expressed in terms of Land U, 
via the state equations. 

As parameters u4 we take the tensor components A;, .7,;, and 
H'’, The universal dependence of A on A; and A* in Pat ig. 16) is 
achieved only through A’, whose concrete form is chosen such that 
for real processes A’ = 0 by virtue of the Maxwell equations (these 
follow from the basic variation equation as the Euler equations, which 
is ensured by the presence of A’ in A). When we go over to real 
processes, the presence of A’ in no way influences the energy equa- 
tion (2.14.16). 


If we take as independent parameters the following quantities 
x" iy S, M ; 3, VM i; ij KB(E*), K(x") (2.14.17) 


with the independent variations being 6z’, 6S, 0M;;, 07 ij, and 0A; 
and with 6K? —0, dK© =0, while 


AnM ;; — F ij —s H;;, (2.14.18) 
and where we put 
(1/4) ¥ ,,H? = Ly, (2.14.19) 


then we can rewrite the still valid formula (2.14.16) for A (after we 

have excluded A with the help of (2.14.18)) in the following form: 

A= —(L,+U,) — [1/(160)] ¥ 3; F% —[1/(4n)] F’yiA;+ MY yA; 
(2.14.20) 


(see [19], p. 274), and assume that ZL, and U, are certain functions of 
the system of parameters (2.14. 17) within the concrete physical 


model. 
On the basis of (2.14.14) we find that for 5W* the following for- 


mula is valid: 
a | {pTOS — GPx" -+ (y,.7;*—Q ;)6x* — Vax (t;"62") + L?OAn} AV, 
V4 
(2.14.21) 
where 


D = —[1/(8n)] A’ vi F ny — 1" (F ni — Vr Ait ViAr)- 
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As to 6W, this is a functional found from the basic variational 
equation 


6 \ Adv, +é6W*+6Ww=0, (2.14.22) 
V4 


which in terms of the arguments for L + U, given in (2.14.15) has 
the following form: 


éW = \ (P' h6a' + N*9A, + MOF 49) ny do 
= 


= \ (P;*6x% + N%*8A, + M?USF 59) ny do. (2.14.23) 
by 
If we now use the general formulas discussed in Sec. 2.9 and employ 
additional parameters yw“, which are A;, H*?, and F ij, we obtain 
the following Euler equations. At the variations 0H’? and 0A, there 
are the Maxwell equations 


F ij = ViAy — VIA (2.14.24) 

Vill™ = 4nl’. (2.14.25) 
The formula for the temperature stands at the variation 6S: 

pf = d(L + U,)/d8 (2.14.26) 


Finally, at the variation 0¥ ;; there stands the state equation for 
polarization and magnetization 


(1/(8n)lH#® = 0(L + U,/0F i; — Gnd (L + Uy)/09,F jj, (2.14.27) 


where we have allowed for the fact that #,; and H* are antisym- 
metric in their indices. Obviously, when L + U, does not depend 
on Vn ij, formula (2.14.27) simplifies considerably. 

On the basis of the general relationship (2.14.23) for 5W, we find 
from (2.14.22) that 


PP’; = (6(L + U,)/dzi J x’; + (L + U,) 6 + 7°, (2.14.28) 
NS — —[1/(4n)]H** (2.14.29) 
and 
MP — 0 (L + U,)/002F pa (2.14.30) 


If we allow for (2.14.29) and (2.14.30), for P;* we obtain: 
PP = PUP + [AM (AnH yiAs — 10 (L + Oy )/0yinF pl yiF pa: 
(2,144.34) 


In the case at hand, from the formula (2.14.21) for 6W* and the 
Euler equations, which contain the Maxwell equations, we have 


Di= — [(1/(8n)] W109 F nas 
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while the term with J*0A, yields 
M, = I* = [1/(4n)]y.H". 
For this reason Eq. (2.9.7) takes the form 
vil; =Q, 4 [0 (L+0,)/0K°] y Ko —[1/(8n)] HV F pa 
+ (1/(45)] (Vo) yiAn- (2.14.32) 
In this equation we transform the last two terms thus: 


1 a ' 1 s 4 
— Bq BOWS a> (Veit) ViAe= — gn Vi (Vp4a— VoAp) 
1 S 1 8 1 $s 
+3 Vs (HV i An) — ay HY Viv sAn =a Ve (A ViA)- (2.14.33) 


Since the sum of the first and third terms in the intermediate expres- 
Sion is zero, the only term remaining is the second, where in the 
final formula the summation indices & and s are interchanged. 

Obviously, if we substitute the formula (2.14.31) for P;* in Eq. 
(2.14.32), then on the right- and Jeft-hand sides of the resulting equa- 
tion the last terms, which are caused by the presence of an electro- 
magnetic field, are not gauge invariant but by virtue of (2.14.31) 
cancel out. Gauge invariance is preserved also at a strong disconti- 
nuities [P;*n,] = 0 if we take into account that [H**n,] = 0. 

If in addition to the tensor P = P;"0'0, we introduce the tensor 
T = 7,'9'9, (see Sec. 2.9) according to the formula 


Tj*=2*, 0 (L+U,)/dx' ;+(L+U;) 62 +1 ;"—[0 (L401) 0VaF pal Vi-F po 
= P*h + xt OL/dxi + Li = P;* —[1/(4n)] Hy, A, 
= P';*—[d (L+ O,)/00%F pal ViF par 
we can rewrite Eq. (2.14.32) in the following form: 
vel i® = Q@; + [0 (ZL + U,) 0K) yiKe. (2.14.34) 
The right-hand side of this equation is zero when 
Q,=0, [0 (L+ U,)/0Kely;Ke = 0. 


Thus, in modified form the momentum equation (2.14.34) has a diver- 
gence form, and according to the definition commonly used in the 
literature the tensor T = 7;"9'0, is called the energy-momentum 
tensor of the medium and electromagnetic held. This tensor was in- 
troduced in [8] and it can be used instead of P. In some cases, where 
there is no field, T = P. 

The system of partial differential equations (2.14.24)-(2.14.32), 
first constructed in [8], constitutes a complete system of equations 
when /*, t;*, and Q; are given and when L and U, are presented as 
functions of the parameters (2.14.15). But these two functions must 
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be related by the following differential law: 


which must be satisfied identically and which follows from (2.14.28) 
after multiplication into .~;; and contraction with respect to the 
indices i and j. 


2.45 EXAMPLES 

We will now turn to examples for which the following assumptions 

are true: 

L = [(1/(16n))BPF ;; = 1/(A6a)le¥"' F 5;F,, and 

U,=p(c’? + UV), 

where the tensor components c’?"! and the scalar U depend solely on 
x3, S, gi;, Ke. (2.15.2) 


In (2.15.1) the quantities c'¥*', #;,, and #,, are taken in any same 
system of coordinates of the observer, which may coincide with the 
comoving system. Obviously, the following symmetry conditions are 
assumed valid 

Big WES is ARG a8 oth Ses. 2 RO 


(2.15.1) 


In view of (2.15.1) and (2.15.2), the condition (2.14.35) is satisfied 
identically, and the components P’;” expressed in terms of U, are 
determined via (2.11.12) if U is determined via (2.11.9). 

The relation between the electromagnetic field and the phenomena 
in the substance (the medium) is achieved only through the depen- 
dence of the c¥"! on x’,, S, g;;, and K°. In this case the state equa- 
tion (2.14.27) and the formulas for the energy-momentum tensor 
component 7',° can be written thus: 


Hi=cl'¥,,, with cl — ctl (z',, S, gi;, K°) (2.15.3) 
and 
P,° = P*¥ 4° + [1/(16s0)] 2°; (dc°9"" 0x7 3) F po F mn + LES, (2.15.4) 


where P*,° is the part of T° independent of L. According to (2.15.1) 
we can write 


L = [1/(16x0)] 8! F 5; F y= 1/1601) ] CPF oF 
where a 
¢ mire = UMLAP AI ATLAS, F gy = BY Bi,F 14, (2.15.5) 


with the components c#*! taken in the comoving system of coordi- 
nates, and A”, and B%, elements of mutually inverse matrices. 
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The transformations (2.15.5) can be considered as transformations 
at a given point of the tensor components taken in the basis tetrad 9, 


of the comoving coordinate system into another basis tetrad 9,. 
A transformation of this type is given by a matrix whose elements 
are ,,": these matrix elements may depend on any variables, given 


or sought, and. for one, where the tetrad 9; coincides with the ob- 
server’s tetrad 92,, i.e. 


Bt, = oxt/0& = 2°, and A™, = de™/dx™ = E,™ (x). 
Obviously, when we have to calculate the derivatives 0L/dx';, with 


the components c’’*! and .—,,; expressed in different bases, the result 
cannot depend on the properties of the transformations (2.15.5) 
with coefficients A”,, and B%,, since the scalar L does not contain these 
coefficients. 

If we allow for the fact that, by definition, the variations of ten- 
sors are tensors of the same nature (see (2.4.5) and (2.4.6)), then 
we have 


OF oy = OF 5 ;X' qty, 
whereby after the variations are realized and the coefficients of d2* 


and dF ;; or of 6x* and OF pq are nullified, we arrive at the same Euler 
equations at | z'; | #0. 

It follows from the aforesaid that it is expedient to consider the 
components #,, and c??”"”" in (2.15.4) in the comoving system of 


coordinates; the same is true of the components c??™” as functions of 
the determining parameters (also taken in comoving systems), and 
after we have applied (2.15.4) to these parameters (the arguments of 
the above-mentioned components) we must substitute for them the 
components of the same tensors but taken in the observer’s coordi- 
nate system, in accordance with the general theory developed in 
Sec. 2.9. This trick is useful since in a comoving system of coordi- 


nates x’, = 5f. For this reason the number of important tensor argu- 
ments (the components with “hats”) diminishes. 


If we assume that the cpm depend not only on various invariant 
quantities but also on the components 2‘; and g’? and certain other 
tensor components of the K¥ type (not depending on the sought func- 
tions x‘, (*)), in a comoving reference frame the arguments 2, = 6; 
become fixed (known) parameters of the K® type. Four this reason, in 
comoving coordinate systems, with the determining parameters also 


taken in a comoving system, instead of the parameters z*; and g” we 


have the following set of parameters: ut, gid KB, where wi are the 
components of a unit vector u in a comoving system of coordinates 
and directed along the tangents to the world lines of points in the 
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i, g. %. 
medium, with ui = u‘, where wu‘ are the components of the unit vec- 
tor u* in a local proper tetrad. 


In the general case, in the system 9, we have 
du*/ds = 0, du/ds = a, 
where a is the absolute acceleration of a point in the moving medi- 


um in the comoving system of coordinates, and ds = (g4,)'/° d&* is 
the arc element of a world line. 

When introducing the vector arguments of type u it is important 
to note the following. In general, when the observer’s reference frame 


and the comoving reference frame are different, rt, A 53. Then at 
each point in the medium two different unit vectors can be introduced: 
u, and u;, which are directed along the world lines z* and & of the 
observer’s and the comoving reference frame. By definition we have 


ozk 4 
u, = — ———- 9: and 
se V gas (#*) 
att ‘ (2.15.6) 
Bas (§*) 
Since 9, = (d€*/dz") 9,, it follows from (2.15.6) that 
a4 4 okt h 1 5 
1 a SG ——— ie 2.15.7 
. V S44 (xs) Ozh ; V g44 (x8) Sh ( 
Ai R | i ‘ 
ys SC Lee See: I 5 (2.15.8) 


6 fo 
V 8pqtPat% 


Obviously, if the observer’s system of coordinates coincides at any 
given point with the comoving system or with a local rest system, 
we have 


Ux = ue = Ui = (1/V Bu, (2°) OF8,* = w*E,? (x%,), (2.15.9) 
with u* = u?, in this case. 
On the basis of (2.15.9) in the case under discussion we see that the 


components cP4s for any comoving coordinate system can be con- 
sidered to be tensor functions of the invariants and the components 


g’, u', and K8,. When anisotropy is present, we will have tensor 


components of the K® type; when these components are zero, then 
by definition the material medium is isotropic in its electromagnetic 
properties. If the second is the case, the theory of nonlinear tensor 
functions (see [2]) implies that 


ctdhl (gid, yi) — (1/2) [(4/p) (gé*g7*-— gitgiry 
+ (e—4/p) (gi win! — giruin! + gituig* — giluiy*y). (2.45.10) 
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Here ¢ and p are scalars (the permittivity and permeability, respec- 
tively) that may be functions of p and S or of o and 7, and also of 


other invariant variables (e.g. invariants: related to E?4 and 2rs)s 
etc. 


In the orthonormal tetrad 9; we have gi = 0 ati jand gi = 


22 —1, g = 1, and ut =1 and ue = 0. This implies 


ay 
| 
o> 
| 


c*BaB — 4/(2u) at aséB, 


Rt (41/2) [—1/u— (e—41/p)] = —e/2, 


while the other components are zero. 
Since 


HY CPUs FE 
we find that 
H*® —(1/p) Fa, and HA%*— —eF,,. 
From this it follows that 


B= wuH and D = eE, (2.15.11) 
where B, D, H, E are known vectors defined in the proper coordinate 
system. 


In the case of anisotropy, the formulas (2.15.10) and (2.15.11) 
become more complex. The formulas (2.15.11), written component- 
wise, must be modified so that w+ and € are three-dimensional spa- 
tial tensors whose form is determined by tensors that define the ani- 


sotropy (see [2, 3]). When we go over from the arguments for ci! 
in the comoving frame to the arguments in the observer’s reference 
frame, which do not generally coincide, we must bear in mind that 


A, 
v 


gi = g™n—_ 1&7 and that the components ui can be substituted by 
the ui. by (2.15.7) or by Ue by (2.15.8), or one of the vectors with com- 
‘ponents ut can be substituted by ui. while the other can be substitut- 


ed by we (these vectors coincide only when the observer’s reference 
frame coincides with the proper or comoving frame); other examples 
can also be cited. 

In accordance with what has just been said, the same formu- 


la (2.15.10) leads to two basic variants for the components ut in the 
comoving system of coordinates.® 
: Thus, since the problem of fixing the energy-momentum tensor oj 


an electromagnetic field cannot be solved in a unique manner, the c?97* has no 
unique solution either. Variant 1 is studied in [8]. 
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Variant 1: wi> uré,'. In this case according to (2.15.7) we have 


a 1 1 
ears =. 5 BPE eB ES | — (giteit— gilgit) + (e——) oa 
x (gi#628! — gik6i 6) + gil6i6e — gi'6rsi) | (2.15.42) 


Variant 2: ui> ust,’ In this case on the hasis of (2.15.8) we 
can write 


. 1 8 1 i * il 3 
a = > BPE ERE FaG Agil__ gil gih) 
{ { : a 
+ (caer Smnz™ 4a", (gia) 2! — gata’, + gaia", — 8 ahh) |. 
(2.45.13) 
It is obvious that the structure of the formulas (2.15.12) and 


(2.15.13) established for the particular case of the argument compo- 
nents of the determining parameters remains the same in more com- 


plex cases, when there are additional tensor arguments A° and u4, 
which are tensor components in the comoving system of coordinates, 
or components of the same tensors K© and pA in the observer's 
system. 

In the general case we have the following formula: 


c Pars (gi, a, Ko. uA) = E,PE IEE Sctse! (g*, Zz ae Ge uA). (2.15.14) 

We can rewrite formula (2.15.3) thus: 

HH — cPars & _? = EPG ERE r : ciikl (g%, ia Pe ee pA“) F ys. (2.15.15) 
We will now introduce a general formula that contains only deri- 

vatives of the c¥*! (g%, zi,, KE, uA) with respect to 2*,. We have 


Ocpars A 


c ou 
b Ora, F pat rs 


GE 4PE IE, TESchIRL (gid...) EF 
/ pq TS 


= x, 
Ox, 


(2.15.16) 


By virtue of (2.12.9) we can write 

OE,” 0x, = — Ep Ea” a 
and similar formulas for the other derivatives. When we have done 
all the differentiations, used the symmetry properties of the ciJ#! 


and .F mn, rearranged the indices, and used (2.15.15), we arrive at 
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the following result: 


1 c Jepars a A 4 A * 
1637 XL ob Ox% pat rs AI x mi és a py 


1. dciskl a 
Geet Ogee F asF ure (2.15.17) 


We then substitute (2.15.17) into (2.15.4) and, bearing in mind 
that tHE PF nq =A“ F .., obtain 


Too = 2°, U,/0a7, +U,85 +,.°+ S.°+7,°, (2.15.18) 
where S,° are the components of the Minkowski tensor: 

Sao = — (1/40) (F so — (1/4) F mn” 85); 

we also know that 

Poo = [1/(1621)] 2%q (Oc! /02%) F iF wr- 


The last term in (2.15.18), which we denoted by ie yields the com- 
ponents of the magnetostriction and electrostrictional parts of the 


energy-momentum tensor. 
Obviously, in variant 1 we obtain, by virtue of (2.15.12), the 


following result: 
T° =0 (2.15.19) 


if p and e are constants. 
But if p and e are functions of the entropy S and the density 0 or 
the temperature 7 and 0, then in variant 2 we obtain, by virtue of 


(2.15.13), 


lod 


T {= — (e ——) UwU"F mn F gq (bi — uu) 


a ee Soop oe aie 
1 Se ap FF" —0 (Fi aot 50 | 
x F mn Fun | (82 — ugu’). (2.15.20) 


Here wu! = dz!/ds and u; = g; wu". 

In the first term in (2.15.20) and in a Cartesian proper system of 
coordinates only the matrix elements (representing the corresponding 
components of the tensor) that stand in the first three rows of the 
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fourth column are nonzero. In variant 2 considered here, the full 
form for 7° is 


oU 
Teo aay Fatt U 85 +00 + Ae! 


oti La oe (picaricd a cs 
: ge ae F mn F™ 0 (a3 a | 
x ULF nF" | (85 —u,w’). (2.15.24) 
Here 
Ago = Sao + U(40)] (e—1/p) WU" F inn F q (8a — UU) (2.15.22) 


are the components of the Abraham tensor. 

For an electromagnetic field in vacuo or in a neutral nonpolarizable 
and nonmagnetizable medium (u = 1 and e = 1), the state equa- 
tion (2.15.3) takes the form 


Hii = gi?gitF.,, or Hyg=F pq, 
and on the basis of (2.15.18) and (2.15.21) we obtain 
Tf = x°,0U,/d2°; + U,65 + T° + S,°. 


In this case the Minkowski tensor proves to be the symmetric 
Maxwell tensor, with V.S,° = (1/c)F mal”. 

If electric currents are not present, all the Euler equations split 
into two closed systems, one for the medium and one for the field. 

Several details of this article have been discussed at length by 
some of my pupils; most of whom are the authors of [11-18]. I wish 
to thank all of them. 
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3 Transition from Relativistic to Newtonian 
Mechanics in the Presence of Irreversible 


Processes 


L. T. Chernyl, cand.Sc. (Physics and Mathematics) 


Institute of Mechanics, M. V. Lomonosov Moscow State 
University 


3.4 THE BASIC VARIATIONAL EQUATION 


According to the special relativity theory, three-dimensional phys- 
ical space and one-dimensional time form the four-dimensional 
Minkowski space-time. Suppose that 2* is the observer’s system of 
coordinates in the Minkowski space-time, and g;; (z*) are the metric 
tensor components in this system.’ In the z* system of coordinates 
corresponding to a synchronous inertia] reference frame* connected 


with the observer we have 


— hap: 9 


Sessa esseonseneseese 


(3.4.4) 


Ze=cl, gis= 


where c is the speed of light in vacuum, ¢ the time measured in the 
observer’s reference frame, and ky, are quantities that generally 
depend on the spatial coordinate x? but in special relativity can 
always be chosen so that in the entire space h,g = 1 at a = (§ and 
ha, = Oat a € B®. (In general relativity this can be achieved locally 
or along any given curve. The corresponding systems of coordinates 
are known as the Fermi normal coordinates.) 

If we wish to describe the motion of a continuous medium, then 
besides the observer’s system of coordinates xz* we must introduce 
a coordinate system & comoving with the medium. These coordina- 
tes (j = 1, 2, 3) individualize infinitely small particles of the medium 
and are called the Lagrangian coordinates. The quantity &* is a para- 
meter of points on the world lines of the continuous medium with 
% — const. The relationship between the z* and & coordinates is 
established by the law of motion of the medium 


gh = gh (BS), (3.4.2) 


The four-dimensional velocity of the medium wu is a unit vector 
tangent to the world lines of the medium. In the observer’s system 


i It is understood that Latin indices t 
: Sake te ake on values 1, 2, 3 
w hile Greek indices take on values 1, 2, or 3 Rie OPA 
We assume that all inertial reference frames are synchronous. 
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of coordinates it has the components 


ub = (=) -# =| y® c 
~ \ds Jyy edt ep? : Veep |? 
: Vermeer (3.4.3) 
ee = oe a 
oo V c®&—v? t 1/ce—v? ||’ 

where 
ds = V £ij (dz')., (dz’) =—Vce—vp (dt) =c dt, 

dn” (3.1.4) 
Ue (“aay v* = hapvrP, Va = hapv?, 


ds is the arc element of a world line of the medium, dt is the proper 
time increment, and v~ are the components of three-dimensional 
velocity in the observer’s inertial reference frame. 

The constructing of models of continuous media always involves 
some postulates. The most rational way to do this is to start at the 
basic variational equation [1-3] 


6 (1/c) \ A dV,-+ 6W*-+8W =O, (3.4.5) 
V4 

where 3 

WV,=Vaede—\V —gdt=al,ds, —AdV,=d8. (3.1.6) 


G=|8is|, €=18ij;|, Gx—de' ... dzt, d&=dk ... d&, (3.4.7) 


A is the Lagrangian of the continuous medium, 6W* a fixed func- 
tional that accounts for irreversible processes and external actions, 
OW a functional determined from Eq. (3.1.5) and represented by an 
integral over the surface enveloping the region V, in the Minkowski 
space-time and, possibly, over both sides of strong discontinuities 
inside V,, dV, is the three-dimensional volume of an individual 
infinitely small particle of the continuous medium in the comoving 
system of coordinates, and dé is the internal energy of the same 
particle. The variations in Eq. (3.1.3) are taken at & = const. 

Therefore, a specific mode] of a continuous medium in this setting 
is fixed by choosing the Lagrangian and the functional 6W*. For 
instance, if we put 


A = —pe?— pU (S, ¥i3) Viz» Ks)s (3.4.8) 
8W* = (A/c) | (pTSS—Q,82')dV,, Qui = (A/c) (dQ*/dt), (3.1.9) 
Ve 


3 In what follows, the quantities referring to the comoving system of 
coordinates will be labeled by a “hat” over the symbol. 


T* 
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where 

Vij = Wily — Bays i= bul V eu = 8s; dias, (3.4.10) 
Bij = Brrtea}, a? = dx" /0k', (3.1.11) 
o=pV vy, P=lPanl P=) Pap ls (3.4.12) 


and all the parameters ie are known functions of Lagrangian coor- 
dinates &« (these functions remain unvaried), we have the model of 
a perfectly elastic body in which all processes are reversible by defini- 
tion. The arguments of the Lagrangian and the functional 6W* have 
the following physical meaning: p the rest mass density of the medi- 
um, S the specific entropy of the medium, 7 the absolute temperature, 
Q; the components of the 4-vector force density, dQ@ the body 
external influx of heat in time dt = ds/c (for more complex models 
of media, Q,u' may also include influxes of energy other than ther- 


mal), 8 ij and U; the components of the metric tensor and the velocity 


4-vector of the medium in the comoving coordinate system, ij the 
components of the spatial metric tensor satisfying the relationships * 


u'y;; =uly;; = 0, vi3= Yin. =O, Vaj = Va = 9 (3.1.13) 


and defining, in a comoving coordinate system, the length dl of 
infinitesimal individualized segments in the continuous medium that 
correspond to infinitesimal increments d& of Lagrangian coordi- 
nates, 


d? = Yq, de" de? = y,, dk dbl, (3.1.14) 


o is the medium’s rest mass density in an “initial” state and Vij are 
the components of the spatial metric tensor in the initial state, which 
satisfy the relationships 


uy); = uly;,=0, vli = yh =0, Yay= vig = 0 (3.1.15) 
and determine dl in the initial state, i.e. 


° fe) rod B . ° ° 
dl* = 48 dE" d& =;; dE db. (3.1.16) 
Se ee 
4 Quantities with an asterisk refer to a reference frame that is proper 
or the specified point in the medium with coordinates E%*at time t,. Such is the 
inertial reference frame of the observer, with respect to which v*¥ (%, t,) = 
and, hence, u*? (£%, t.) = Oo. , where 6 ;, is the Kronecker delta. In the Minkowski 


Space-time, each proper reference frame has corresponding to it a proper system 
of coordinates. “oe = 
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The quantities p and y,) are, by definition, known functions of the 


E*, i.e. belong to parameters of the type K p (the functions are not 
varied). 

The density @ of the medium, defined by the first equation in 
(3.1.12), satisfies the relativistic continuity equation® 


Vipul = 0. (3.1.17) 


From (3.1.13) and (3.1.15) it follows that under a transformation 
of the comoving system of coordinates 


Eo — ba (EB), B= B4(ER, ES (3.1.18) 


A 


the quantities Vo and Yap behave like covariant components of 
three-dimensional tensors, e.g. 


A i 7 OA 6 Voa 
bse SOO Ue. 08 (3.1.19) 


Yop ela 928 Oe oe ge'% ae’ Yor: 


Similar relationships hold for the Veps with 


vie=V=0, Pla= p=. (3.1.20) 


For this reason the ratio vlp and the density p are invariant under 
transformations (3.1.18) of a comoving system of coordinates. Since 
by definition the Lagrangian is a four-dimensional scalar, the func- 
tion U in (3.1.8) must also be invariant under transformations (3.1.18). 


This implies that for an isotropic body, where all the K , are scalars, 
the function U may depend on combinations of the components vi 


and ij that are invariant under transformations (3.1.18). Allowing 
for (3.1.13) and (3.1.15), we can show that there are only three inde- 
pendent combinations of this type. For instance, they may be taken 
in the form of the following scalars: 


A A a aA A A 


T fo] A ae ° ° 5a BYo Aa othe ire A 
i Pep = VE, Ly = YopPren peys = VV bi zErks 
A A Aa A a A (3.4.21) 
° ° ° ol. A A A _ ©, oO, ae A A oA 
Ig = yrbybryoee, pe yaeeg = Py yen jErkEmny 
: This can easily be verified if we note that youl =yiou! = 


A 0 Pig Wk a an 0 o So: 
ay (V —ze 1/7 8i/ V tu) a Ve =0. 


Wa Vi 
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where 
&,,= (1/2) (vip — Vig) P= (AP) OY/OVB0- (3.1.22) 


A 


The values of the four-dimensional components vit = ti do not 


affect the invariants /,, since €;, = &4; = 0. For the sake of definite- 
ness we may assume that in a fixed comoving coordinate system 


vid = yt = 0. The quantities ye behave under transformations 
(3.1.14) of the comoving system of coordinates §* like contravariant 
components or a three-dimensional tensor: 


3.2 


ORR AB 45 OER abs © 
okt aki ae™ eB 


Ob OEP oe Ob 7 06 fay 


ae agi’ Re gv 


yuB & 0). 


THE EULER EQUATIONS AND CONDITIONS 
ON DISCONTINUITIES 


We take the, functions 


x* (&), 


S (8) (3.2.4) 


as the independent parameters of the problem. Using the quantities 


Pig» Vit» Or K y, and dV, defined above and the results of the theory of 
variations developed by Sedov [3], we obtain 


(1) 


821 = § (Snpz*; ;"s) = Srp (2iV por") n+ Bart”; (x 5V pot") 


= Wibzy- [E vot; = Vudzp, 


where éz,= a eee 2 ~— . 


(2) 


(3) 


A A §) Sz 
Big = 8 (Bay Te Vs )-7 a yiS2)) — Bij ee =f) 
Baa Saa 2 = F448 S44 


AGA : ada, ada 


=U 49 525 —g,wu'uty , 62. = = UP Y (iS p) —u,uPuly 02Xq3 
Si; = 6 (uju; = £11) =u Puy GdZ p) =p u Puy {52 p) 


aA AN A A A 


D 
— yu uPusy (,dtq — Vudty = yey ide py 
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+ UU? (YQSz 5) — U UY (qb py) = VPV G52 p) 


_ “4 A A = A AOA A A A A A ; 
Ug UPyPV (OL py = — YPVFV (qbEp) = — PSY? Y p59; 


oe care oY. ee ee P ; 
(4) 8p=8(6 Va =a oY Shap = — 5PM Yep lI*8Van 
2yV vy OVa8 
= (1/2) p88 ya5 = — (1/2) pa?ylindy jd; 


= — (1/2) og *peyy 82; = (1/2) py y 82, — py ,6z, 


(in deriving the formula for 59 we used the fact that || Vee j-2 = 
— |\g*6 ||, which follows from 


g%P v9.5 w= gti. == gai (U5 — 2:6) — uu, — 6% = — 8); 
(5) 6(dv,)=6(| —gaig)—-_——A._. 8 94, ang 
2V¥ —g O8ij - 


[OR ALLA A A A, 
= (1/2) | — £8462 dE = (y,52’) dV, = (7;62') dV, 
Hence, 
59; = Via? pertenPy "82", 5p a pyisv76z', 
6 dV, = (y;62") dV, 5y3; = 0, 6K, = 0,, 


where 


(3.2.2) 


Sai =E fdr, ET oFV/az". 


Now in Eq. (3.1.5) we carry out a variation process and employ 
(3.2.2). This yields 


\ 6977 15 — Qi) 6a +p (T —- dU/AS) 8S — yi (T;,,82*)} dV, + BW =0, 
Va 


(3.2.3) 
where 
Pij =p (c? +0) uu; -- Diy, (3.2.4) 
Pij= EEF Dar, Pij = 20 (OU /OVa9) Yoiv;- (3.2.5) 


In view of the fact that the variations 5z' and 6S are arbitrary and 
the definition of OW, (3.2.4) and (3.2.5) yield the Euler equations 
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and the formula for 6W: 


VTi3=Q:, W/dS=T, (3.2.6) 
8W = (A/c) \ T,,5xcini d3. (3.2.7) 
OV tds 


Here >.. are two sides of the three-dimensional surface of strong dis- 
continuity inside region V,, dD an element of the three-dimensional 
volume of surface 0V, + 24, n? the components of a unit 4-vector 
of an external normal to this surface. Fixing the value of 6W at 
5z' = 0 at the boundary OV,, we canifind the conditions on the surface 
of a strong discontinuity. For instance, 6W = 0 when there are no 
external actions; hence, for variations 6z* continuous at the dis- 
continuity we obtain from (38.2.7) the following formula for 6W: 


(T3470 = (7 ;;)_n’, ny = nf, = = ni. 


The first equation in (3.2.6) is the energy-momentum equation for 
a perfectly elastic body. The 7;; are the components of the total ener- 
gy-momentum tensor, while the p;; are the components of the four- 
dimensional internal stress tensor. Equations (3.2.6) retain their shape 
if we go over to a comoving system of coordinates, provided we 
“cover” all tensor components with hats. 


The definitions (3.2.5) of Pais Pi; imply that 


Pap = 20 (U/0Yy6) PrvoPB Dis aio ae =0, u*pi,=0. (3.2.8) 
Substituting w* given by (3.1.3) into the third equation in (3.2.8), 
we find that 

Pos = — WPle)pag, Pas = — WF/e)pag = (V*>VB/c*) Dg g. (3.2.9) 


In the observer’s inertial reference frame, the first equation in 
(3.2.6) takes the form 


(1/e) A [p (c2 + U)upuy — payl/Ot — y8lo (c2 + U)uzug —paph = On, 
(3.2.40) 


where we have allowed for (3.2.4), and v8 is the symbol of a contra- 
variant derivative in three-dimensional space with the metric tensor 
components hag. Substituting u, given by (3.1.3) and pz, given by 
(3.2.9) into Eq. (3.2.10), we can find, fori = a and i = 4, the momen- 
tum and energy ss 


a p (?-+U) = — Pab > a Josieln (c?+U) eo Pap |= hepQ?, 
(3.2.11) 


d{ p(c?+U) a — Pa 


tan uta 5 Papr™ |= 0Qi, (3.2.12) 


2 y2 
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where according to (3.2.2) and (3.2.8) 
Pap = Pi (8'/0x%) (OE /028) = pys (BE/42%), (09 /428),, 3.2.13) 
Pys= 2p (BU /O¥ a8) Pav? s0- 


Let us also write in three-dimensional form the continuity equa- 
tion (3.1.17): 


0 (0/V cy) /dt-+ V4 (ov*/V c2 — v2 )=0. (3.2.14) 
If at a fixed moment in time for a fixed infinitesimal particle of 

the continuous medium the observer’s reference frame is the proper 

system, then Eqs. (3.2.14), (3.2.11), and (8.2.12) simplify considera- 

bly: 

dp /ot* + pytv** =0, (3.2.15) 

[p (1 + U je?) hag — (A/c?) pip] v*8/0t* = y*Ppap-+ hagQ*®, (3.2.16) 


0 (OU /Ot*) = pesyv #By*e COT, cQi =cQ,u' = dOM/dt = dQ /dt*, 


(3.2.17) 
with 
Pap = 2p (aU /d? ys) (Oar*#/GE) ix (O2**/0E>) ie hiahyp, Pix = pur =O, 
(3.2.18) 
Pap = hes (Ox*? /OE*) 1» (Ix*5/OEP) yx, pag = hip, (3.2.19) 
Tap = Paps T= Tig=O0, 44 =0(c? +0). (3.2.20) 


The problem of establishing the laws of motion in an arbitrary 
fixed reference frame of the observer by the known laws of motion in 
the proper reference frame belongs to navigation theory. The transi- 
tion to an arbitrary inertial reference frame (the observer’s frame) 
from the medium’s proper reference frame, where g7j = g;;, is real- 
ized via a Lorentz transorfmation. As a result in an arbitrary 
inertial reference frame of the observer the relativistic equations of 
the model of a perfectly elastic body, (3.1.17) and (3.2.6), can be 
put in the following form 


Vj (edsu*!) = 0, y? (b;"bj" Tite) = bi" Qi, (3.2.24) 


where d;/ are the matrix elements of the transformation that connects 
the basis vectors in the observer’s system of coordinates, 9;, with 
the basis vectors 9* in the proper system of coordinates: 


9% = dD, (3.2.22) 
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and b;* are the elements of the matrix inverse to || d; J ||, When both 
bases are orthonormal and their spatial counterparts, o% and Iz, 
are oriented in the three-dimensional physical space in a like sioner. 
the matrix elements d,/ have a form indicated by Sedov [4]. 


3.3 TRANSITION TO NEWTONIAN MECHANICS 


Equations (3.2.15)-(3.2.17) differ from the equations for the model 
of a perfectly elastic body in Newtonian mechanics written in the 
proper reference frame only in terms with coefficients c-*. If U = Q 
(this is the case for dust, for one), then py, =O and the above- 
mentioned terms cease to exist. In this case the equations of rela- 
tivistic mechanics coincide with those of Newtonian mechanics (in 
the proper reference frame). But in an arbitrary inertial reference 
frame they differ since the former are obtained via a navigational 
calculation using the Lorentz transformation, while the latter are 
obtained by solving a navigational problem with Galilean transfor- 
mations. The equations of relativistic and Newtonian mechanics for 
arbitrary inertial reference frames prove to be invariant under 
Lorentz and Galilean transformations, respectively. If U 40, 
Eqs. (3.2.10)-(3.2.17) with terms proportional to c-* can be considered 
within the framework of Newtonian mechanics as laws that determine 
the motion (in the proper reference frame) of a perfectly elastic body 
with more complex properties. To obtain the respective laws in an 
arbitrary inertia] reference frame, we must solve a navigational 
problem using Galilean transformations. As a result we arrive at a set 
of equations, (3.3.1)-(3.3.3), that are invariant under Galilean trans- 
formations; in deriving Eq. (3.3.3) from (3.2.17) we must take into 
account Eqs. (3.2.15) and (3.2.16). Thus, 


p/dt + 7 _pv% = 0, (3.3.1) 
~da , 1 Ae ~ \dvB ~~ x 

O = 4 (9U hag — Pap) = =V' Pap + Qa: (3.3.2) 
("AAG gor ae 

p— (++ J+ (0 hap— Pap) V —=V ° (Dapv%) +“ + Q,v%, 

(3.3.3) 
where 
p=pV wh, T=Ul. » , Oy =Nyp(G28/4x4r O-, (3.3.4) 
Vap=rap 
hag = hys (02? /08"), (42° /0E*),, h=| hea |, (3.3.5) 


Pap = 2p (AU /dhys) (Ax#/AE"), (4x¥/AE>)s Rughvp- (3.3.6) 
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If the observer’s system of coordinates z* coincides with the proper 
coordinate system x*', on the basis of (3.2.19) we have 


hap [fal = Paps 0 | i_, ti =, (3.3.7) 
U \i_.at =U, Pop lgiget = Paps (3.3.8) 


and, hence, Eqs. (3.3.1)-(3.3.3) in the proper reference frame indeed 
coincide with Eqs. (3.2.15)-(3.2.17). 

Equations (3.3.1)-(3.3.3) can obviously be used to describe within 
the scope of Newtonian mechanics the motion of a continuous medium 
when in the observer’s reference frame 


e* == max (v"/c?, vr,/c*ty) < 1, 


Where r+) and ¢) are characteristic values of distance and time. The 
Lorentz transformation is reduced to a Galilean transformation if 
we neglect terms of the order €?; hence, Eqs. (3.3.1)-(3.3.3) differ from 
the relativistic equations (3.2.14), (3.2.11), and (3.2.12) in terms of 
the order of ¢?. Tho fact that Eqs. (3.3.2) and (3.3.3) contain terms 
proportional to c-* implies that the kinematic condition e?< 1 is 
insufficient for a transition to the model equations of a perfectly clas- 
tic body of Newtonian mechanics. What is needed are additional re- 
sirictions of adynamic nature that ensure the smallness of these terms. 
If only condition e?< 1 is met, then terms in Eqs. (3.3.2) and (3.3.3) 
proportional to c-? may be important in Newtonian mechanics, which 
leads to a model of a perfectly elastic body with more complex pro- 
perties caused by internal (i.e. existing in the proper reference frame) 
relativistic effects. 

Equations (3.3.2) and (3.3.3.) may also be obtained if we start from 
the variational equation (3.1.5) written in three-dimensional form 
(in a synchronous inertial reference frame): 

ts 
é | | Adv, dt-+6w*+sw =0, (3.3.9) 


ti V; = 
where dV,=Vhdz! dz? dx? = Vi dé! d&* d&3, 


A= —pe?—pU (S, haps Yas: Kx); (3.3.40) 
ts 
owe =| [pT8S + (Os — papa%) B28 
ty 
u(1/ Vi) alV hog—x%da8) / at] av, at, (3.3.14) 
Pap =0 (4 + Ule)hag — (t/e)pag, a% = de /dt, (3.3.42) 
of (dS/dt) = dQe)/dt. (3.3.13) 


(In Eq. (3.3.9) the variation 6 is taken at constant & and t.) 
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lf U =0 orc = ov, then 
ens ae (3.3.14) 


and, hence, 
to 5 he ads 

swe | | (e785 + Q,d28] dV, dt +6 \ | (ov2/2) dV; dt. (3.3.45) 
11 Vs 13 Vs 


If we wish to go over to an arbitrary fixed and generally deforma- 
ble noninertial reference frame, then for acceleration a%J, with re- 
spect to an inertial reference frame we must use the general formula 
derived by Sedov [5]: 


AD = Ary + act) + 2v(r) (Cap + Wes) nPD,,, 
Cap = (1/2) (Varina t Verte)» ap = (1/2) (Var typ — Vera) 


Here v,) and aq) are the relative velocity and acceleration in 
a noninertial reference frame, and v(4) and a) are the transport veloc- 
ity and acceleration of a given point of this reference frame. 


Even in the absence of external forces and heat fluxes (Q, = 
dg) = 0), Eqs. (3.3.2) and (3.3.3.) are not of the divergence 
type, and at e?< 1 they differ from the divergence equations (3.2.11) 
and (3.2.12) by terms of the order of e*. This can be explained by the 
fact that in going over from Eqs. (3.2.16) and (3.2.17) written in the 
proper reference frame to their counterpart in an arbitrary inertial 
reference frame of the observer we use the Galilean transformation. 
It is also an indication that the Galilean transformation gives an 
inaccurate description of the physical space-time. 

The above reasoning concerning the model of a perfectly elastic 
body can be generalized to arbitrary models, since in their very essence 
physical laws formulated in the proper reference frame _ reflect 
the internal processes inherent in particles of a continuous medium. 
These laws are independent of the arbitrary choice of the observer’s 
reference frame and may be studied in both special relativity and 
Newtonian mechanics. To obtain the respective laws in the (arbitra- 
ry) fixed reference frame of the observer, we need only solve the appro- 
priate navigational problem and employ certain assumptions about 
space and time (e.g. in special relativity we must use the Lorentz 
transformation and in Newtonian mechanics the Galilean). 


(3.3.16) 


Jk 
a 


3.4 IRREVERSIBLE PROCESSES 


We now consider irreversible processes associated with the irreversi- 
ble effects of heat conductivity, viscosity and plasticity, and also with 
the presence of internal degrees of freedom characterized by addition- 
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al parameters A (these are included in the arguments of the expres- 
sion for the internal energy). We fix the function U and the func- 
tional 6W* in the following manner: 


U =U (S, Vigs POs BA, Viz Ko), (3.4.1) 
SW* = (1/c) (oT 6S —- Q,dz' +t, ,y'da? — M 64 — Ry) dV, 
Va 
(3.4.2) 


Here ip? (&*) are the components of the spatial symmetric metric ten- 
sor in the (imagined) unloaded state of an individual particle with 
Lagrangian coordinates €*. These components may vary depending 
on €*, satisfy the following relationships 


nip P) =uipP)=0, yp = y(* = 0, ye = yi) =(); (3.4.3) 


and determine the value of dl in a state corresponding to total un- 
loading of an individual infinitesimal particle of the medium: 


Al)? — yo) de de -= ye) det dei = y) dat da’, (3.4.4) 


Generally speaking, the components iP) are the sought varied func- 
tions of &*. For a perfectly elastic body, in which all deformation pro- 
cesses are reversible by definition, these components are known func- 
tions of the Lagrangian coordinates E* and do not change along the 


world lines of the medium. Then we can consider the iP? to be unvar- 
ied functions of the type K» (&~), and the common notation is 6?) a 
Vis: ~d A A 
The components 1;;, “4, and R” have been introduced into (3.4.2) 

to account for irreversible processes, and without loss of generality 
we may assume that 

RG= Ri, Ru, = Ru, =0. (3.4.5) 
Indeed, if we allow for the symmetry of the components yp) and for 
(3.4.3), where the latter implies that 

uSy(P) == w7dy\P) = 0, (3.4.6) 
then we can always transform the last term in the integrand in (3.4.2) 


in such a way that the coefficients Ri satisfy conditions (3.4.5). 
When the function U and the functional 6W* are given by (3.4.1) 
and (3.4.2), the variational equation (3.1.5) leads to the following 
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expression for 65W: 


6W = (A/c) \ 7, ,xini dd, (3.4.7) 
OV +E, 

where 

Ti;=9(c?+T0) wily — Piy—Tiys (3.4.8) 


and the Euler equations ® 

vV;li=Q:;, OjOS=T, 

—p (AU /0y®) yep) = RY, —p U/dpA= My. 
To complete the set of equations (3.4.5) and (3.4.9) we need only 

provide the laws determining the quantities Q;, ti7, Ma, and RY, 

To this end we consider the entropy balance equation and the expres- 

sion for the dissipation functional, using in this connection the theo- 

retical hypotheses that are generalizations of the hypotheses used in 

the thermodynamics of irreversible processes [6]. 


Multiplying the first equation in (3.4.9) into u* and allowing for 
the other equations, we obtain 


pf (dS /dt) = ¢ (V jt) u; +-cQui + M4 (dpA dt) + RY (dy@)/dr). 
(3.4.10) 


(3.4.9) 


If O;u* = O and the processes are reversible (ti = u,= dy? dt = 
0), then (3.4.10) reflects the fact that all processes are adiabatic. If 
the processes are reversible but dQ@) 4 0, then Q,u' is also nonzero, 
with 

cQ jut = dQ)/dt. (3.4.11) 


This may be the case when there is an influx of energy to a perfectly 
elastic body. For one, such an influx may be due to absorption by the 
body of the electromagnetic energy of radiation which then turns into 
heat inside the body; whence the relationship at dQ) 40. In 
this connection we must note that the effect of the radiation on the 
body is connected with the 4-vector force Q;9', whose work deter- 
mines in this model the heat influx. 

We will restrict our discussion to models in which the components 
I; of the energy-momentum tensor are symmetric. Then from the 
definition (3.4.8) of these components and the fact that the p;,; are 
symmetric (see their definition in (3.2.5)) it follows that the compo- 


6 Here the relationship (3.4.6) is accounted for by Lagrange’s meth- 
es a multipliers, after determining which we arrive at the third equation in 
4.9). 
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nents Ty must also be symmetric. We fix them in the form 
t= tH — (A/e)gOu®, tu; = tu) = 0, 

, < * (3.4.12) 
uiq’ = 0, tt = 4, 


where t” are the components of the four-dimensional viscous stress 
tensor, and gt the components of the heat flux 4-vector. 
We can now easily write Eq. (3.4.10) in the form 


qs __ a2 S ays i . 
p dt = 7 de ara - = Vy (+ + cQju' +o, 

dys : 4 ii 
aria Vy (cui) (3.4.13) 


It can be shown that if we allow for conditions (3.4.3) and (3.4.12) 
and the fact that Ean = Eos = Q, yi = Q0, and W, = 0, with w; = 


_— 


uly ju; the components of the 4-vector acceleration of the continu- 
ous medium, then the three first terms in the second equation in 
ee can be transformed in the eis way: 


A 


ay > (vil — Tw) =a T2 — (vig T+: Tw,) = an — (4p Vil & Tw als 


— (4/2) tis (1/2) 15 ayy THI dey TB deg 
T Vir ge ge oe Og: Sg ge ge 8 
Ais ay\P AaB ay} 
T at—i‘(‘i‘é‘ TE dt 


After this the expression for the dissipation function in (3.4.13) 
assumes the form 


AaB dé Rob dy) oo, gh 
©. gsT + Tw) -+ te Sh 4 A ta 1 Aa Ma (8.4.44) 


To fix the generalized fluxes qe! T?, qb/T, ReB/T, and M,/T in 
the case where they are functions of the generalized forces 


6,.= piv T+Tw., déap/dt, dy ®/dt, dyA/dr, (3.4.15) 
we may take the following generalized laws [6]: 
(1/T?) q% = 4, (00/00,,), %°8/T = Ag [00/0 (dégg/dt)}, 


‘ A : (3.4.16) 
R/T — Ag (00/0 (dy®)/dt)],  M4/T = 4, [40/0 (dpA/dc)]. 


412 L. T. Chernyi 


Here o is a given function of the generalized forces (3.4.15), while 
the multipliers 41, 45, 43, and A, are defined in such a way that the 
relationship (3.4.14) for o is satisfied identically. 

If no irreversible crossed processes exist, then 


© = 6, (8g) + 62 (dég9/dt) + 05 (dyR/dt) + o4 (dpA/dt) 


and the multipliers A,, ..., 44 are determined from the following 
conditions: 


6, =) (00,/00,) 64, 2 —= Ay [09/0 (déqg/dt)] (dég9/dt), 

63 = hs [405/0 (dy2)/dt)] (dy2)/dt), (3.4.47) 
A al 

5, = 44 [004/0 (dus /de)] (dp'4/dr), 


In a medium with linear heat conductivity and viscosity, the func- 

tions o, and o, are quadratic functions of their arguments (with A, = 

dX, = 1/2). But to describe irreversible effects of plastic deforma- 
B 


tions, 6; must be a homogeneous function of degree 1 in dy) /dt 
(with A, = 1) (see [6]). 

Employing the fact that the components q', t”, and R” of the velo- 
city 4-vector are orthogonal, we can easily write the first three rela- 
tionships (3.4.16) in four-dimensional form: 


(1/7?) gi = —Ayyi, (00/06,) = — Ayy' (00/06),), 
TIT = Agyt ph [00/0 (deqp/dt)] = dey’ (00/denr) (3.4.18) 
RY/T = Api ys [00/0 (dy™/dt)] = (1/2) Agyiyi (80/de(P)). 


Here Cnr and e\” are the components of the four-dimensional tensors 
of the rates of total and residual (plastic) deformations: 


Cnr = den, /dt = (4/2) (Bpar!dt) = — (1/2) PVG yous, 


; a (3.4.19) 
e(?) — (4/2) (dy(”)/dr). 


If we write the second and third equations in (3.4.18) (i, 7 = 1, 2, 3) 


in the proper reference frame, after we exclude the R¥ via the third 
equation in (3.4.9) these equations coincide with the laws of viscosi- 
ty and plasticity in Newtonian mechanics in the absence of crossed 
effects [6]. If we turn to the first equation in (3.4.18), we see that in 
the proper reference frame it differs from the law of heat conduction 
of Newtonian mechanics because the expression for 9* contains the 
term Pwg = — (1/c*)T (dvz/0t) caused by relativistic effects; in the 
case of a medium with linear heat conductivity the equation as- 
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sumes the form 


g*8 = — ube [psT + (T/c*) (dvg/dt*)I, (3.4.20) 


where «8* are the components of the three-dimensional heat conduc- 
tivity tensor.? Hence, if we go over to Newtonian mechanics and by 
applying the Galilean transformation write Eqs. (3.4.18) for arbitrary 


reference frame of the observer with the R¥” excluded via the third 
equation in (3.4.9) (note that Eqs. (3.4.18) must be written in the 
proper reference frame), we arrive at the common laws for viscosity 
and plasticity [6] and the following law of heat conductivity (for a me- 
dium with linear heat conductivity): 


ge = —x8@ [VT + (T/c2)(dv,/dt)], 


= as e (3.4.21) 
wba — %*V6 (0x8/0x**) (Ox%/Ox*>),_ 

The presence of irreversible processes leads also to new terms in 
the energy and momentum equations, which are obtained from the 
energy-momentum relativistic equation when we go over to Newto- 
nian mechanics. To do this we must substitute the expressions for 


the components Ts into the first equation in (3.4.9) and write this 
equation for the proper reference frame, allowing for the fact that 


(3.4.12) and (3.1.3) yield 
Tas = — (8/e)tag, Trg = (V%VB/e*)tTe 9, 91 = — (UBle)qg. (3.4.22) 


As a result, the first equation in (3.4.9) at i = a and i = 4 takes 
the form 


(o (1 -- U/c?) hig — (A/c?) (pop+ tap)] (Ov*®/0t*) + (hap/c) (Aq**/at*) 


= 9"? (pig -~ tp) — (héyle?) gy iu"® + henQ™, (3.4.23) 
o (0U/at*) + (2g*%/c*) (dvg/dt*) 
= (pt, + t%_) yrbute — page + cQ%. (3.4.24) 


If we consider Eqs. (3.4.23) and (3.4.24) within the scope of Newto- 
nian mechanics as the energy and momentum equations for a continu- 
ous medium with complex properties written for the proper reference 
frame and use the Galilean transformation when going over to an 
arbitrary inertial reference frame of the observer, we arrive at the 


: At i = 4 (or j = 4) and in the proper reference frame, Eqs. (3.4.18) 


become, after we exclude the Rti via the third equation in (3.4.9), trivial identi- 
ties of the type 0 = 0. 


8—0714 


114 L. T. Chernyi 


following equations, which are invariant under such transformations: 


B h 7 B 

~ dp 4 ~ wy ax on dv ap dq 

73 ary | ( Uhap — Pap Tap) dt c2 dt | 

=y" (Pas 43) — a g’*V gv») +Q,; (3.4.25) 
~d pv. xy, vot Pe ~ dv ap dg 

ps; (=-+ O) +- =| (pOhup— Pos —Tas) dt a 2 dt 


~ Ob d _/~ ~ ~ ~ 
4 BE Bie 55 1(pub 4 Z08) 04 —H 


= + gy _v®) +020, + cQ*. (3.4.26) 


The terms proportional to c-? that enter these equations describe 
internal relativistic effects, not connected with the motion of the 
continuous medium in relation to the observer with velocities close to 
that of light, and can be considered in the framework of Newtonian 
mechanics. If these terms can be neglected (which depends on the 
particular problem), Eqs. (3.4.25) and (3.4.26) coincide with the 
common equations for momentum and energy that allow for irrevers- 
ible processes of viscosity and heat conduction. 


3.0 CONCLUSION 


The various macroscopic effects of special relativity, which 
disappear as c > oo, can be divided into two types. 

First, there are the relativistic effects observed in the proper refe- 
rence frame, with respect to which a point in the continuous medium 
is at rest at the given moment of time. Such effects do not exist for 
dust, for example. Second, there are the relativistic effects of special! 
relativity due to the transition from the proper reference frame at 
each point of the medium to the observer’s reference frame, which is 
the same for aJl points. These effects are associated with navigational 
calculations. We will call the effects of the first type, which have 
a thermodynamic nature, proper effects, and the effects of the second 
type, connected with employing the Lorentz transofrmation instead 
of Galilean, navigational effects. Proper relativistic effects, just as 
quantum efffects in some cases (e.g. ferromagnetism), manifest them- 
selves only through their dependence on the parameters of the 
Lagrangian and the functional 6W* in proper reference frames and 
can be described in the framework of Newtonian mechanics. The 
equations of Newtonian mechanics that allow only for proper relati- 
vistic effects in local, proper reference frames coincide with the equa- 
tions of relativistic mechanics, also written for proper reference frames. 
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The corresponding global equations of Newtonian mechanics can 
be obtained from the equations in proper reference frames by navi- 
gational conversion to global inertial reference frames associated with 
the observer via the Galilean transformation formulas, while to 
obtain relativistic equations that allow for all the relativistic 
effects we must use the Lorentz transformation. The equations of 
Newtonian mechanics derived in the above-discussed manner differ 
from the usual nonrelativistic equations for corresponding models of 
continuous media by terms proportional toc~*. These additional terms 
generally have different orders depending on the order of the 
acceleration and other quantities of a thermodynamic nature (see 
Eqs. (3.3.2), (3.3.3), (3.4.25), and (3.4.26)). 


REFERENCES 


Sedov, Usp. Mat. Nauk 20, 125 (1965). 

| Sedov, Prikl. Mat. Mekh. 32, 771 (1968). 

. Sedov, this issue, p. 43. 

: Sedov, Prikl. Mat. Mekh. 41, 971 (1977). 

. Sedov, Prikl. Mat. Mekh. 42, 175 (1978). 

. 1. Sedov, Mechanics of Continuous Media, 2 Vols., 3rd. ed., Nauka, Mos- 
cow (1976) fin Russian]. 


e e 
ean he eee ae Ben 


L 
L 
LL. 
L. 
'L. 
L 


he ell 


4 Models of Ferromagnetic Continuous 
Media with Magnetic Hysteresis 


| Pe ae Cherny, Cand.Sc. (Physics and Mathematics) 


Institute of Mechanics, M. V. Lomonosov Moscow State 
University 


INTRODUCTION 


At present magnetic materials (magnetics) whose magne- 
tization is nonzero are finding an ever growing field of applications 
(1, 2]. Experience shows that if we place a magnetic in an exter- 
nal magnetic field, its magnetization and stressed state generally 
change, and so does the magnetic field. Among the magnetics that 
are most strongly magnetizable and interact with the magnetic field 
are the ferromagnets; of the chemical elements at room temperature 
only iron, cobalt, nickel, and gadolinium are ferromagnets, while 
at very low temperatures terbium, dysprosium, holmium, erbium, 
and thulium are added. However, the number of ferromagnets is very 
great since they include alloys of the above nine elements and also 
alloys of any of these elements and a nonferrous element. Besides, 
there are ferromagnets that are alloys of nonferrous elements. For 
each ferromagnet there exists a certain critical temperature 7, 
known as the Curie point. Above this temperature the ferromagnet 
exhibits none of its specifically ferromagnetic properties. For the 
most common ferromagnets the Curie point lies between 10? and 
10 degrees Celsius, e.g. for iron 7,= 768 °C, for cobalt T,= 1120 °C, 
and for nickel 7,.= 308 °C. In considering ferromagnetic media we 
will keep to the temperature range lying below the Curie point and 
will not study phenomena occurring at temperatures near the Curie 
point. “a 

The intensity of magnetization at each point of the magnetic is 
characterized by the vector of the magnetic moment per unit volume 
of the substance, or simply magnetization, M. An important proper- 
ty of all ferromagnets is the existence of magnetic saturation, which 
means that the modulus M of the magnetization vector after attain- 
ing a certain value MM, remains practically the same under a furth- 
er increase in the magnetic field strength H. It is essential that ferro- 
magnets exhibit no one-to-one dependence between M and H (for 
constant strains and temperatures), since for a given value of H we 
may have different values of M (M < M,) at a given point depending 
on the previous magnetic history of this point, i.e. the magnetic 
field at that point in the past. This feature is well confirmed by 
the magnetic hysteresis of ferromagnets and the possibility of residual 
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magnetization M*=--0 and H=0. A ferromagnetic body not 
magnetized to saturation consists of tiny regions of spontaneous 
magnetization known as ferromagnetic domains. In each domain 
the magnetization is equal to M,, the saturation magnetization. 
But the individual magnetization vectors in various domains point 
in different directions, as a result of which the net magnetization may 
have a smaller (or even zero) value. The spontaneous magnetization 
of a domain depends on the temperature, and as this grows, M, 
diminishes and vanishes at the Curie point. Ferromagnetic domains 
have linear dimensions of about 10-7-10-5 m, which is no greater in 
order of magnitude, than the size of crystallites (i.e. individual crys- 
tals) in a polycrystalline ferromagnet. Here we consider only cases 
where the characteristic linear dimensions in a specific problem are 
much greater than the sizes of crystallites and ferromagnetic do- 
mains. This enables us to consider polycrystalline ferromagnetic 
bodies as continuous media and assume that in a physically small 
region there are still many crystallites and domains. 

The process of magnetization or remagnetization does not always 
proceed smoothly. It may occur by a succession of small jumps in 
the magnetization (the Barkhausen effect). This is caused by sudden 
remagnetization of some ferromagnetic domains in the substance or 
their parts. Usually this unevenness is not seen on the magnetiza- 
tion curve, since each jump is small and their number is great. The 
average volume remagnetized in each jump is, in order of magnitude, 
equal to the average volume of several domains. From the viewpoint 
of continuous media, we can take the change in magnetization in 
each jump to he infinitely small since by assumption in a physically 
smal] volume of a medium there is still a large number of domains. 
For this reason the process of magnetization of a ferromagnet in an 
infinitely slowly varying magnetic field is considered as a smooth 
and infinitely slow process of magnetization variation. As the reader 
must know, acyclic remagnetization of a ferromagnet is accompanied 
by irreversible heat liberation even if the variations of H and M are 
infinitely small, provided that over a cycle the maximal value of H 
exceeds a certain value y and magnetic hysteresis is present. Con- 
sequently, such a magnetization process can be considered from the 
macroscopical viewpoint as an irreversible process that proceeds 
infinitely slowly. Note that plastic deformation of a ferromagnet 
also constitutes an irreversible process, which may proceed arbitra- 
rily slowly [4]. 

In an external magnetic field ferromagnets not only magnetize 
and become a source of magnetic field but may deform. The size of 
such magnetostrictive deformations, which appear in a free ferromag- 
netic body, may differ considerably depending on ferromagnetic 
material, temperature, magnetic field strength, and other factors and 
can be as high as 10-4, while for rare-earth ferromagnets in very strong 
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magnetic fields they can be as high as 10~°. For solids this is quite 
a large deformation. Ferromagnets may also exhibit a phenomenon 
that is the converse of magnetostriction —a change in a ferromagnetic 
body’s magnetization when the body is under stress. A nonuniformly 
magnetized ferromagnetic body or one whose surface is fixed by this 
or that means cannot, generally speaking, deform when magnetized 
so as to be free from internal stresses. For this reason, considerable 
stresses may appear in a body under magnetization. Internal stres- 
ses and plastic deformations in ferromagnetic bodies also influence 
the magnetization. process. 

A great number of studies have been devoted to ferromagnets, both 
because of purely scientific interest and because of the important 
practical applications that ferromagnetic materials find in science 
and technology. A great body of experimental data, the microscopic 
theory of magnetization, magnetic hysteresis, magnetostriction, and 
other properties of ferromagnets, and a large bibliography are con- 
tained in [2-5]. The interrelationship between the magnetic and me- 
chanical properties of ferromagnets becomes increasingly important 
when magnetostriction is considerable since in this case the magneti; 
fields may cause considerable internal stresses, and the deformations 
may lead to variations in magnetization. Phenomenological models 
of magnetizable bodies (without hysteresis) allowing for both mechan- 
ical and magnetic properties are studied in [5-11]. The present artic- 
le is devoted to building macroscopic models of ferromagnetic media 
with magnetic hysteresis. An essentially new feature here is the 
fact that the residual magnetization is taken as an additional deter- 
mining parameters, for which we develop a kinetic equation. We 
also evolve the phenomenological theory of magnetic hysteresis and 
gyromagnetic phenomena. Irreversible magnetostriction and the 
influence of internal stresses on the magnetization process are also 
studied for bodies with residual magnetization and plastic deforma- 
tions. The main relationships are derived from the basic variational 
equation of the mechanics of continuous media [12-14]. 


4.4 THE DETERMINING PARAMETERS 


Let us consider within the framework of Newtonian mechanics the 
motion of a continuous medium in relation to the observer’s reference 
frame with spatial coordinates z', a temporal coordinate t, basis 9;. 
and components g;; of the metric tensor 1. We also introduce a refer- 
ence frame comoving with the medium and having Lagrangian coor- 
dinates €*, temporal coordinate ¢, and basis 9, 2. The relation 


Ge se ee ee, 
7 Latin indices can take on any value 1, 2, or3 and are used to label 
components of tensors in the observer’s reference frame. 

2 Greek indices can take on any value 1, 2, or 3 and are used to label 
components of tensors in the comoving reference frame. 
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between these two reference frames is given by the law of motion [4] 


gh es go (Ee. 1). 


The basis vector 3, are related to the vectors 9; via an affine 
transformation (at each point): 


a x49: ae = dx’ /0E"; QD; = Es 9a: E,* = 0&" /Ox;, 


and the components of the metric tensor in the comoving system of 
coordinates are given by the formulas: 


Sap = ijt"? Be 


We denote the contravariant components of the vectors of unit 
mass magnetization and magnetic induction by p? and B’, respec- 
tively. We know that 8’ are represented thus: 


BY = eveBy; A Bs 


where e’“8 are the components of the Levi-Civita pseudotensor, V, 
the covariant derivative, and A, the components of the vector poten- 
tial. We define the components of the magnetic field strength thus: 


HY = BY — 4nop; 
1 
here 0 is the medium’s density, with p = p (| gag |/| Zag |)?, where 


0 and gq, are the medium’s density and the components of the 
metric tensor in the initial state. 

To allow for plastic deformations and residual magnetization we 
introduce the parameters gz, and w**. These acquire physical mean- 
ing if we visualize the following unloading process. We take an infi- 
nitely small particle with Lagrangian coordinates §¢, isolate it 
from the body, and in it reduce the magnetic field strength and inter- 
nal stress tensor to zero. In the process the particle is deformed, the 
basis vector J, transform to JZ, and the components gy. of the met- 
ric tensor become gig. The magnetization vector w%d, also changes 
and becomes w*40%. Next let us assume that the components ggg 
and w** depend only on coordinates €% and time ¢. The manifold with 
coordinates &*, metric tensor components gzZ,, and contravariant 
components u*@ of the magnetization vector is the natural generali- 
zation of the idea of the state of a medium without inlernal stresses, 
introduced in plasticity theory [15, 16]. In the manifold we may intro- 
duce connectedness and by this transform it into an affinely connect- 
ed manifold. Note that the curvature and torsion in this manifold 
are not zero, generally speaking, and the magnetic induction field 
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is not solenoidal. All this points to the fact that it is impossible to 
ensure complete unloading of a particle of finite size. 

We can associate the following physical parameters with gae 
and uw"; | 

(i) the reversible magnetization vector 


ey = B® — Bh, 
(ii) the reversible strain tensor 


ec = (1/2)(gap — Bap), 


and (iii) the residual strain tensor 


ex, = (1/2) (gts — Bas) 


(here he are the metric tensor components in the initial state). 

Besides magnetization and magnetic field, we must allow for 
electric polarization and electric field, generally speaking. But in 
strong magnetics the ratio of the electric field to the magnetic field 
and the ratio of the dielectric susceptibility to the magnetic suscep- 
tibility are usually small (less than 10~°). In what follows we will 
restrict ourselves to the quasi-stationary electromagnetic field appro- 
ximation, as is usually done in magnetohydrodynamics [17]. This 
enables us to assume that polarization and electric field strength do 
not enter the sect of determining parameters, while the magnetiza- 
tion, electric current, induction, and magnetic field strength are invari- 
ant under Galilean transformations [17]. 

If in addition we ignore chemical and phase transformations in 
magnetics and highly nonequilibrium processes in VHF fields (about 
10° Hz) (see [2, 3, 5]), then to build the model of a magneto-elasto- 
plastic body that allows for magnetic hysteresis it suffices to take 
the following set of determining parameters: 


Var Sap, OY, UY, Ven", BY, gap, pw, S, Kiba a: (4.4.1) 


Here v, are the linear velocity components of points in the medium, 
@? = (1/2)ev¢BY,v, the angular velocity components (introduced 
as a determining parameter to allow for gyromagnetic phenomena). 


S the entropy of unit mass of the medium, and A(})x”™,,, the set of 
tensor components that characterize the physical or geometric pro- 
perties of the medium in the initial state (Zap also belongs to 
Kb an). We assume, by definition, that (AK (BK an! At) .o.—const = 0 
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4.2 THE VARIATIONAL PRINCIPLE AND THE MAIN 
EQUATIONS 


In building models of continuous media it is expedient to start 
with the variational equation [12-14] 
ts 
§ \ \ Ap dV dt-+6W*+6W =0. (4.2.1) 
ti V 


Here A is the Lagrangian depending on the parameters in (4.1.1), V 
an arbitrary region that envelops the particle of the medium we 
are considering, and dV the volume element: 


dV =V [Bap | ab! de? 88 = VW] gy | dx! da? da’. 


The functional 6W*, which is introduced to allow for certain exter- 
nal influences and irreversible processes, is assumed given, while 
the functional 6W is found from (4.2.1) and is represented by an 
integral along the boundary of a four-dimensional region {V, ¢}, 
with OW being linear in the variations of the determining para- 
meters. 

The determining parameters (4.1.1), on which A depends, may be 
expressed in terms of functions z* (EY, t). u% (&Y, t), Ag (&Y, 2), 
S (&%, t), gég (SY, t), and p** (¢¥, t) and their derivatives with 
respect to position and time. The variations of these functions in 
(4.2.1) are assumed independent and are defined thus: 


Bah = x’* (E%, t)— a" (G%, 2), Sut— we BY, t)— pe (E", 2), 
6A, = Aa (&", t)— Ag (&"; 2), 

Sgip = gap (E’, t) — gan (EY, t), Sp**—= pt (8", t)— pt (G", 2), 
65 = S’ (&’, t) —S (&", t). 


Then for dug, 6849, Sw’, Sygu%, and 6B’ we have the following 
formulas: 


Su, =u'2",,. VOX; 4+ xt’ ,D5zx;; b gag = (4 r t's a x7 gx!) VrOz;, 

Bco¥ = (1/2) 18 d (yabz_)/dt | (yu — org?) yybzry, 

dy gu% = yadut + p’Vayyor%, SBY == ev4by 6A, — B’y 52%, 

where D = O/dt + v'y,, b2% = &,%52", ba, = x", bxz, and bx, = 
LnpOX". 


The components of the tensors A,g) are assumed to be known func- 
tions of &* and are thereby not varied. Noting that 6 (po dV) = 0, 
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for the first term in (4.2.1) we find 


: ca = aA/0S) 8S = 9 (6A/Su%) dye 
Py sere j J tor JaS) 8S + 9 (6A/6p%) dp 


+. (e%8Vy g0 0A/OB”) 8Ag + 9 (GA/Op**) Sy** + 9 (GA/OBa8) O8aB 

+-(WrT," —eDpx) 6x") dV dt + \ \ {p [0A/0 (Vpy%)] (p% + pYV yO") 
t = 

4+. e¥B29 (0A /OBY) 8Ay — T,,°52%} ng ad dt 


. te 
+[ J (op —1/2) evyppky) 804 dV + | (1/2) 2° pkySrany a | 
7 : (4.2.2) 


Llere 7, are the components of a unit vector normal to the surface p> 
that confine volume V, and we have introduced the following nota- 
tions: 


T* — Vy {9 [0/0 (Vop*)] g**p8} + (1/2) od (eVky) /dt 

4- peV8*- have - pkyw¥g%8 + p (QA/dB") BY gb — 20 (GA/08qg)—pu~p®, 

d/dt = (0/8t)a_consy» Hy =9A/O0", dA/bp% 

= 0A/du% — (1/0) V0 (OA/OVyp™), p= GA/dv,. (4.2.3) 
Let us define the functional 6W* thus: 


swe = || (pT6S + (1/c) 776A, — ph bu" — pRadp™ 
tv 


— (1/2) pR°*Sg%g—t,"V,62x") dV dt, (4.2.4) 


where T is the absolute temperature, j* the components of the electric 
current vector, tT,” the components of the viscous stress tensor, and 
h,, R,. and R*8 are generalized forces determining the irreversible 
effects of magnetization relaxation, magnetic hysteresis, and plastic 
deformation (c is the speed of light in vacuum). 

Assuming that the variations of variables on the surface of the 
four-dimensional region are zero (with 6W = O, by definition) and 
combining the variational equation (4.2.1) with (4.2.2)-(4.2.4), we 
arrive at the following equations: er 


AOS = T, dAldp* — (A/p) Vy (OA/OVy B®) = Ra, (4.2.5) 


—ePve 730 (AA/OBY) = (A/c) j*, oDp* = vy, (T** + +"), (4.2.6) 
ON/du*® = R,, 2 (@Aldgz,) = RB, (4.2.7) 
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Equations (4.2.5) define temperature and generalize the equations 
of state for the reversibie magnetization to the case of magnetization 
relaxation. Equations (4.2.6) are the Maxwell equations for the 
magnetic field and the momentum equations. Finally, Eqs. (4.2.7) 
serve to determine the residual magnetization and residual defor- 
mations (strains) and witl be studied in Sec. 4.3. 

If we introduce variations that are not zero on the boundary, we 
arrive at a formula for dW: 


aw = — | | {0 [9A/0 (von”)] (Sn? + pV, 82%) 
tox 
+ evben (AA/OB’) 8A, — (To? + 1°) 52%} ng dd dt 
—| \ [op% — (1/2) eVP*Vepk,] dz, dV — \ (1/2) evP*ok, dr, ng dd | 
Vv 


lt 
ti 
x 
(4.2.8) 


Fixing the value of dW on the boundary of the four-dimensional 


region {V, t}, we obtain the boundary conditions on 2 and the con- 
dlitions at ¢, and f,: 


0 [0A/0 (Van) ] mp = Ma, pev8* (GA/OBY) ng=N", 

(Ta) na=T, on 2; 

pp% — (1/2) eve“yaoky =Jf at t=, 

pp* — (1/2) evbyapk,=J, at t=tg; (4.2.9) 
(1/2) ev8epk,ng=Q; on 2X at t=, 

(1/2) evPpk.ng=—Q, on X at t=?p. 

By means of the variational equation (4.2.1) we may also study 
the conditions at discontinuities [13, 14]. 

Equation (4.2.1) enables obtaining the energy equation. To this 
end we choose the independent variations in the following form: 
bck = vt 6, bn% = (du/dt) 6g, 5Ag = (€Aq/dt) dq, 

Su** = (du*4/dt) dg, Ogig = (dgégidt) dg, OS = (dS/dt) og. 
Here 6g is an arbitrary constant, and d/dé stands for a time derivative 
with the &% kept constant. Substituting these variations into Eq. 


(4.2.1) and taking into account the variation (4.2.8) and the fact 
that Eq. (4.2.1) is valid for any volume V and any 4 and t,, we obtain 
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the energy equation 


fot pay yA) ( ON aut ony ue | 

5 (P%Vq, = kyo’ — A) Vp (P avant L de BV 

; OA aA ap , dS 
-- eVBap va —[T°" + 18] or as 

1, aA ' 1 ap cee dys ale. = 
—+ je the 4 pn, AH + + oR? 8 + oR, “FMV pa = 0, 


which is a corollary of Eqs. (4.2.3) and (4.2.5)-(4.2.7). 
By employing the identity 


(1/c) j* dA, /dt = —j*E, — j*yap’ = —Jj*Es 

— Va [ce*Brp (OA/0BY) 9 aq], 

in which 

Ey == 2*y (Ex + (te) eniv'B’), Ex = —(1'c) (Ax/0t) — Vn, 
g’ = g — (L/c) v"A,, 


and £, and y are the electric field components and the electric poten- 
tial in the observer’s reference frame. we can transform the energy 
equation to the following form: 


d as t a ay ’ : OA du : aly | 
Os (pg, + Kyo” — A) + Vp (esa a Ve 
d 
— cePav Esp — {T*? 4 728] v, )— —pL = 
os que du** nap 1 88ap , 
Eee Qa ia ia gee BI ag ge te Beg 


Now, to proceed with the building of models, we must introduce 
assumptions concerning the heat influx and the energy density of the 
continuous medium and the magnetic field. We assume that 


Vag? = —pl (dS/dt) + jE, + ph, (du%/dt) 
-- (f 2) oR (deg, dt) — pRg (du*% dt) + HBV ate. (4.2.10) 
= 9 (p%v_ + kaw% — A), : (4.2.11) 


where g* are the components of the heat flux vector, and ¢ is the 
energy body density of the continuous medium and the magnetic 
field. Equation (4. 2.10) can be thought of as the entropy halance 
equation, while Eq. (4.2.11) establishes a relationship between the 
total energy density and the Lagrangian. 
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The variational equation (4.2.1) can also be used to obtain equa- 
tions that can be thought of as the equations for angular momentum. 
To this end we take the following independent variations: 


6z* = e*  r'6q?, du% = 6A, = Su** = be%, = 6S = 0. 


Here 7'0; = r (z*) is the radius vector of a point with coordinates x* 
in the observer’s reference frame, and 6g’3; = S@ is an arbitrary 
constant vector. Substituting these variations into Eq. (4.2.1) and 
allowing for (4.2.4) and (4.2.8) and the fact that Eq. (4.2.1) is valid 
for any volume JV and any values of ¢t, and t,, we obtain the equations 


pD (eijx7?p® + ki) + Vp (0ec;*w? [0A/0 (y pu%)) x5EF 

— e;r7 [TH + tl) — e:nt!* = 0, (4.2.12) 
which can be considered as the equations for angular momentum and 
are a corollary of Eqs. (4.2.3) and (4.2.6). From (4.2.12) it follows 
that the vector with components AY can be taken as the intrinsic 
angular momentum density vector. It is usually assumed that in 


magnetics the intrinsic angular momentum is related to magnetiza- 
tion thus (see [2, 5}): 


kv = Te, (4.2.13) 
where ['%, are the components of a tensor that belongs to the set K,,). 


Taking into account the equation of state k, = 0A/dw’, we find 
that 


A = Pgpto, -- Ap Was Sap: W% Vall’, BY, gap, wee, S). (4.2.14) 
Next, by definition we may put 

Ay = (1/2) 1%, — U/(8np)] H*H, —u (Bap, UX, Vall, Sass 

u*e, S, Kip). (4.2.15) 


Using Eq. (4.2.11), we obtain the usual formula for the total 
energy density of the continuous medium and the magnetic field [5, 6]: 


€ = (1/2) pv, + (1/(8n)] H*H, + pu, (4.2.16) 


which clarifies the physical meaning of u and A. If instead of (4.2.15) 
we postulate (4.2.16) and that p, = Vg, then we can obtain (4.2.15) 
from (4.2.11) and (4.2.14). 
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Equations (4.2.5), (4.2.6), (4.2.7) and (4.2.3) and the energy 
equation via substitution of the expression for A take the form 


oulaS = T, Teo, + Hy, — du/dy% + (1/0) y yp [du/a(y yp)! 


= (4.2.17) 
curl H = (4n/c) j%, oDv' = vy, (T’* + 1"), (4.2.18) 
—duldu*® = Ry, —2 (duldgis) = R8, (4.2.19) 


T°? — 20 (dU/08ap) — Vy [p Ou/0 (Vy) Br uP] 
— pH%ub + (1/2) pH pier? + pkyorer 
aa + 0 < eVbof, + oe VB*k ya v% — 9 (k*o8 + k* wo) 


ial (AB  —— a (4.2.20) 
a i Av a 
0 Lae (=e BR’ atl 5 ave ae a aT V2U | 
— [T° 4 7X] va + 9") 2), (4.2.24) 


To these we must add the following equations: 
divB =0, curl E = —(1/c) (0B/0t), (4.2.22) 


which are satisfied identically if B and E are expressed in terms of 
the potentials A and @. 


4.3 A PHENOMENOLOGICAL THEORY 
OF IRREVERSIBLE PROCESSES 


We can transform the entropy balance equation (4.2.10) to the form 
T [p aS/dt 4+- vy, (A/T) q*] = 0, + Oo, (4.3.1) 
where 
o, = oR, du*¢/dt + pRB dexs/dt, 
Op = (A/T) g* Val + j*Eg + TP Wave + pha du/dt. 
Let us denote the entropy increment at the expense of internal 
irreversible processes by d;S and assume that 
oTdS =odt, o=0,4+ 05. : (4.3.2) 
The quantity o, characterizes irreversible effects associated with 


plastic deformations and magnetic hysteresis, while o, is associated 
with heat conduction, electric conduction, magnetization relaxation, 
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and viscous dissipation. According to the second law of thermo- 
dynamics, the dissipation function o is always nonnegative. 

In the thermodynamics of irreversible processes one usually as- 
sumes that the dissipation function depends on the thermodynamic 
fluxes [1, 18, 19]. We will therefore assume that o depends on the 
thermodynamic fluxes 


du*%/dt, degg/dt, Val, Ea, Vata: du~/dt, 


the determining parameters (4.1.1), and some additional parameters 
%s that are given functionals of the collection of quantities (4.1.1). 

We set the dependence of o on its arguments and, following the 
general theory of irreversible processes [1, 18, 19], assume that the 
generalized forces 


pRo, pR*P, —(1/T) ge, j%, 8, phe 
are given by the equalities 


i. 00 ap 00 


1 do baie. do 
Pp P= Rae ] ~ V2 oR? (4.3.3) 
00 00 
ae ier (Vgva) ’ pla = Ve @ (du%/dt) ” 


which are simply a generalization of the Onsager principle. In 
(4.3.3) the derivatives are calculated with the parameters in (4.1.1) 
and y, kept constant, while the factors y, and y. are fixed so that 
the following equation is satisfied: 
G = ly + Yolo, 

where 

du* do dex do 

rT, = ———____, +—4 __ 7 , 

dé 9 (du*® /dt) dt a (de* gidt) 


d0 , 00 do du 60 
= eens Lew enny re Ue ess a a Nl ee 
P.= Val O(VaT) Be GE; T Vela O(Vpva) | dt A (du%/dt) ° 


Let us study a class of models in which the thermodynamic fluxes 
du*“/dt and dexe/dt enter only into o,, while V.7, Ea. Vela, and 
du“/dt enter only into o,; both o, and o, are nonnegative. In this 
case the factors y, and y, are determined from the formulas o, = 
yil; and o, = Pol’s. 

As the main assumption for building models of plastic media with 
magnetic hysteresis we take the following idea: the entropy incre- 
ment due to changes in residual deformations and residual magneliza- 
tion depends solely on the increments of the two and not on the 
rates at which these increments occur. This assumption agrees well 
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with the fact that even arbitrarily slow processes of plastic defor- 
mation and remagnetization in a body with magnetic hysteresis are 
irreversible. For o, in this case we must take a homogeneous function 
of degree 1 (y, = 1) in du*%/dé and de%p/dt. Then, combining (4.3.3) 
with (4.3.2), we find that 


—_ | 5p ___201_ 4.3.4 
d (du*~/dt) » pF 0 (deva/at) * (4.3.4) 

We know [1] that if the dissipation function is a homogeneous 
function of degree 1 with respect to thermodynamic fluxes, the 
generalized Onsager principle implies the existence of a loading 
function for the generalized forces and the associative law for the 
thermodynamic fluxes. Hence, the tensor components R, and R%®, 
defined by (4.3.4), in the space of variables {R,, RP} lie on the 
surfaces 


fr (Ra, RB, y) =O (k=1,..., ), (4.3.5) 


which may be called loading surfaces, while for du*@/dt and degp/dt 
we have the associated law : 
N 


N 
dp* = >) dhn(Ofn/OR,), dextp= >) dhy (Of,/OR™). (4.3.6) 
1 k=1 


k= 


ok, = 


Here ddA, are factors that should be determined with the help of 
(4.3.5) and the fact that o, is nonnegative, with dA, = 0 at f, «0. 
We note also that the loading function /, may depend on the deter- 
mining parameters (4.1.1). 

If the region G in the space of variables {R,, R%*} is confined by 
the loading surfaces, is nonconcave, and contains the origin of coor- 
dinates, then from (4.3.6) follows the Mises maximum principle 
for magneto-plastic media: 


RB dega + Ra du** > R'°8 dedg + Ro dy, 


where R’“® and R; are any values of R*8 and R, in G. 
In what follows the functions f,; are chosen so that displacements 
in G correspond to the following inequalities 


fr =0, (0f,/0R,) dR, + (Af,/de8 RB) dRB < 0. 


Then 0, >0O implies dA, > 0. 

In considering irreversible effects related to heat conduction, elec- 
tric conduction, magnetization relaxation, and viscous dissipation, 
we will assume [18] that o, is a quadratic form (y, = 1/2) in the 
thermodynamic fluxes Vol, Ea, Vala, and du¥/dt, with the coef- 
ficients of this form, generally speaking, depending on the deter- 
mining parameters (4.1.1). Then (4.3.3) implies that the generalized 
forces —q%/T, j*, t~8, and oh, are linear functions of the above- 
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mentioned thermodynamic fluxes, and the matrix built on the coef- 
ficients of this linear function is symmetric. 

But, as we also know [18], if there is a magnetic field and magnetiza- 
tion, the matrix built on the coefficients of the linear dependence 
of the generalized forces on the thermodynamic fluxes is generally 
not symmetric. This matrix may obviously be represented by the 
sum of a symmetric matrix coinciding with the matrix built on the 
coefficients of the quadratic form o, and a skew-symmetric matrix 
that must be defined by an additional condition. Hence, Eqs. (4.3.3) 
for —q%/T, j~, t®, and ok, can be generalized in the following way: 


do V.. 4 ‘ 00 “ 
er T=RMaN.7 TI” ]*=Y%e2 on? Soy os 
a — een ees f — ee ce ae a 
. Ye 9 (Vara) TT Pla = Ve 0 (du /dt) a Ala 


Here —q’@/T, j’%, t’“8, and pho are linear functions of the thermo- 
dynamic fluxes y,7. Fx, Vala, and du*/dt. The matrix of the coef- 
ficients of this linear law is skew-symmetric and for this reason 


(A/T) 9% Val + f*Ey + Vgvq + pha dp*/dt = 0, 


which shows that the additional terms in (4.3.7) contribute nothing 
to the dissipation function Oy. 

Equations (4.3.7) enables us to obtain the Fourier heat equation, 
Ohm’s law, the Navier-Stokes equation, and the magnetization 
relaxation equations and to account for various crossed phenomena 
and effects associated with the influence of the magnetic field on heat 
conduction, electric conduction, viscous dissipation, and magnetiza- 
tion relaxation. These include the thermomagnetic and galvano- 
magnetic effects, which reveal themselves in ferromagnets in a special 
way (see [3]), e.g. exhibit hysteresis effects. Such anomalous pro- 
perties of strong magnetics are taken into account in (4.3.7), since 
the coefficients in the linear dependence of the generalized forces on 
thermodynamic fluxes may depend not only on the magnetic field 
strength but on the size of the residual magnetization, which is 
determined by the magnetic history of the body. 

If we do not allow for crossed effects, then the following is true: 


6, = xy TV _T + pL ER AV uaV yet Yap (du%/dt) (dp8/dt), 
OB = Boa o«B — Ba, 4, %Bv6 _ 4, Vou 


> Yap = Vaas 
—(1/T) q/% = uy aT, j= p'BEB, 1B = PMO Dg, (4.3.8) 
ohé = Yap dp8/dt, x’%B = —y'Ba, p/aB — — p’Ba,, 
4 7eBvS __ ee Ls Yop = — Ybor 


9—0714 


130 L. T. Chernyi 


In this case the additional terms in Eqs. (4.3.7) allow for the 
Hall and Leduc-Righi effects and the effect of the magnetic field 
and magnetization on the viscous stress tensor and the magnetiza- 
tion relaxation process. Substituting (4.3.8) into (4.3.7), we get the 
Fourier heat equation, Ohm’s law, the Navier-Stokes equation, and 
the magnetization relaxation equations: 


— (1/7) g% = (x78 4- 2/28) YgT, 7% = (p*P + 9’) Ep, (4.3.9) 
728 = (AXPVE 1 A/9P%) Os, Ohta = (Pap + Yap) dy8/dt. a 


Let us assume that the matrix || qg’% || is the inverse of the matrix 
llyoes + Yop || and g = yeMBon, + rie, with rit = 7e4. If we 
allow for (4.2.17), the magnetization relaxation equations take the 
form 


dp%/dt = ye*P\usoh,, + r**ohy, (4.3.10) 
hy =TKoq + Hy, — du/op* + (1/p) Ye 4/9 (Yop). _ 


These relationships can be considered as a generalization of the 
Landau equations (see [5]) to the case of an accelerated stressed me- 
dium. If we allow for crossed effects, we can write Eqs. (4.3.10) thus: 


due jdt = (ye Mag + r@) (phy + any pla + by Ep + c.8yp7), 
where y, r%*, a%P, 6,8, and c,® are; phenomenological coefficients 
that may depend on the determining parameters (4.1.1). 

The above theory was developed for an accelerated anisotropic 


medium with finite strains. The relationships simplify if we assume 
that the medium is isotropic and the strains small. 


4A SOME COROLLARIES OF THE GENERAL THEORY 


4.4.1. Irreversible Magnetostriction. We know (e.g. see [3]) that 
when magnetized, magnetics deform, i.e. magnetostriction occurs. 
In strong magnetics, in addition, the residual deformations also 
change [3]. We will call the changes in {3 and Exp due to magnetiza- 
tion the reversible and irreversible magnetostrictions. The latter, 
as a rule, is much larger than the former and plays the main role. 
Hence, a change in p** is generally accompanied by a change in 
€%p, and vice versa. 

Let us study these phenomena by applying the theory we have just 
developed. Suppose that wu does not depend on the magnetization 
gradients, while t*® — 0 and h, = 0. Then without loss of generali- 


ty we can put u=wu(S, w*Y, eg, ple, eg, Kip). Using Eqs. 
(4.2.17), (4.2.19), and (4.2.20), the definitions for ef}, exe, ue, 
and w*Y, and neglecting gyromagnetic effects (which are usually 
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H,, = du/dpte), T°? = pp+b + (4/4n) [H°H® — (4/2) H?H,g*8), 
R, =H, —du/dp**, R= pb — dau/dex,, 


where p%6 = du/de“%3. 

Instead of uw we introduce the ruueten F =u —TS and assume 
that F = Fy (T, exp, w*”) + Fy (7, e&, pte), while the loading 
functions 7 depend only on R28, R,, ede, w*?, T, ys, and Kia). 
In this case we have 


R*? — px8— aF,/de%g, p%8 = OF ,/de%, 
Ry =Hy— dF /Op*Y, Hy = OF Opp, 


and can put f, = f, (p™®, Hy, egg, w*?, xs, 7). Then we can write 
the law (4.3.6) in the following form: 


N N 
dex, = 2 di, (Ofn/Op%*), du*? = 2 dh, (Ofx/0H,), (4.4.4) 
k= = 


where dA; > O at f, = 0 and dA, = O at f, #0. 

Suppose that as egg and w*Y change, f, = O for only one value 
of k, i.e. k = v, and the increments dy, are linear functions of degg 
and du*? via the equalities dy, = A%Bdedg + Avs)» dw*Y, where 
A*® and A,s)y are known functions of the determining parameters 
(4.1.1) and the y,. Then Eqs. (4.4.1) and the condition d/, = 0 yield 
that at dA, > 0 


di... = ry a fy, where d’f, = (df,/Op%8) dp%b 
+ (0f,/0H y) dH, + (0f,/0T) af, (4.4.2) 


with the factor r, expressed in terms of A%® and A:,), and partial 
derivatives of f, and depending on the y, and the determining para- 
meters. 

Substituting the expressions for dd, into Eqs. (4.4.1) and bearing 
in mind that dA, = 0 at kv, we obtain 


det, =r, 2h (dp + sh — dy + yar), 


F,] aB F) 76 
du* im rn dpe + dH, sy. aT — 
 — Vv = 


This beatles that when eg and p*v change with 7 kept con- 
stant and ony one loading function is zero, 
| dex. ) —— 
: (aH, diy I ph, Teconst, da, >0 dp*® / Hy, T=const, diy>0’ 


' (4.4.4) 


: O* 
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where dex,/dH, and du**/dp“8 stand for the ratios of infinitesimal 
increments of the respective quantities. 

Equations (4.4.4) establish the relationship between irreversible 
magnetostriction and the variation in residual magnetization under 
internal stresses. These irreversible phenomena constitute crossed 
effects, which cannot be described within the scope of Onsager’s 
linear theory. In deriving Eqs. (4.4.4) we used ideas of nonlinear 
thermodynamics of irreversible processes, which were first for- 
mulated in plasticity theory, but in fact have a broader thermody- 
namic nature [1, 19]. 

We also note that 


p*8 = OF /0#, Hy=OF,/dpy,,, d (Fy — pele) — Ho?) pconst 
= — Ee") d p&B — Ly.) dl, 


imply that 
(e) 
(Fi) pcan = (a) 
OHy 16%, T=const ap%B / H,, T=const’ 


which establish the relationship between magnetostriction and 
variations in magnetization due to internal stresses in reversible 
processes [3]. 

Let us assume that (4.4.2) also hold for the case where several 
functions f, vanish when égg and u*? change. Then Eqs. (4.4.3) 
remain valid if we assume that in them we sum over all indices v 
for which /, = 0. Equations (4.4.4) are then valid for those increments 
dp“® and dH. for which the factors di, with the same value of v 
are positive on both sides of these equations. If r,, > 0, the following 
inequality follows from Eqs. (4.4.2) and (4.4.3) with 7 kept con- 
stant: 


dp8 dex,-+- dH, du*? = >) ry (d' fy)? >0, 
Vv 


which is a generalization of a similar inequality in plasticity theory. 

Let us study the relationship between the residual deformations 
and common plastic deformations. Suppose that a fraction of the 
loading functions /, depends on R*® and R, only through the sum 
N, = R, + 20 e96,R%Pu*®, where the coefficients [g95, are sym- 
metric in 6 and y and belong to K, gy, while the rest of the loading 
pone vion: f, do not depend on R,. Then the law (4.3.6) takes the 
orm 


du*v = Di dd, (Of p/ONy), dexg = di dg (Af/AR™) +d (Papeyp*°p*¥). 
p q 
. (4.4.5) 
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In this case we may assume that the residual deformations consist 
of magnetostriction deformations due to residual magnetization 
and to common plastic deformations. But there is no way in which 
we can do a similar decomposition for an arbitrary dependence of the 
Tr on AaB and gre 

4.4.2, Typical Magnetic Hysteresis Loops. In strong magnetics 
we can observe magnetic hysteresis phenomena in which the form 
of the hysteresis loop strongly depends on internal stresses [3]. Let 


Fig. 4.4. 


us study these phenomena by applying the above theory. We take 
a process in which a long cylindrical sample of a magnetoelastic 
material is remagnetized and stretched or compressed by a uniform 
external magnetic field directed along the cylinder’s axis and by 
external forces applied at its faces. Assuming the deformations to be 
small, we can write the equation for the increment of the residual 
magnetization in the form 


du* = da (Of/0H), f=f(p, H, e*, w*, xX, T), 
di >0 at f=0, d‘1=0 at f#0, 

where e* is the residual elongation along the cylinder’s axis (the 
x! axis), p the component p!! of the normal stress on the cross-sectional 


area perpendicular to the cylinder’s axis, w* the size of the residual 
magnetization directed along the xz! axis, and H the magnetic field 


strength. 
Let us assume that the loading function has the form 


f= —9 (yy —¥. et 


Solving Eq. (4.4.6) together withT(4.4.7), we obtain the magnetiza- 
tion diagram, which in Fig. 4.1} is depicted by solid curves. Curves 


(4.4.6) 
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AA’ and BB’ reflect the dependence H = @ (u*) + x, and the dashed 
curve the dependence H = g (u*). The parameter x in this case is 
the coercive force. 

The remagnetization process occurs in this way only if the sample 
was previously magnetized to the saturated state [3]. If this con- 
dition is not met, the remagnetization diagram has a more complex 
appearance, since if the residual magnetization exceeds a certain 
critical value, y may begin changing. But if the sample was previous- 


Fig. 4.2 


ly magnetized up to saturation, this critical value is simply the 
saturation magnetization, and the coercive force remains constant. 
To formulate the law that governs the behavior of y, let us consider 
a typical idealized magnetization diagram of a sample that prior 
to the experiment was demagnetized by heating above the Curie 
point and then cooling outside the magnetic field. The diagram is 
depicted in Fig. 4.2. 

The variation of w* under the action of a magnetic field whose 
absolute strength grows monotonically starting from zero is depicted 
by the initial magnetization curve (straight line b’a’Oab) with the 
equation H = qu*. Suppose that the process of initial magnetization 
terminated at point a on the straight line a’Oa. Then, when sub- 
sequently the magnetic field strength changes to —H, and from 
—H, to +H,, we obtain the remagnetization curve aca’c’a, which 
follows from the theory we have developed if the loading function 
has the form f/ = (H — ku*)? —y?, where k =cota and y = 
(q —k) wa. But if we have reached point a or a’ on the hyste- 
resis loop aca’c'a and the absolute value of the magnetic strength 
is again growing, the variation in w* is represented by a section 
of the initial magnetization curve emerging from point a or a’. 
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In the process the coercive force y grows in such a way that the 
condition 7 = 0, the one condition for u* to change, is retained. 
When subsequently the magnetic field strength changes to —H, and 
from —H, to +H,; the resulting remagnetization curve is bdb‘a’b. 
Points a and a’ are the points of intersection of the initial magnetiza- 
tion curve with straight lines ac’ and a’c. Therefore, at these points 
f(qu*, w*, x) = (qu* —ku*)? — y? = 0. From the magnetization 
diagram shown in Fig. 4.2. It follows that this condition remains 
valid when y changes. 

Let us now formulate the law of variation of y. Suppose that 
f (H, w*, x) is the loading function, and H = % (u*) is the equation 
of the initial magnetization curve. We assume, by definition, that 


dy =O at F=f (yp (u*), w*, x) #9, (4.4.8) 
ay AO at F=f (p (u*), w*, x) =9, 


if this is compatible with the conditions that dF = 0 and dA > O; 
otherwise dy — 0 when F is zero, as well. If f == (H — ku*)* — ¥? 


Fig. 4.3 


and ap (u*) = qu* with q >> &k, from (4.4.6) and (4.4.8) there follows 
the magnetization diagram depicted in Fig. 4.2. Atk = O the hystere- 
sis loops in Fig. 4.2 have the shape of rectangles. 

Solving Eqs. (4.4.6) and (4.4.8) for the case where the loading 
function is given by (4.4.7) and the initial magnetization curve by 
the equation H = @ (u*) -- qu*, we arrive at a magnetization 
diagram depicted in Fig. 4.3. The lines aa’, bb’, AA’, and BB’ 
represent the function H = @ (u*) + yx for different values of y, 
and the dashed line and line aOb’ the functions H = @ (u*) and 


H = qg (p*) + qu*, respectively. 
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Since the reversible magnetization pe) depends on H, we can 
easily obtain diagrams representing the variation of the total magne- 
tization under the action of a magnetic field. Obviously, we also 
obtain hysteresis loops in this case. . 

In the general three-dimensional case, for each loading function 
f, we can introduce a parameter y,. If the loading function and the 
equations of the initial loading curve have the form 


Tr = th (RB, ftps ExB) wey, 1e Ys) Rob — yor (Ey, wy, Lr), 
Ry = py (aa, p*?, TL), 
then by definition we assume that 


ay», =(Q at F, (€o.B, Ur, [, Xs) ria 0, 4.9 
dy, #~O at Fy, (exp, w*v, T, Xs) = 9, a 


if this is compatible with the conditions that dF; = 0 and da, > 0; 
otherwise dy, =Q0 when F,=—0O as well. Here Fy = 
fr (Dap (ea, w*’, T), pa (ess, w*Y, T), €38, w*?, T, x). The para- 
meters y, do not exhaust the entire collection of parameters y,. 
For instance, the y, may include y, and y, whose increments are given 
thus: dy, = R, du** and dy, = R= degp. 

Let us now study the effect of elastic stresses on the magnetization 
of the cylinder. We assume that the loading function is f/f = 
{(H + 2au*p, u*, e*, x). Then from Eqs. (4.4.5) we find that 
e* = au** -+ const, while the condition f = 0 for the lateral sides 
of the hysteresis loop yields equations of the type 


H = 1,2 (e*, w*, x) — 2apy*. 


This implies that in materials with positive magnetostriction 
(a > 0) that is a quadratic function of the residual magnetization, 
elastic stretching (p > 0) must lead to a steeper hysteresis loop, and 
elastic compression (p <0) to a flatter loop. In materials with 
negative magnetostriction (a <Q) this pattern is reversed. This 
relationship between the sign of the magnetostriction effect and 
the influence of the type of elastic stresses on the shape of the hyste- 
resis loop has been observed in experiment [3]. Plastic deformation 
also has a marked effect on the magnetization process [3]. For this 
reason it is highly important that the loading functions have among 
their arguments e%, that characterize irreversible magnetization. 

4.4.3. Gyromagnetic Effects. Let us consider :the: main gyro- 
magnetic phenomena. From Eqs. (4.2.17) it follows that in its 
influence on magnetization, rotation is equivalent to the action of 
an additional magnetic field of strength I'Y,w.. For this reason 
rotating a body outside a magnetic field leads to magnetization (the 
Barnett effect). 
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If tv’? = 1, Eqs. (4.2.12) and the boundary conditions (4.2.9) 
lead to the following relationship: 


d 
= \ (etBrr ay, -—- hk“) 9,0dV + \ e*BY (ugM.,—rely) Ig dd =0, 

V >» 
(4.4.10) 


which can be taken as the angular momentum equation. Suppose 
that the boundary conditions (4.2.9) are such that the surface integral 
in (4.4.10) yields zero. Then 


\ (e¢BYr.v, +k") Igo dV = const. 
Vv 


According to Eq. (4.2.13), k¥ = I%,u%. Hence, if we magnetize 
a body consisting of a ferromagnetic material in the absence of 
external torques or force couples, the body acquires a rotation (the 
Einstein-de Haas effect). 


4.5 EXAMPLES OF MODELS OF MAGNETIZABLE MEDIA 


4.5.1. The Model of Magnetoelastic Body. Here by definition we 
assume that 


gin= Bop (E%), eXp=0, wt? =0, ega=(1/2) (Gap—Bas)s 

pA = (1/2) pv*v, — (1/8m) H"H, — pu (S, &ag, WY, Kcpy)s 

éw* = \ \ [oT SS + (A/c) j*6A,, — oh, Su% —t,%y,Sx"] dV dt. 
t V 


In this case o, = 0 and the quantities ggg are no longer unknown 
and belong to the set K,,). The complete set of equations consists of 


oujoS=T, H,— du/dp%=h,, 

pDv' =y,(T** +t"), curl *H= (4/c) j*, (4.5.4) 
curl *E= —(1/c) 0B’ /dt, divB=0, 

the kinetic equations (4.3.9), and the energy equation (4.2.21), 
instead of which we may take the entropy balance equation (4.3.1). 
According to (4.2.20), 

T°? — 9 Ou/O€ypg + (1/40) [H*H” — (1/2) HY Hg?) (4.5.2) 


If instead of uw we introduce the function uw’ = u + 2rpuru,, 
Eqs. (4.2.16) for the total energy density € and (4.0.2) for the 
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components 7*6 can be transformed into 
€ = (1/2) ovv, + pu’ + (1/8m) H,,B% — (4/2) pp,.B", 
T°® — [p (du! /0€q8) + (1/2) ppyB’ge® — pB™ uP] 
+ (4/40) (H*B® — (1/2) H”Byg**). 
These formulas coincide with the expressions for € and 7%* obtained 
by Sedov [6]. 

When u = wu (S, 0, w%, K:g)), the model can be taken as a gene- 
ralization of a model used in magnetohydrodynamics that allows 
for the fluid’s magnetization. 


4.5.2. The Model of a Magnetoelastic Body with Plastic Defor- 
mations and Magnetic Hysteresis. Here 


pA = (1/2) putv, — (1/8n) H’H,— pu (S, tap, tap» BY, B*Y, Ais), 
exp = (1/2) (8ap—2aa)s 


we — \ | [pT8S+ (1/c) j*6Ag— phadl 
tv 
—1,"y 62% — oR, 6u** — oR” Sek, dV dt. 

The complete set of equations consists of Eqs. (4.5.1), (4.9.2), 
the kinetic equations (5.3.9), the energy equation (4.2.21) or the 
entropy balance equation (4.3.1), and the following equation for 
determining egg and p*y%: 


N 


N 
deig= >: dh, (0f,/OR™),  dy*¥=)>) da, (Afa/ORy), 
k=l k=1 


Re si 0u/Oeag, Ry = u/dn*Y, 


where dA; > 0 at f, = 0 and da, = O at f, #0. 

We must also fix the loading functions f, = f, (R%®, Ry, cde, 
u*”, T, x,) and give equations for determining the y,. One way to 
do this is to write 


fp =KapyoR?R” — Ky (x, T), dyy= B® dese, 


fo=K (Ra +20 svyap*VR™) (Rp + 2 evygu* IR”) 
—K, (X25 Lr). 


Here y, is a parameter related to the initial maSnetization curve, 
which is given by the equations R*® = 0 and R, = qu, and the 
increments dy, are determined via (4.4.9) with k = 2. The coefficients 
Kapys, K%®, Pagyy, and q belong to the set K; xg) and the functions 
K, (y1, T) and Kz, (y¥2, T) are considered known. 


(4.5.3) 


4. Models of Ferromagnetic Continuous Media 139 


Press us define the body and surface density of the “magnetic charge” 
us: 


02m) = (1/40) VoH*,  O(my = (1/4) n; (Hi — Hi), 


where n is the unit vector normal to the discontinuity surface of 
the magnetic field strength and directed from side 2 of this surface 
to side 1. Then the total magnetic charge of any body is identically 
zero, and the momentum equation can be written as 


pDv" = Vr [p (0u/Geqg) zaxp +t""] + fim), 
fim) = Vr (1/40) H*H? — (4/80) HH ,e**] (4.5.4) 
= 02(myH* + (L/c) e*?9j ,Hy. 


For zm) we have 


= { 6] ———— 
2(m) = era le = “gEe (OV [gal ~) 


PV lgasl 
a 1 Oo ° "9 
= Sr (0 V jéa6| ¥”), 
oV izast % 


which implies that the magnetic charge of an individual particle 
in the medium can change only when it reaches the loading surface 
in the space of variables {R“®, R,}, if we, = 0 and pY = p*?, 

If we take into account the definition of reversible magnetization, 
We can assume without loss of generality that u = u (S, Egg, cap, 


en u*V, Kc zy). Then the Euler variational equations for wY and 
u** become 


H, — du/dpley = hy, He — du/dp** — hy = Ry. 


For a medium in which reversible magnetization is zero, i.e. We) = 0, 
the main equations simplify since in this case p** = py. If, in addi- 
tion, the hysteresis loop is a rectangle, then du/Ou** = O and, hence, 
u=u(S, Eg, €ap. Kg). Then the components of the tensor 
0 (du/de_,) coincide with the components of the internal stress 
tensor for the usual elastoplastic medium. 

4.5.3. The Model of a Magnetoelastic Body with Plastic Deforma- 
tions, Magnetic Hysteresis, Gyromagnetic Effects, and the Magnetic 
Inhomogeneity Energy. In this case the Lagrangian and d6W* are 
given by (4.2.15), (4.2.14), and (4.2.4). 

The complete set of equations consists of Eqs. (4.2.17)-(4.2.22), 
the kinetic equation (4.3.9), and the law (4.3.6), while instead of the 
energy equation (4.2.21) we may take the entropy balance equation. 
Besides, we must fix the dependence of the loading functions of 
their arguments and the law of variation of the parameters X,. 
This can be done via Eqs. (4.0.3). 


ok. 
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The relations obtained above simplify and become linear if we 
assume that gradients of the displacement and magnetization vec- 
tors are small. 
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5 Magnetizable and Polarizable Media 
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INTRODUCTION 


In this article we consider models of magnetizable and 
polarizable media with a microstructure determined by the Cosserat 
continuum within the framework of Newtonian mechanics. The 
Newtonian theory of models of magnetizable and polarizable media 
based on an energy equation and irreversible thermodynamics was 
developed by Sedov [1]. Models of magnetizable and polarizable 
media with a microstructure related to the Cosserat continuum have 
been studied, for instance, in [2-4]. 


2.1 THE DETERMINING PARAMETERS 
OF MAGNETIZABLE AND POLARIZABLE MEDIA 
WITH MICROSTRUCTURE 


We define the law of motion of a continuous medium in terms of 


functions 
xe = xX (EB, 2), (5.1.1) 


where z® are the variables of the observer’s Cartesian system of 
coordinates with a basis 9, in three-dimensiona! Euclidean spacet, 
EB the variables of a Lagrangian system of coordinates with a basis 


do (comoving system connected with the medium), and ¢ the absolute 
time. From the physics of the problem it follows that the functions 
(5.4.1) are one-to-one functions and can be solved for &°: 


GP as GP (x, 2). (5.1.2) 
By means of a comoving system of coordinates we can introduce 


the velocity vector v of individual points in the medium. In the 
observer’s system of coordinate, this vector has components 


ve — dx%/dt, (5.4.3) 


with d/dt the symbol for a material time derivative with variables 
Ea kept constant. We will also need the vorticity vector w%J, and 


1 It is understood that Greek indices can take on any value 1, 2, 3. 
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the rate-of-strain tensor ¢,g9%98 with components defined by the 
following relationships: 


@ag = (1/2) (0g¥— + Apva), O% = (1/2) curl@ vy, (5.4.4) 


where 0, = 0/0x*. . . 
We assume that g,, are the covariant components of the metric 
tensor for the three-dimensional space in the observer’s coordinate 


system and that Buy the covariant components of the metric tensor 


in the comoving coordinate system. The components 8. and gSyy 
are linked by the tensor transformation law: 


Zu ae x 2820p (5.1.0) 


with x*, = 02%/0&" the distortion. The strain tensor of the medium 
is determined in the comoving coordinate system by the components 


euy = (1/2) (uy — Burd: (5.1.6) 


Here Lavy = Ziv (€1, £2, £3) are the components of the metric tensor 
for the space of initial states defined on the manifold {&*}. We can 
also define the mass density of the medium, p, in terms of the metric 


tensor components 8, ,: 


p= pie", (5.1.7) 


where 0) = ~, (E%) is a given function, and g = det || uy |. 
The definition (5.1.7) shows that the mass density of the medium 
satisfies the continuity equation: 


do/dt + p divv = 0. (5.1.8) 


We will describe the electromagnetic field in the medium by the 
electric field strength E and the magnetic induction B, which in 
the observer’s inertial frame of reference are given by the components 
E, and B,. These components can be expressed in terms of the vector 
and scalar potentials thus: 


B, = curl,A, Ey, = —d,9 — (1/c) 0A/dt, (5.1.9) 


where c is the speed of light in vacuum, and 0/dt the symbol of a par- 
tial derivative with respect to time ¢ with the variables z* kept 
constant. 

Besides the observer's Cartesian inertial reference frame we in- 
troduce for each point of the medium at each moment of time an 
inertial (“proper”) rest reference frame. In such a reference frame 
the velocity of the point is zero and the axes are directed along those 
of the observer's frame of reference. In the rest frame we define the 
magnetization and electric polarization of a medium by the vector m, 
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which is the specific density of the intrinsic magnetic moment of the 
medium, and vector p, which is the specific density of the intrinsic 
electric moment of the medium. 

To describe magnetization and polarization of a medium in an 
arbitrary inertial reference frame connected with the observer. we 
can introduce various vectors linked to m and p. The corresponding 
possible definitions are based on the relativistic theory of electro- 
magnetism. In the relativistic theory of magnetizable and polariz- 
able media, if we wish to stay within the framework of special rela- 
tivity, we can introduce the four-dimensional tensor of specific 
density of the medium’s magnetization and polarization, which in 
an inertial Cartesian reference frame is defined by its components 
m?. The spatial and temporal components of this tensor form 3-vec- 


tors with components m, and p®, which can be used as the Newtonian 
characteristics of magnetization and polarization of a medium in 
the observer’s coordinate system. 


Note that the 3-vectors with components mg and p%, which to- 
gether constitute the four-dimensional tensor with components m”, 
depend to a great extent on the observer’s inertial reference frame 
and, therefore, their physical meaning is strongly restricted [5]. 
However, as we can easily verify, the 3-vectors m = m%J, and 


p = p“d,. defined by means of the vectors m = m°9, and p = p*Dg 
in the following manner: 


m = m-t (t/c) [v, pl, p = p — (A/c) lv, ml, (5.1.10) 


within the nonrelativistic approximation (in the given case to 
within terms (v/c)?) are invariant with respect to the choice of the 
Cartesian inertial reference frame of the observer. In this connection 
it is more preferable from the standpoint of physics to use the 3-vec- 
tors m and p as the determining parameters for magnetizable and 


ad 


polarizable media rather than m and p. 
In what follows we will consider models of continuous media with 

a microstructure determined at each point by an orthonormal! basis 

e, (a = 1, 2, 3) related to the basis 9, in the following manner: 

Da = hea, Ca = N%a9e- (5.4 11) 
Since both sets of basis vectors are orthonormal, the respective 

scale factors hp,* and h®*, form orthogonal matrices 

MW %_ ot = |] he WF, WP a? IP? = (a? II, (5.1.12) 

or 

54, p2*h®, = Sap, §°> ya AB, = 68, (5.4.13) 


where: 5,3, and 6¢° are Kronecker deltas. 
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In view of the orthogonality conditions (5.1.13), the scale factors 
h®, contain, in general, only three independent parameters, say the 
Euler angles defining the basis vectors e,. As the independent para- 
meters defining transformation (5.1.11), as shown in [2, 6], we may 
also take the components of the two-component spinor . 

In the general case, the basis vectors e, may depend on time ?, 
rotating about the fixed basis vectors 3,. Let us introduce the angu- 
lar velocity vector 2 of the e, by 


Q = 2°9, = 0%e,, (5.1.14) 
defined by the vector relationship 
de,/dt = [Q, e,]. (9.1.15) 


The components of the angular velocity, 2° and Q,, are expressed 
in terms of the scale factor h%, thus: 


Qe = —(4/2) 26, gh®, dhB/dt, (5.1.16) 
Qo = (1/2) ory a, 08, dh* ,/dt, 


where «°° and €g,, are totally antisymmetric symbols in three 
dimensions. 


Definitions (5.1.16) yield a formula for the time-derivative of the 
scale factors: 
dhe /dt = e%_, QBAA,, (5.1.17) 


The change in the orthonormal basis vectors e, resulting from 


moving from one point in space to another is determined by the 
Ricci rotation coefficients, i.e. 


de, = dz* A, ze", (5.1.18) 
which are expressed in terms of the scale factors thus: 
Aga = (1/2) 5x9 (h*, 0gh9, — h*, 0,h°,). (5.1.19) 


Along with the Ricci rotation coefficients Axw.ap We also use the 
quantity A,”, which is related to A, 4, thus: 


Re? (1/2) eo" Mo tes. Aevep = pha. (5.4.20) 
This enables us to define the tensor 

A = A,*dBe, = Aggd89%, (5.1.21) 

whose components are expressible in terms of the scale factors: 

Aga = (4/2) taam 5M, OghN,. = (5.1.22) 


Since the 12 quantities 2, and Ag, depend only on three inde- 
pendent arbitrary parameters contained in the scale factors h*,, it is 
clear that the Q, and Ag, are not independent: we can easily obtain 
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the various relationships. Indeed, it follows directly from definition 
(5.1.22) that always 


OgA Ba 0 pAea = EqtdAg A BN (5.1.23) 


vliich is equivalent to ine condition that the curvature tensor of the 
three-dimensional pliysion! space be equal to zero. The above identity 
contains no more than six independent identities. 

Howe take tne time derivatives of ihe Ag, defined in (5.1.22), 
aliowing for (.EL7), ve can tad aa identity that coanects the 
aneular velocity coup seats QO, with ihe tensor compeonsnts Age: 


~ 


dN gyldt — 6,24 = egt*Qy Ap — Ana pr. (5.4.24) 


Te Few 2 Beis 2s ea) velocity SE raison of tite basis 
vectors e, and the tensor A asiviing tue “Lurn” of the e, will be 
cadied., When usea in ohssical agpniications, the vector of intrinsic 


rotation and the tensor of intrinsic turns. 


2.2 DYNAMICAL EQUATIONS 


Let us write cut the s-t cr civerantial equaticns describing models 
of aagactizable and pelsci: able media vith microstructure [2, 4]. 
(i) The Maxwell equations: 


divB=0, curl E = —(1/c) dB/dt, 
curl H = (4/c) dD/ot + (An/c) i, div D = Ampeg. 


Here D = E — 4xap is the electric displacement, H = B — 4nom 
the magnetic field strength, 9 the mass density of the medium, o, the 
free charge deusity of the medium, and i the conduction current 
vector rot associated with the motion of the medium’s electric 
charge Oc. 


(5.2.4) 


(ii) The magnetization equations: 
OA 5 ONg os a 
Fre On GR i= LE. (5.2.2) 


Here 2% are the components of a vector, to be defined later, that 
determines magnetization relaxation processes in the medium, and 
A, is a given function of the following arguments?: 


BY —<[v, EJ" += ( 


x6, O Vas Mas OpMa, Pa» OsPay Qe, Apa: S, K 3, (5.2.3) 


The set of equations (5.2.2) has been obtained in [2, 4] via a varia- 
tional equation for the case where the velocity gradients d,v,, enter Ao through 


the vorticity components wg. The function Ag is a part of the Lagrangian A 
of the given model, i.e. 


A = (1/2) pv + (4/8) (E? — BY) -+ p (Bym® -+ Eqp®) + Ao. 
10—0714 


Ly) 
oat 
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where s is the specific entropy density, and the Kz are parameters 

given as functions of coordinates and determining the various phys- 

ical and geometric properties of the medium (e.g. its anisotropy). 
(iii) The polarization equations: 


a OA 
E* +41, BY +2 (fo, ) =O, (5.2.4) 


Here II% are the components of a vector, to be defined later, that 
determines polarization relaxation processes in the medium. 
(iv) Lhe moment of momentum equations: 


0 dk*/dt -+- AgD°B + e%, [(AAg/dQ,) Q% + (AAg/AA gy) A gH! 
= Re. (5.2.5) 


* 
Here R®@ is the relaxation term, k* the components of the tensor of 
the specific density of the intrinsic moment of momentum of the 
medium, and D«® the components of the couple stress tensor: 


a dA,/p ap OA ap 
ie SO, DP a A, (5.2.6) 


K 
The relaxation term R& and the part of the couple stress tensor 
defined by the components A“® are given on the basis of thermo- 
dynamic considerations. 
(v) Lhe momentum equation: 


0 £ (eocem/0) = OpPatm + Qa 

a = (B,0,H" — H*d,,B, + D,0,E” — E*A,D,) 

+ 7 EaBA 5 (E*m*— Bp) + eka 

+ eapn (i+ pev®) BY a te Hey) 


Here Q,, are the components of the external body force acting on the 
medium, go(m, the components of the body density of the momentum 
of the medium, and P,®,, the components of the stress tensor of the 
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medium: 


Biocttecy OAy B OAg 

Pom) = ba, % Hl Vis ddpPn OaP 
OA5 OAg ONg 
1 4 

+82 {—Ag+z em, (B*——ly, El) 

4 r 4 ry 4 - 

> PPr (z + IV, B) )\— 5 en®*Ry 

4 B 

2 p (mL? = me Ly, Ss Pall? — Pp IT.) al TB, 
OAg 


G0,v% ~ 


The tensor components t,% in (5.2.8) determine the viscous stress 
tensor of the medium. The contravariant components of the viscous 
stress tensor are symmetric, by definition: t%b=8@, 

(vi) The continuity equations for the mass density and electric charge 
density of the medium: 


(5.2.8) 


8a(m) = PVg, — On, 


0o/dt + divov = 0, 0p,/dt + div (pev + i) = 0. (5.2.9) 
(vii) The temperature equation: 
of + dA,/ds = 0. (5.2.10) 


(viii) The entropy balance equation: 
oT ds/dt = —d,q% + Begg — AWB 0,2, 
+ i (Eg + (1/c) Iv, Blp) — B® Qa — oa) 
+ oLe (dm,/dt — lo, mJ.) + plI% (dp,/dt — {w, pl,). (5.2.11) 


Here g® are the components of the heat flux vector. 
We define the inner entropy production d;s/dt by the equation 


p ds/dt = —T 0, (q8/T) + pe a,s/dt, (5.2.12) 

comparing Eqs. (5.2.12) and (5.2.11), we obtain 

of d;s/dt = —(q@/T) 0,T + Peg, — AWB 0,2, 

+ i (Ey + (A/c) [v, Blg) — R® (Q, — we) 

+ pL* (dm,/dt — [w, mJ.) + pll* (dp,/dt — [o, p),). (5.2.13) 
The quantities 

er, 8, AB, i, Re, Le, Ie, (5.2.44) 


10* 
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appearing in the expression for the Inner entropy production, are 
usually called thermodynamic fluxes, while the quantities 


1 
O21; CoB» 0,2. Ea +-—Iv, B}s; Q.— Was 


dm,/dit —[{o, ml,, dp,/dt — la, ple 


are called thermodynamic forces. 
In accordance with the seecnd law of thermodynamics, 


djs/dt > 0, (5.2.16) 
a condilion that restricts the possible definitions of the thermo- 
dynamie Jluxes listed in (5.2.1.4). To define these quantities and to 
satisfy (5.2.46), ono can emplcy the dissipation function, 
Obviously, if the thermodynamic fiuxes are given in the form 
of functions of thermodyauam’s forces and, sossibly, other determin- 
ing parameters of modium aud ioid, so is the quantity o = 0 d;s/dt: 
o=o0 d;s/dt = 0 (Cag, 0,T, OpQa, E 2 -{- (1/c) [v, Bl, 
| 
Q. — W,, dn,/dt — fo, ml,, dp,/dt — [o, pig). (5.2.17) 


In this case o is called the dissipation function. 

In many cases we can assume that thermodynamic fluxes are 
expressible in terms of the derivatives of the dissipation function 
with respect to thermodynamic forces, namely 


q% = h, 00/00,T, 8 = A, 00/deq., 

iB = 2, 00/0 (Eg + (A/c) [v, Blg), 

A®B = A, 00/00 Qa, (9.2.18) 
Re = 1, da/0 (Q, — wy). L& = he 00/8 (dm,/dt — lo, mq), 

I]@ = ), 00/0 (dp,/dt — [w, pl,), 


with 4,, ..., Az scalar functions of the determining parameters o 
medium and field. 

If the thermodynamic forces 0,7, egg, etc. in (5.2.13) are expres- 
sible in terms of the thermodynamic fluxes g%, t%®, etc., the dissi- 
pation function can be written in the form of a function of thermo- 
dynamic fluxes: 


o =o (q%, 18, 8, AB Re Ee To, |), (5.2.19) 
and instead of (5.2.18) we can write the following: 
OuT = py 00/0q%, Cag = We 00/d1%8, bs 

Eq + (Alc) [v, Blg = wz 00/0i%, 0,24 = py 0/GA®, 
QQ. — MW = Us a0/AR®, dm,/dt — {w, mJy = pe 00/0L%, 
dp,/dt — lo, ple = py do/dII@, 

with [tj, ..., U, scalar functions of the determining parameters. 


(5.2.15) 


(5.2.20) 
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We could also take the case where o is given as a function of part 
of the thermodynamic forces and part of the thermodynamic fluxes. 
Then to complete the set of equations we would have to take the 
respective parts of (5.2.18) and (5.2.20). 

If the dissipation function is quadratic, the thermodynamic 
fluxes and forces are linked via linear equations, which are commonly 
known as the Onsager relations. As applied to the theory under 
discussion we can write the Onsager relations in the simplest case as 
g% = —x=B O,T, TOR — 7aBrOe, 4 
1s LP = n~Bp (dm ,/dt — [o, m| B)s 
te 
nee = nBo (dp_/dt — lw, ple), Ate = —a%P 9,Q., 
iB —= of (F, +- (4/c) {v, B],). 


Here the factors x, t, J, n, a, m, 0, n, and r may be functions of the 
determining parameters of medium and field and are chosen in 
such a way as to satisfy condition (5.2.16). If the components me, 


(or 5%) in Eqs. (5.2.21) constitute a nonsingular matrix, then with- 
out restricting generality we can assume that ne = OB (or, respec- 
tively, 1% = 64). 

Note that we can write the expression for the inner entropy pro- 
duction, (5.2.13), in an equivalent form: 
oT d,s/dt = —(q%/T) 0,T + tbe, , — A%B 0,Q, 

* 

r iB (EZ, ar (1/c) [v, B] ) = ie ESBVD (mL, =F Pp, ll,)! 
X (Qe — a) + pL* (dm,/dt — [Q, ml,) 
+- pII@ (dp,/dt — [Q, pq). (5.2.22) 
If we take dm/dt — [Q, m] and dp/dt — [Q, p] as thermodynamic 
forces, then instead of (5.2.21) we can write the following Onsager 
relations: 


yd = “Bo (dm,/dt — [Q, mlx), nee = n%Bo (dp,/dt — [Q, P| nh 
R* — {om, Lit — [pp, TJ@ = —r%8 (Q, — we). (9.2.23) 


These are used in some theories of magnetizable liquids. 

The differential equations (5.2.1)-(5.2.41) and (5.2.18) together 
with the kinematic equations (5.1.23) and (5.1.24) generally form 
a closed set of equations describing models of magnetizable and 
polarizable media in an electromagnetic field. The physical concretiza- 
tion of a model is achieved by fixing the function A, and the relation- 


* 
ships defining the thermodynamic fluxes g%, t%®, A%B, iB, Re, Le, 
and II¢. For different functions A, and different relationships defin- 
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ing the thermodynamic fluxes, Eqs. (5.2.1)-(5.2.11) and (5.2.18) 
describe various models of elastic and liquid, perfect and viscous, 
magnetizable and polarizable media interacting with an electro- 
magnetic field. Some of these models are discussed below (see also 
{1-14]). 


o.3 RELAXATION MODELS OF MAGNETIZABLE 
AND POLARIZABLE MEDIA WITHOUT 


MICROSTRUCTURE 
Take the case where A, has the form? 
Ay = —0U m (2%g, Ma, Par 8 Kg) — Yem*a,, (5.3.1) 


; 5 
where y is a constant. Assuming that A@® and R%, quantities charac- 
terizing dissipation processes associated with the medium’s micro- 
structure, are zero and that the relaxation terms LZ” and II“ are given 
by the Onsager relations (5.2.21) at ls, = 1% = 6%, we arrive at a 


set of equations that determines a class of models of magnetizable 
and polarizable media and allows for relaxation of magnetization 
and polarization: 


Be — (1/c) [v, El = 0U,,/0mq + yo% + y%8p (dm ,/dt — [w, m].), 

Ex + (1/e) fv, B]* = 0U,,/dp, + n*8p (dp,/dt — [o, plg)s 

oT ds/dt = —0,9q% + p*n%8 (dm,/dt — [w, m],) 

x (dm,/dt — [m, ml) + p2n%8 (dp,/dt 

—[o, pla) (dpp/dt — lo, plg) + i8 (Eg + (t/c) [v, Bg), 

T = 6U,,/0s, Op/dt + div pv = 0, Op,/dt + div (o.v + i) = 0. 
To make the set of equations (5.3.2) complete, we must add to it 

the Maxwell equations (5.2.1) and the momentum equations (5.2.7), 


in which the components of the momentum density tensor and of the 
stress tensor of the medium are 


Ba(m) = Veg — (1/2) y curl,om, 
Pacn) = 0 (GT _/dx%,) 28, + (1/2) ye®om, 0,0, 
+ (1/2) 6& {om, (B*'— (1/c) [v, El) (5.3.3) 
+ pp, (E* + (A/c) [v, B]*)} 
+ (1/2) 9 (mgL® — mL, + pall? — pBII,) + 1.8. 
From the momentum density in (5.3.3) we see that if we allow for 


the gvromagnetic energy, the medium’s momentum density is deter- 
mined by the sum of the common term ov, associated with the 


(5.3.2) 


en The last term in Ao represents the gyromagnetic energy of the me- 
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medium’s macroscopic motion, and a term containing the curl of 
magnetization, —(1/2) ycurlom. The presence of an _ intrinsic 
momentum in the medium, —(1/2) y curl opm, is a characteristic 
feature of the class of models being considered and has no analog in 
classical models. 

If the z*, and K g enter U,, only through the mass density p, then 
Figs. (5.3.2) and (5.3.3) define models of magnetizable and polariz- 
able liquids. In this case the stress tensor components of the medium 
are 


Pach) = —pde + 148 + (1/2) pe®4om, Oavy 

+ (1/2) p (m_LP — mPL, + pall’— pPil,), (9.3.4) 

where 

p = 0? 0U,,/dp — (1/2) p {m, (B% — (1/c) Iv, El) 

+ Pe (E* + (A/c) [v, Bl*)}. (5.3.5) 
If we define U,, in (5.3.1) by a formula of the type 

oU m = pUg, + Ee M,M%+ et P,P*, (5.3.6) 


where U® (0, s), pw (9, s), and € (p, s) are given functions, M, = pm, 
the components of the body magnetization density vector of the 
medium, and P, = pp, the components of the body polarization 
density vector of the medium, then the equations for the medium 
magnetization and polarization in (5.3.2) become 

E* + A [y, Bl* = “2. p* + n# (pd (Pp/p)/dt —[o, Plp), 


e—1 


B* _+ Iv, Ee M® +- yoo® + y%8 (od (Ma/p)/dt (9.3.7) 
— [o, M]s). 


In this case, the pressure p in (95.3.4) is 


P=" ~%p anp | (u—1)2 dp MM 
| 1 ¢ a. eT “ 


if the 2%, and Kg enter //,, via the strain tensor components Ey, 
Eqs. (5.3.2) and (5.3.3) define models of clastic magnetizable and 
polarizable media. Here is an example of a closed set of equations 
describing elastic polarizable media in the electrostatic approxima- 
tion; we assume in this model that Ay = —oU yp (Ea, Pa, 8, Ka), 


where P. = 28,P, are the components of the body polarization 
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density vector calculated in the comoving reference frame. The 
set of equations is 


P dv_/dt a OpP aby a (1/2) (Py, Og,E* — E OaPr) =F Qas 
| a Or p 0U,,/0P » -|- IIe, 


curlE=0, div (E+ 4nP) = 0, 
pT = “= 0.9% + Begg + 11% (0 aa P.—[@, P],) + iP Eg, 
(5.3.9) 


T = 0U,,/0s, dpo/dt+-p div v=0, 
Pay by = p&% 180 (PaOU m/OPo + &4ndU m/ Eye) 
+. 68 [— (4/2) P,,E* + P,Il*]-+ 48 + (1/2) (PT? — PPI,). 


The relaxation term II* and the components i? of the conduction 
current vector are given in the simplest case by the following relation- 
ships: 


le = n%8 (p at Pg—[o, Pls), i®=oE,, (5.3.40) 


where n®® and o@® are fixed positive definite quadratic forms. The 
components t%® of the viscous stress tensor and the components q® 
of the heat flux vector may be determined via (5.2.21). 

The set of equations (5.3.9) is, in general, extremely complex, but 
for many practical purposes linearized equations are sufficient. 

Let us define the displacement vector u = u%0, of the points in 
the medium by the quantity u = r — ry, wherer is the radius vector 
of the points in the medium at a given moment of time, while ro 
is the radius vector of the points of the medium in the initial state. 
Moreover, we will assume that at the initial moment t = t, the 
Cartesian coordinate system of the observer coincides with the 
comoving system of coordinates. Let us consider the motion of a 
nonconducting medium in which the displacement vector gradients 
are small and the deviations of the components P*% of the polariza- 
tion vector, temperature 7, entropy s, density of the medium 9, 
and the components £% of the electric field vector from the equilib- 
rium (constant) values P%, 75, So, Po, and E% are small. We put 


P%& = PE + N%,° S=—S +5, P=— Pp + Pi, E* = EF + ec, 


where n™, s,, 0}, and e* are small quantities treated as first-order 
infinitesimals. We can easily see that to within first-order infinitesi- 
mals the following relations are valid: 


LX, = 0 + are Et, = Of — u%s, bap = (1/2) (Uap + Upe)s 
Po = Pa + PBuag + Mes 
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where u“, = du%/dx®. With this in mind, we can write the linearized 
equations (5.3.9) in the following form: 


curle=0, 0, (e + 4nn%) = 0, 

Ca — fob, 1 Cv, + fts, 4- n%B (dx ,/0t — [w, Pol, + P% d,v4), 
Po (LT — To) = Bugg + hs, + frsta, Pol'y Os,/0t = x28 0,07, 

Po Pur/dt? = Q% + Gg [AzBMu, 4 + Coby, + y%8s, + 1784OGe,9/OE 
+ 6¢BPRIT* + (1/2) (PelI8 — P8TIz)}, (5.3.11) 
0p,/dt + po divv = 0, Te = nB (dng/dt —[w, Polg + PR dv). 


The coefficients b, C, f, n, & and A in Eqs. (5.3.11) are expressed 
in terms of U,, in the following manner:] 


62 2 a2 doU 
po? — ( . pUm : pve ma ( pum 4. Pp UL 20am + §eh sie m ; 
2 2 
f* = ( eed neh (om cons go8 OU m 6?0Um 4 pe orem ; 
OP, ads * 9 de agds Os OP2 0 
k= (Se ), oat. (20m 5 pe Mom, ps_otplm 
: dbapderg dex,9 OP. d&ag OPQ 


“aPa db, O& 6B 
BA f OpUm a a apf 90Um 5% 00Um _ 
+ 6% | “Pon +P oa [e+ p* om) 
de, ae 08x69 dP» » 


Here the notation ( a means that the quantity inside the parentheses 
is calculated for the initial state. The stress tensor components to 
within first-order infinitesimals are 


Pob = Poh + AtbMOy,4 + Cobar, + y%Bs; + (1/2) (En, — Phe,) d08 
+. 7eB08 Ge,9/Ot + SaBPHIIA + (1/2) (P28 — PBI), 

where P&%8 are the stress tensor components in the initial state: 

peb = (B® dpUmlOPg + APU m/AEap)o + 8% [pUm — (1/2) P*E gly. 
The total tensor of strain is defined by components 


pat Pib+ a (Deze 58" "E,D* ) == Pap + z-(DpE— 58" ERD%) 


+o ee 

Here 

G@B = AGRA yy, 9+ FABA yy 1 XB 5, + 1B Ge, o/Ot+ S*PPRITA-+ (4/2) (PeTIB 
— PBII%), N*B=(1/4n) (E2584 DB et— 58 Dy e*), 6P=e8+ 4n xP. 
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Obviously, 0, N*8 = 0. We note that the tensor components 
tuve in Eqs. (5.3.11) are generally asymmetric in the indices U 
and v. For this reason the polarization equation in (5.3.11) links the 
components e® of the electric field vector not only with the strain 
tensor components &,3 = (Uag + Upa)/2, as in known linear theo- 
ries, but also with the components 0, = (1/2) curl,0 of the vector 
representing the rotation of the strain axes. In the case of axial 
symmetry (e.g. polarized ceramics), the coefficients b, f, n, ¢, and 
dW in Eqs. (5.3.44) may be defined via the following relationships: 
bob = by 808 + byntinb, fe = fn®, ye = 116% + nantn’, 

CoA = Cn&nbr> a Co5%8n oo C,0PAn™ = C,0°°n", 

4aRA0 — 1628640 + io (624688 -L § 28584) + 135%n8 28 

+ hg (6¢9nBn* + §ABnxn®) +. 1,68Onen* 

+ Ag (5% nkn® + 68nonB) + AgnenBbnhn®, 

where n® are the components of a unit vector directed along the 
anisotropy axis. Generally, these coefficients are interdependent. 


5.4 MODELS OF MAGNETIZABLE LIQUIDS WITH 
INTRINSIC MOMENT OF MOMENTUM 


Let us study the class of models of magnetizable liquids with in- 
trinsic angular momentum, a class determined by the function A, 


Ao = —oU,, (0, 8, Ma; Ca Bs K 3) + (1/g) om?Q, 
— yom@o, + (1/2) pIQ2, (5.4.4) 


with J, g, and y constants. We write the dynamical equations cor- 
responding to the function (5.4.1) assuming that II” is zero and 


taf, A%®, Re, and L* are defined in (5.2.21) with Is = 8%. 


4 aU 1 d 
BY ——ty, El => + yo" — OF + Bo (2 — Io, m]s | 9 


0 (4 m4 10%) — a9 (029,05) +4 [pm, O1°— —779 (Qo), 
T = 0U,,/0s, Op/dt + divpv = 0, dp-/dt + div i 4 i) = 0, 
oT ds/dt = —0 29% + TuBAGe Bex8 + q%BAe 0 p02 4, 0,05 

+ 06% (F, + (4/c) Iv, Ble) (2a +(1/c) Iv, B],) + 728 (Q, (5.4.2) 
— gq) (23 — 8g) + 9°'n* (dm,/dt — [w, ml.) (@ma/dt — [w, ml a)s 
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To make the set of equations (5.4.2) closed, we must add the 
Maxwell equations (5.2.1) and the momentum equations (5.2.7), 
in which the components of the momentum density vector and of 
the stress tensor are 


Bim) = ou% — (1/2) y curl* pm + 0, (09U p,/deq 8), 
P 8, = —poy, + (1/2) pe®™ om,dgv, — (QU m/d€ 52) OgVp 


+ 698 e,9 — (1/2) e,6*Ry (5.4.3) 
+ (1/2) p (m.L* — mBL,), 

where the pressure p is 

p = p° OU,,/d9 — (1/2) om, (B® — (1/c) Iv, E]@). (5.4.4) 


According to definitions (5.2.6), within the scope of Eqs. (95.4.2) 
the couple stress tensor is given only by its components A®®, while 
the intrinsic moment of momentum vector is given by the sum of 
a term proportional to the magnetization vector and a term pro- 
portional to the intrinsic rotation vector, i.e. 


ke = (1/g) me + [Qe (5.4.5) 


if 1/g is nonzero, the first equation in (5.4.2) enables us to drop 
the internal rotation vector from the other equations. For one, the 
angular momentum equation (the second equation in (5.4.2)) be- 
comes, after we drop Q, 


d 71 : 7 
pe ( < me — IgH*) -- gd, (a%8499, Ho») 


=[pm, H]* + gr2® (H,+— op), (5.4.6) 
where H* are the components of the effective magnetic field: 
Fa ne 1 @ 0U 
A” = B*——[v, E]*— ae 

d 
— yo% — y%8p ( oa —[o, m]. ; (5.4.7) 


Equations (5.4.2) can be used, for instance, to describe ferro- 
magnetic liquids, which constitute a suspension of ferromagnetic 
particles in a liquid carrier. Below we consider some problems that 
are within the scope of Eqs. (9.4.2) in the magnetostatic approxi- 
mation. 

When considering specific physical models and processes, we can 
simplify Eqs. (5.4.2). For instance, allowance for intrinsic moment 
of momentum for ferromagnetic liquids is expedient, generally 
speaking, when high-frequency processes are studied. They can be 
neglected in many hydromechanical problems. 
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5.5 COUETTE FLOW OF AN INCOMPRESSIBLE VISCOUS 
MAGNETIZABLE LIQUID 


Let us consider the model of an isotropic liquid for which the func- 
tion U,, in (5.4.1) depends solely on the invariant Mf = (7,14%)? 
and i® =p, = 0, while the +1%B%®, rB, 8B, and a%P48 in Eqs. 
(5.2.21) are defined by the following equalities: 
noB = 8 (5% — nen8) + OynenP, 
r2B — (4/g7) [(4/t) (6%8 — n&nB) + (1/t) n%n8], 
AaBA® — g,§aBhr0 +. g,§er686 + g,620§BA, 
TOBAGO — py (§%AGBO 4 §x06B4), 
where uw is the viscosity coefficient, 0 and t relaxation times, and 
n* = M@“/M the components of a unit vector directed along the 
magnetization vector. We assume all coefficients 0, tT, a, and pw 
to be constant. 

The definitions (5.5.1) enable us to write a closed set of equations 
describing, in the magnetostatic approximation, the flow of an 
incompressible viscous liquid in the absence of external forces: 


d 1 7 ; 7 
“dt (— M*—olgH*) + ga, AH® + g (a, +-a,) 0°d,H® 


=[M, H]* + (4/g) [(1/t) (6% — nn6) 


+ (1/4) n®n®] [Hp + (1/g) op): 
divv=0, curlH=0, div (H+ 47M) =0, 


~ (pv y curl”M } = — 6p + pAv2 


(5.5.4) 


5.5.2 
+- (1/2) y (curl*M) a"v, + pord°M, + Md" H, ( 


+ (4/2) dg (M*L? — MPL* — eR, ), 

L* + [0 (8° — nenB) +6), n%n8] (dMq/dt—[, M]e), 

Re = (1/g) ((4/t) (6% — n2n8) + (A/t y) nn} [H + (1/g) wel, 
He = He — (A/y) Me — yot — [6 (808 — nenB) 

+ B,n%nP (dM _/dt — [w, Mlg), Bg 
1/y = —4n + (p/M) (0U,,/0M), 


* 
where p is a function related to pressure. 
Let us assume that the observer’s coordinate system with variables 
zx, y, and 2 is inertial and Cartesian. Consider the steady flow of the 
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liquid described by Eqs. (5.5.2) between two parallel planes z = 
and 2 = din a given constant magnetic field #° The plane 
z= 0 is fixed while plane z = d moves wiih a constant velocity 
V = (20d, 0, 0), with wy a constant. Equations (5.5.2) and the 
appropriate (known) buuidary conditions are vaiid if in the region 
0<z<d we put 
Vv = (2@ 2, 0, 0), H = (Bi, Bi, BS — 4nM;), (5.5.3) 
% 
With paramclers p aud If coasiant. The components Av% of the 
megnclizaiten vector cre exovessea in lerms of /F and oy via the 
fret omation in (5.5.2). Asseaming the dimoensiontess narvameters 
Myr ANd Gy to be small (chich is che case in veal systems), we 
acquire an approximate formula: 


Ai =H" (4. ee hot) +2(0+ —H\{o, Ay 
x 1 
++ == 67 +a} w, (9.9.4) 


where x* = 7°H?g°t*, and m* = (0, my, 0) are the components of 
the vorticity (an exact solution for 0 = 0 is given in [71). The com- 
ponents f* of the force acting on plane z = 0 are 


fr=| —aa (ate —4 8H, B*) + veghy 


on 4 4. s-e2G8 
= Poy tae ( BEBE — > BSS oi Ves (9.9.5) 


where vg = (0, 0, --1) ure the components of a unit vector normal 
to plane s = 0. Calculations that atlow for (5.5.4) yield 


where @ is the angle between the magnetic field strength H and 
the vorticity wo. The expression in brackets in (5.5.6) is the total 
“effective” viscosity coefficient of the liquid, and we see that it 
depends on the strength of the field. If the magnetic field strength 
and the vorticity are parallel, the total viscosity coefficient is 
exactly wn. ef 


9.6 POISEUILLE FLOW IN CYLINDRICAL CHANNEL 


Let us consider the steady flow of a liquid described by Eqs. (5.0.2) 
with a, = dg = a, = 0, x¥=const in acylindrical channel with a 
circular cross section of radius A in an external constant field B?® 
directed along the channel’s axis. The walls of the channel are 
made of a nonmagnetic material. We select a cylindrical system of 
coordinates r, @, z attached to the channel and we ask for a solution 
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of Eqs. (5.5.2) in the form 
v = (0, Ug, v.), M=(M,, My, M,), H = (—4nM,, 0, H), (0.6.1) 
with v and M depending only on r, and H = B® constant; the quan- 


tity p in the momentum equation may depend on r and z. 

Under these assumptions the Maxwell equations and the boundary 
conditions for the field are satisfied everywhere, while the momen- 
tum equations in (5.5.2) admit of two integrals of the motion: 


tL ( dup ore) — (20M +4 a M,=-2, 


dr 4 
dv, , y dv 2—gey Vo : 
dr ' 2 2 H,—M, (H. “yee a 22 2) | (9.6.2) 
Oy2 
== — Re re pie 
with : 
e = —(oR3/4u2) dp/dz, (5.6.3) 


and C, and C, arbitrary constants. The projection of the momentum 


+ 
equation on the r-axis determines the dependence of p on r. 
The moment of momentum equations in (5.5.2) can be written 


thus: 


wf Boe te 
+(e) a] 

ar, S3et Ha, (ee) Jo 

stein ay eb ie 

+ (1+ aoe | <e) iM, | 4ngM, (5.6.4) 


gO uv, , gO dv v gy—i1 dv 
ts SE ye Se o _ Ye )] Be fy 
oo eg oe { dr or get ar 


M,,| 4xgal, +2 mM, oe kau M, 20 a )] 
*2)4 


ot See | 


+m, |, (Se - 


+4 (a—4a,)4 ton (306 2.) 0. 


Consider the case where the dimensionless parameter determining 
the drop in pressure in the channel is small. Confining ourselves to 
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second-order terms, we put 


0 14 2 0 4 2 
v=v-+ve-+vet*, M=M-+Me+ Me? (5.6.5) 


Then Eqs. (5.6.2) and (5.6.4) yield the following equations for 
12 4 2 
the functions! v, v, M, and M: 


TY 2T dr 
1 
4 i | Dae 4 / gy—1 O2\ dv, 
aq Mc+ 8 (H+ 40M,) M, — 5(= — om?) 22 =0, 
1 (5.6.6) 
dv, 1 oe ee : 
ar —-y (A 40M) Mp = — Tae 
2 1 
du, 1 9 M 4 We) 0 
(“GE Po) — (22Me + y-GE) Mr=0, 
1 
1 4 t,o | av, . Otgye du, 1 4 
4ngM M+ 60MM, Gt +" M, Ft—-—_M, 


2 
{—g du 4 2 
+2 | a +— v9) =0. 


Equations (5.6.5) and (5.6.6) have the following solution that 
satisfies the condition for the zero velocity at the wall of the channel: 


* 
eps ee ae a 
Mr =H amy) te" On”? 
* 
4 Op 
My= i (ey—qtge) 22, 
Agpe — : (5.6.7) 
4 Op 
Brae R?) az? 
ap 2 4ny 4 
p\*_ve—M ff _ a) 
V, == 7r (r?— R?) ( ae 16yp2gH ( Ev“ a any (2 ’ 


where tt, is the effective viscosity coefficient (the same as in the 
Couette problem in (5.5.6), since within the same precision « = 1/2): 


1 T 
Pe=p-+ 7 x7? (0 a oe ord ° 
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The solution shows that with a drop in pressure a magnetized 
liquid in the channel undergoes helical motion. For the discharge Q 
we have ihe usual relat ionship, in which we must substitute the 
effective viscosity coefficient p, for the ordinary, wp: 


mR4 @p 
Os Bite dz 
a] RMAGNETOA CGUSTIC WAVES IN MAGNETIZABLE 
LIQUIDS 
et us censider, in tue maznelostiths «yvovoxi mation, the isentropic 


flow of an unctharced, Rad conde Line Jig: aun doseribed ] py dogs. (0.4.2) 
and (5.4.3), with A, in the following form: 


A, = —oU,, (0, M) — 20M? + (1/g) M¢Q, 4- (1/2) pLQ,Q% 

— yl%og — (1/2) vyMa«MPey g — (1/2) vo Ae”, (5.7.4) 
where Jf ~= (17,.17%))/", and v, and v, are constants. The coefficients 
rB and #8 ave defined by (5.5.1), aid for a“P*9 and 1#P48 we take 
guBAe = (PD La) GL OG b4 TuPRAO it (SZA GLO |. HHS er) -- 1626528, 


vay) 


with ju and \ the viscosity coettisients, and DO a constant. 

Suppose tnat Wy, My, 99, and vy = VU are constant values of the 
parameters of the liquid in equilibrium. If we assume that the 
functions 11 (c%, t), A (xv, t), 9 (a, t). and v (2%, ¢) vary little 
with respect to the equilibrium values 


M=Mo+p, H=HAHy +h, 9 =Po4t+ Pr 
then to within — terms we have 


4 9 
OU m = 557 OPT + Pate | - bn 01 + ByN* Wa +- Ap, + const. (9.7.2) 


ro 


n® = M?/M,, BB = 6,6%8 + BonenB, 
B, == (0>/M, ) (OU m ei 


Ba= 00 (St), — te (at), 
b= (2) +0 (25), ae oo 
a= 05 (Sor), + 200(-Gat),» A= (Um+ 0S), 


The symbol ( )) means that the expressions in the parentheses are 
taken at equilibrinm values of the parameters. 
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Taking into account (5.7.1) and (5.7.2), we linearize Eqs. (5.4.2) 
and (0.4.6) in the magnetostatic approximation for the functions 
M, H, p, and v corresponding to A, defined in (5.7.1). This yields 
a 2 eo 
ae (H°—pol Bh”) + DAK* + Mgd,v' = g (Mo, b]* + g%r%8 (hig ++ op), 
0 1 1 
ar {Pe*— Fv curl? n+, [4 vj (Map + Mey) 


+ veMB pd" |b — — a%p + pAv®-+ (A+ p) 0%dgv8 
5 (5.7.4) 
=? [o, M)]*) 


+ Mhorh;, + = 05 [ome (4 


t 


— 0M (F——[o, My) — + e2®¥ryg (294+ 40°) ], 
curl h=0O, div (h-+4nn) =0, P14 6, divv=0. 
Here 

he = he — B%Pug — po% — v,M jer — v.M2d,v% 

— bn%p, — [0 (6% — n*n*) + 0),n%n*] 


O z 
x (FR —[o, Mola-+ Miapv*) , (5.7.5) 


p = (a2 + bM,) py + [ob + My (Bi + Ba) ng + pM%og 
+. v,MeMe,, + voMj Ogu”. 


5.7.1. Spin Waves. Let us consider spin waves in a magnetizable 
liquid in the linear approximation, i.e. small adiabatic oscillations 
in the liquid’s magnetization and negligible acoustic waves. In 
accordance with the approximation, the initial equations can be 
written in the following manner: 


a * x * 
ar (u% — pol g?h®) + DAR® = g[Mo, h]* + 


+ [4 (6% nant) + + nn? | hi, 
3 Sia TH 
(5.7.6) 


Gurlh = 0, div (h + 4np) = 0, 
pe = he — B-Bu, — [8 (6%% — n®n*) + O)n%n*] Ou,/dt. 
Assuming that w= un, expli(—ot+ kgz*)]) and h® = 


he exp [i (—ot + k,x%)], with @ the frequency of the waves and k* 
the wave vector components, from Eqs. (5.7.6) we find that 


u% == y28h,, he = —(An/k?) keke y8,, eis —. (5.7.7) 


11—0714 
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where the components y%" of the high-frequency magnetic sus- 
ceptibility tensor are given by the relationship 


yeh = 4,678 + yon*nB + ixgn,e%P, 7:8) 


with ¥,, Y%2, and y3 scalar coefficients calculated via the following 
formulas: 
1/2 
Xi = Bi ied-po Ut IDE eM, + opyl ey 
1/2 
1/2 
Xs “Riot po (TIDE eM, F opel (5.7.9) 
4/2 
1 
ko= — Xi ob, +o (/t,, IDE Pople 
From Eqs. (5.7.6) we obtain the dispersion equation for spin 
waves 


k2 + AnkkBy,, = 0, or 2 + 4m [k®x, + (kan)? yol = 0. 


In the approximation with zero energy dissipation (i.e. 8 = 0, = 
D=t!=Tj' = 0), the dispersion equation yields an expression 
for the frequency of spin waves that depends only on the direction 


of the wave-vector and not on its length: 


gM { 2 
o= + ——_; 
1+ Polg*By Pi 


4a 4nB, sin? wp ; | ye . 
' 4+ Pol g? (40+ By) — 4p $1 2g4 (cos? )Bo/|4 + Pol g? (Bi + Ba) | ’ 


here sp is the angle between wave vector k and vector Mo. 

Now we take a finite volume of the magnetizable liquid restricted 
by an ellipsoidal surface in an external magnetic field that changes 
with time according to the law exp (—iwt). We assume that the 
wavelength of the external field is much longer than the characteris- 
tic dimension / of the liquid ellipsoid, so that we can assume the 
field to be homogeneous over distances of order Jl. In this case a 
homogeneous magnetic field is generated in the liquid, and the 
frequency of the magnetic resonance appearing as a result is deter- 
mined from the equation , 


det (1 + 4nNy) = 0, . (5.7.10) 


where { is a unit 3 X 3 matrix, N the matrix of the components lof 
the tensor of demagnetizing coefficients, and y the matrix of the 
components of the high-frequency magnetic susceptibility tensor 
calculated in the absence of dissipation: 8 = @, = D= rt= Ti == 0: 


Pa 
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Directing the major axes of the liquid ellipsoid along the coor- 
dinate axes, i.e. 


N,0 0 
N =||0 N, 0 
0 0 N; 


from Eq. (9.7.10) we find expression for the resonance frequency .: 


on = (pep eMart aan) __y 7 
[it pols? (B, +40N,)] [1+ pole? (1 + 40N,)] ; 


If VN, = N,=WN (e.g. N = 1/3 for a sphere and N = 1/2 for a 
cylinder), the formula for w, simplifies: 


gM, (By +41) 
T+ Pole? (By + 40N) * 


Thus, the frequency of a homogencous magnetic resonance depends 
on the coefficient 7, which determines the energy of intrinsic rota- 
tion. Estimates of w,, for ferromagnetic liquids show that allowing 
for the energy of intrinsic rotation may considerably decrease the 
resonance frequency. 

9.7.2. Magnetoacoustic Waves. Take Eqs. (5.7.4) in the approxima- 
tion with zero energy dissipation, i.e. n%® = r°8 = D=A= y= 
OQ. We ask for a solution of these equations in the form of a harmonic 
wave propagating along the vector of constant magnetization of the 
liquid ke = kn*. Then Eqs. (5.7.4) imply that 


Oy. = 


pe = ¥%Bhg -- O%Bvg, h* = —4nn%n,y*, 91 = (Po/w) kav®, 
{ — i@P96%° -+ k?n%nb [ipy (a5 + M ob)/@ — MG (v4 + V2) I} Up 
Be {(4 /2) Mov, ka8%8 + n2nBkM 9 | (v1/2-- v2) © (5.7.11) 


+1 (57 sor + 4 + Bi + Be ) ae (1/2)kyer®*n, \ Lg = 0, 


where the components y“® are determined by Eqs. (5.7.8) and 
(5.7.9), where we must put 0 = 0, = D = 17! = qj = 0, while 
for 6¢8 we have 


9-8 — 9,628 + O,nenb + i8,e%PAn’, 

6, = (4/2) k (—iMovyy1 + VXa), 

6, = (1/2) k (—iMovixs + YX); (5.7.12) 
0, = —O, — & (x1 + %2) {tM (vi + Ve) 


+ (1/@) [p92 — Mo/(0olg”)]}. 
11* 
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Equations (5.7.11) yield the dispersion equation for transverse 
waves: 


__4P0__[a | 2 = 5.7.43 
2 0 eee ee nes | = (), Ae 
eo y+ viM 5 8, ' g(t Mot ate | ( 
or, solving for o, 

“es = Mog Obi + (41/4) (vy? + VIM 5) kh? (5.7.14) 


Py t+ Pole? [Pos + (4/4) (y? +¥1 MG) #7) ° 


For transverse waves described by dispersion equation (5.7.14) 
we have (assuming that n* = (0, 0, 1) 


0, = 0, p% = (p}, w?, 0), v® = (vt, v*, 0), h* = 0, (5.7.15) 
with w and v related in the following manner: 
vi+tiv=0, ptt ip’? = 0, 


v' = iv® = (ik/2p9) (viMo + ty) (wt + ip’), 


with the signs in Eqs. (5.7.14) and (5.7.16) being adjusted. 
If v, = y = 0, the dispersion equation (5.7.14) gives the spin 
wave frequency 


oO, = FMoghi/(1 + PolgBi), (9.7.17) 


where v! = v? = v? = 0. Hence, propagation of transverse acoustic 
waves in the liquid is due to mixed terms with M,, w,, and egg 
in the energy U,, (for one, the gyromagnetic energy yM¢w,). 

The dispersion curve for transverse waves is depicted schematically 
in Fig. 5.1 (the dashed line corresponds to J = QO). 

Equations (5.7.11) also give the dispersion equation for the lon- 
gitudinal wave 


w? = a®k?/(1 + ek’), (5.7.18) 


where the coefficients a and e are determined by the following for- 
mulas: 


2— 92 Mb - (Mo — p587dF) [Pod-+ My (4n+8, + Bo)] 
i a TN CaCCaa ve (5.7.19) 
oz —_ (8°M§ (M41 +2)" - 
1+ Pol g? (4n-+ By + Be) * 
If the z°-axis of the coordinate system is directed along the con- 


stant magnetization vector M, so that n* = (0, 0,41), then for the 
longitudinal wave we have ae 


(5.7.16) 


v = (0, 0, v), w* = (0, 0, p), h® = (0, 0, —Amnu), (5.7.20) 
with 


== — UD 


k Mo — Pol 8? [Pob+iMo (V1, + Vo) O] 
@ 1+ Polg? (4m+ Bi + Be) 
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Fig. 5.1 


The dispersion curve for longitudinal waves is depicted schemati- 
cally in Fig. 5.2 (the dashed line corresponds to J = QO). 

5.7.3. Finite Amplitude Plane Waves (Riemann Waves). We 
take an uncharged, nonconducting, and nonviscous magnetizable 
liquid with intrinsic moment of momentum g™!M described by 
Eqs. (5.4.2) and (5.4.3) with T == q* = i@ = peg = quPr® =. qabr® =- QO, 
while the function U,, and the coefficients “8 and r@8 are determined 
by relationships of the type 
0pU, = PUm (p, 8, M), reP = (1/tg") (6%8 — nen), 

y%B = 6 (eB — n&nB) + Olin%nb. 

Without derivation, we give a class of exact solutions for these 

equations in the form 


by = + | (ax/0) do, vi=v?=0, s-~const, 
M=M’?=0, M@=om, z= t (vs + ay) + F (0), 
Ay = ds 0, H, = B, — 4nom, OO, = 2,:-— 0, 
E,=£,=F;=0, Q; = —g (By — 0eU,,/0M), 


(5.7.21) 
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O 


Fig. 5.2 


where m and #, are arbitrary constants, and F (p) an arbitrary 
differentiable function. The quantity a, with the dimensions of 
velocity is determined by the relationship 


070U 2 070U m M2 a20Uy, ) 
Cie Ws als oe  Gaepmacasaery rosie ara 9 
Ox =p ( 0p? + 0 M 600M ' 02 OM? 


__ (OP i AP) A. e 
= (35 lence p Ma (sare es 2p Mai, 


where for pressure p we have 
p = 0? 0U,,/09 + pM O0U,,/0M — (1/2) M-B,. 


Solution (5.7.21) determines plane waves of finite amplitude pro- 
pagating along the x°-axis, and a, is the speed of the wave front. 
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of Sciences of the USSR 


INTRODUCTION 


In Einstein’s theory of gravitation, just asin any other 
nonlinear theory, exact solutions for field equations play an impor- 
tant role, since they allow a certain physical interpretation. The 
existence of a wide range of known exact solutions which describe 
relatively simple configurations of fields and the possibility (if it 
exists) of building nonlinear combinations of these solutions make 
it possible to construct various models of nonlinear interaction of 
fields from different sources with each other and with external fields. 

This possibility is realized for the Einstein-Maxwell equations, 
which describe the interaction of a gravitational and an electro- 
magnetic field, provided we take solutions that depend on two 
coordinates only. 

Such solutions form two classes, both rich in physical contents. 
The first class includes solutions that depend on one time coordinate 
and one spatial, e.g. plane and cylindrical waves and solutions of 
a cosmological nature. The second class includes solutions that 
depend on two spatial coordinates. Among these of the greatest 
physical interest are those representing stationary fields with axial 
symmetry (which describe, among other things, external fields of 
black holes) as well as fields produced by various systems of sources 
and having complex multipole structures. For these classes of fields 
we can apply the ideas and methods of the inverse scattering theory 
[1]. This enables us to find in explicit form large families of solutions 
of field equations (by formal definition these solutions are called 
soliton solutions, or solitons). 

Families of soliton solutions are built from a known exact solu- 
tion depending only on two coordinates but in all other respects 
arbitrary. This solution serves as a background for the solitons. 
Aside from the freedom of choice of the background solution, the 
families of soliton solutions can have any (finite).number of free 
parameters. By using this freedom of choice of the background solu- 
tion and parameters we can construct various solutions with preset 
physical contents. 

The first application of methods of the inverse scattering theory 
to the Einstein equations in vacuum was in the works by Belinskii 
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and Zakharov [2, 3], who found vacuum soliton solutions of the 
wave type and stationary with axial symmetry. In [4] the author 
of this paper found an explicit form of vacuum soliton solutions 
(in the form of determinants). The present paper discusses application 
of methods of the inverse scattering theory to integration of the 
Finstein-Maxwell equations in the electrovacuum case and examines 
the simplest soliton solutions. 


6.1 THE EINSTEIN-MAXWELL EQUATIONS 
IN MATRIX FORM 


We will write the metric and the four-potential of the electromagne- 
tic field for the classes of electrovacuum fields that we consider here 
in the following form: 


ds? = g,, dx“ dz’ + ga, dx’ dx’, A; = {0, 0, Aa}, (6.1.4) 


where p, v,... = 0,14; a@, 6,... = 2, 3; and the functions g,,, Zap, 
and A, depend on the coordinates xh only and satisfy the electro- 
vacuum Einstein-Maxwell equations. 

By transforming the z# (while leaving alone the x) we can reduce 
the g,, to a conformally flat form g,, = —/fnyy, with f positive and 
Nuv constant. For stationary fields with axial symmetry we must 
put yyy = diag (f, 1) if we employ cylindrical coordinates 24 = 
{o, z} and x* = {t, op}. For fields that depend on one time coordinate 
and one spatial, i.e. z+ = {t, xz} and x* = {y, z}, we can put, say, 
Nuv = diag (—1, 1). 

The Einstein-Maxwell equations in a space free of sources can be 
written thus: 

Rt = —2[ Fim P*™— (1/4) OF mE), VB =:0, Fin = O;An— 9,4: 

(6.1.2) 
(y =c = 1; R =O for the electrovacuum case). For fields of type 
(6.1.1) these equations split into two groups: a closed system of 
equations for gg, and A, and equations for determining f (in terms 
of definite integrals) if g,, and A, are known. Hence, the problem 
is to find solutions to the closed system of equations for g,, and Ag, 
which follow from (6.1.2) under condition (6.1.1). EHlere is a simple 
way of deriving such a system. 

We start with the Maxwell equations Vrb™ = 0 and Yr mn} = 0 


equivalent to VtrP mn] = 0 and Vind mn] = =- 0, where the tensor Fen 
* 


is dual to Fyn, i.e. — = (4/2) enn F*', with Emnn, the Levi- 
Civita symbol. The latter equations are equivalent to the equations 


VinFmn] = = Q for the self-dual Maxwell tensor Fe = FL, + iP ae 
which imply that F son can be expressed in terms of the vector poten- 
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tial @, that satisfies only the self-duality condition 


i= (i/2) einmnE™, Fi, = 0,D_ — 9,0}. (6.1.3) 


These are the Maxwell equations in the form of duality equations 
that we will need in the future. 

We can also write the Einstein equations in (6.1.2) in the form 
of duality equations. Since the metric (see (6.1.1)) has a two-dimen- 
sional Abelian symmetry group, i.e. admits of two commutative 
Killing vectors &, where i = 0, 1, 2, 3, and a = 2, 3 labels these 
vectors (in the metric (6.1.1) these vectors satisfy the following 
conditions: §# = 0 and &° = 62), for each value of a we can intro- 
duce a bivector K,” = y'& — y’&* that by construction satisfies 
the equation Vik ain = 0, or (which is an equivalent form) 
vV;Ka’ = 0, where K,” is dual to K,”; by employing the Killing 
equation we can find the divergence of A,’’, namely yj;K,” = 
2R',;€2 (in view of the Einstein equations in (6.1.2), the Ricci tensor 
R*; can be expressed in terms of the electromagnetic field tensor). 
The equations for A,” that we have just obtained can be written 
in a unified complex form for the self-dual 5ivectors K,7, namely 


Viitair] = Vii (2D,E4F 53). These equations imply that the self- 
dual bivectors 


Hais = Koiy — 20 ELF jj. (6.1.4) 


have potentials. These potentials, just as the M,, must satisfy duality 
equations of the type (6.1.3): 


Haiy = (i2) @ijmnHa™,  Haiy = 0:4; — 0;Hai.- (6.1.5) 


The duality equations (6.1.3) and (6.1.5) together with expressions 
(6.1.4) in terms of (6.1.1) provide a closed system of equations 


O,H,” = —ia-e,"h,¢ 0,H 2, 
0,9, = —ia-'e,,"h,° 0D, (6.4.6) 
O,H,” = dyha® — iate,%ho° Oh? — 20° 4,0,, 


where gay = ha°€.,, Re D, = Ag, and es", €,,, and €® are anti- 
symmetric 2 X 2 matrices with unity in the upper right corners; 
the indices wu, v, ... are lowered or raised by the matrix Nuyv and 
the inverse n#*, while the indices a, b, . . . are lowered or raised by 
the matrices €,, and €”, respectively, e.g. h,° == €%h,, and ho, = 
ha €co- Equations (6.1.6) imply that det [h,,] = €a? (where € = 
-- 1; the sign here is opposite to that of det [n,y]), with a satisfying 
the equation 44" 0,.0,% = 0, which is easily solved. In what follows 
we will take @ as a fixed solution of the last equation such that 
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a@ = const is not an isotropic surface. In addition to a we will use 
a function 6 that to within a constant is determined by the equation 
OuB = Ee, Oya. 

Equations (6.1.6) are the equations obtained by Kinnersley in 
[5], but here we have given a simpler derivation. It will be conve- 
nient to write (6.1.6) in an alternative complex matrix form. To 
this end we choose the quantities H,,° = 0,H,° and M,, = 0,9. 


as the new variables; in these variables the first two equations 
in (6.1.6) become 


eee | b b 
Hing —< he Eh A yc 9 eHV0 ya —_— 0, 
Due = —iate,%h,D,., e¥d,O,, = 0 


If we apply the operator e%#0,,, in view of the other pair of equations 
in (6.1.7) the left-hand sides vanish while the right-hand sides 
acquire terms with Ou These derivatives can be expressed in terms 
of H,,,” if we use a relationship that follows from the third equa- 
tion in (6.1.6): 

Hae = Fy ba =a —2ia te Yh Oyhep anes 21B Cap 

— 20, Dye + 20,Pyp. (6.1.8) 


We must also allow for the relationships that follow directly from 
the duality equations (6.1.6): 


ev °.H, 2 = 0, eH,°.@,, = 0. 

As a result, the equations we obtain are 

UO WH ya? + (i/2a) eh [H,.° + 20°@,,] H,.2 = 0, 

YO ,Dyq + (il2a) eh” [Hyg -+ 20° Dual Dye == 0, (6.1.9) 
abv OH? = 0, e4% O,0,, = 0. 

These equations can be written in a unified 3 x 3 matrix form: 
ne’ 0,U, + (i/2a) eXU,U, = 0, eV 0,U, = 0, (6.1.10) 
where for each value of p the quantities U,, are 3 < 3 square ma- 
trices. It is easy to select expressions for the components of U,, in 


terms of H,,° and ®,, such that Eqs. (6.1.10) turn into corollaries 
of (6.1.6): 


Ae Dre 

vu = (3H. ro,.) wieted 
Using (6.1.11), we can express the Hermitian part of the third 

equation in (6.1.6) and the duality equations thus: 

QU, — UjQ = — (1/2) a, (@ — 4iBQ), (6.1.12) 

GU, = —4i€ae,VQU, (6.1.13) 


(6.1.7) 
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(here the sign + as a superscript stands for Hermitian conjugation) 
where, 


010 = 
—4n% + 40°D? — 207 
Qg-!-100], G= oe ) (6.1.14) 
—20° 1 
000 


Equations (6.1.10), (6.1.12), and (6.1.13) follow directly from 
(6.1.6). But do Eqs. (6.1.6) follow from them? Equations 
(6.1.12) and (6.1.13) can be thought of as restrictions on the 
choice of solutions of (6.1.10). Here (6.1.12) defines an additional 
Hermitian matrix G to within a constant term, while (6.1.13) 
defines the interrelationship of G and U,, which in the final analysis 
imposes restrictions on U,,. The expression for G in (6.1.14) may be 
considered as the parametrization of a certain Hermitian matrix, 
but h2? will then be an arbitrary 2 X 2 Hermitian matrix while it 
must be real; aside from this, the matrix element in the lower right 
corner of G is not necessarily unity. However, we will think of 
(6.1.12) as the definition not only of h®° but of the function f as 
well, where B is defined in such a way that the imaginary part of kh? 
(which is antisymmetric in view of the Hermiticity of h*°) is zero. 
Such a definition of 6 coincides with that in terms of @ given above. 
The matrix element in the lower right corner of G, which is constant 
in view of (6.1.12), can be taken to be unity by an appropriate choice 
of the constant of integration in (6.1.12). We must also require that 
the real part of Tr U,, be zero. 

Now it is easy to show that Eqs. (6.1.10), (6.1.12), and (6.1.13) 
together with the additional conditions 


G**=1, ReTrU, =0 (6.1.15) 


(in what follows the index * stands for the third row or column of 
3 X 3 matrices, while the first two rows or columns are labeled by 
a, 6b, ...) are equivalent to the Einstein-Maxwell equations in the 
form (6.1.6). The obtained form of the field equations enables us 
to apply the ideas and methods of the inverse scattering theory to 
the construction of exact solutions. 


6.2 BUILDING THE ASSOCIATED LINEAR SYSTEM 
AND THE REDUCTION CONDITIONS 


The basic prerequisite for applying the methods of the inverse scat- 
tering theory to integrating the system of nonlinear equations is 
the building of a linear system that contains a free complex param- 
eter A. The linear system of equations must be overdetermined 
and its compatibility conditions (which are nonlinear equations for 
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the coefficients of the linear system) must coincide with the system 
of nonlinear equations under consideration for all values of A [4]. 

In what follows we will build such a linear system, i.e. a system 
for which Eqs. (6.1.10): are the compatibility conditions for all 
values of A. Following Belinskii and Zakharov [2, 3] we will build 
a linear system of the general type for a 3 X 3 matrix function V 
that depends on x4 (u = Q, 1) and on the complex parameter A: 


DY = A,vU.Y, (6.2.1) 
where 
D, = a, + P, (a/dd). (6.2.2) 


For fixed values of u and v the quantities P,, and A,,Y are functions 
(not matrix but numerical) of the variables x" and A; for each value 
of p the function U, is a 3 X 3 matrix depending on zV but not 
on A. We wish to find such coefficients P, (z’, A) and A, (z?, A) 
so that the compatibility conditions (6.2.1) coincide with (6.1.10). 
First we require that the operators (6.2.2) commute, i.e. e4¥D,D, = 

0. But (6.2.2) implies that eXVD,D, = e"”D,P, (0/0\); whence 
ev) Py, = 0. (6.2.3) 


Since the D,, commute, the compatibility conditions (6.2.1) acquire 
the following form: 

et) DE = (eX"D, AYU, + A,Y eh 0,0, 

+ et¥A PA OU U5) ¥ = 0. 

This does not impose any restrictions on Y and, hence, for all values 
of 4 we have 


(cXVA,Y) 0,U, + (cD, A,%) U, — e%U,U5A = 0, (6.2.4) 


where we employed the identity e#VA,VA,° = Aev>, with A = 
det [A.J]. Now we want Eqs. (6.2.4) to be equivalent to (6.1.10). 
This can be achieved if we require that after we have divided 
Eqs. (6.2.4) by 2iaA they become 


[ney OU, + (i/2a) eh¥U,U,) + F (xt, 4) (e#% 0,U,) = 0, (6.2.5) 
with F (x, 4) an arbitrary function of x¥ and A. lf Eqs. (6.2.4) 
are satisfied for all values of A, the expressions in square brackets 
nullify separately, which is equivalent to (6.1.10). Identifying coef- 


ficients of like terms in Eqs. (6.2.4) and (6.2.5) yields relationships 
that together with (6.2.3) uniquely determine P,, and A,’: 


eu A? = QiaA (nH? + Fer), (6.2.6) 
ev) Ay? = 0. (6.2.7) 


Equation (6.2.6) implies that A, ¥= 2iaA (F6’,, + €e,%), whence 
A-! = 4€a? (1 — €F*). Equation (6.2.7) is used to determine the 
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P,,, with (6.2.3) satisfied automatically. Hence, for A,Y and Py 
we have the following expressions: 


Ay vt. routs P= Oy (a F -+ B) 


2a “ene ~  @& (OF /A2) 
It is expedient 1 to choose F (z¥, 4) such that P, vanishes. To this 
end we put w = aF + B = const and take w as the new complex 
parameter. Then instead of (6.2.1) we have 


1 (w—B) 8Y + eae,” 
2i 2 (w—f)?—€a? ° (6.2.8) 


This system has nondegenerate solutions if and only if the matrices 
U., satisfy Eqs. (6.1.10). 

Let us now determine the reduction conditions, i.e. the additional 
restrictions imposed on the solutions of the linear system for VY 
that are introduced by (6.1.12), (6.41.13), and (6.1.15). 

If we multiply Eq. (6.1.12) by 4i (w — §) and add the result to 
the anti-Hermitian part of (6.1.13), the resulting equation can be 
written as 


O.W+ AyY(WU, — USW)=0, W=G-+ 4i (Ww —fB) QQ. (6.2.9) 
Now if we use (6.2.8) to express A, YU, in terms of P as A, YU, = 


D,¥-¥-? and substitute the result ‘into (6.2.9), we find that 
Ou “(EoWe) = = 0, which is equivalent to 


WwW = K(w), K+ (w) = K (w), (6.2.10) 


a= AU YY, Ay = 


where W* is by definition WT (w), i.e. a Hermitian-conjugate matrix 
at a point in the complex w-plane that is complex conjugate to w, 
and K (w) is an arbitrary nondegenerate Hermitian matrix. Note 
that VY is determined via the system (6.2.8) to within multiplication 
from the right by an arbitrary matrix depending on w. This enables 
us in principle to reduce K (w) to a canonical form independent of w. 
The idea behind the restriction (6.2.10) is that W = (Wt)1KW-1 
is a Hermitian matrix linear in w, and the coefficient of w — 8 
is 4i2. The absolute term then gives the matrix G and, hence, is 
under the same restrictions: the quantity h*°, which determines 6, 
must be real and G** = 1, which is equivalent to W** = 1. 

Therefore, to Eq. (6.2.8) and condition (6.2.10) we must add the 
conditions that W be linear in w, W** = 1, Re ir Uy = 0, and 
the Hermitian part of (6.1.13). 

Following the worked-out procedure of spalvine the method of 
inverse scattering, we change variables in the built linear system. 
Instead of ¥ we introduce a matrix y by the following relationship: 


= oW, where VW isa3 x 3 nonsingular matrix corresponding to an 
arbitrarily chosen but known exact solution of Eqs. (6.1.6). The 


6. Interacting Gravitational and Electromagnetic Fields 175 


matrix ’ is found from Eqs. (6.2.8), where for U,, we substitute U, 
calculated via (6.1.11) with the chosen exact solution. This exact 
solution will play the role of background for building the solitons, 
and the sought solution will describe the interaction of the solitons 
with the background. 

Let us now formulate all the conditions imposed on WV as the 
conditions imposed on the matrices y. According to (6.2.8), y must 
satisfy the equation 


Ouy= Ay (Uyy — ¥U,). (6.2.44) 


Assuming that for all solutions the canonical form of matrix K (w) 


is the same, we find from (6.2.10) that 
yt*Wy = W. (6.2.12) 


Next, we assume that y is analytic in w as w > oo. From (6.2.11) 
and (6.2.8) it follows that the limit of y as w — oo is independent 
of x"; we can assume, without loss of generality, that this limit 
is equal to a unit matrix. Then as w —> oo, 


y=lI+(t1/vuR+.... (6.2.13) 
The form of this expansion together with (6.2.12) and the condition 


that matrix W be regular in any finite part of the complex w-plane 


suggest that both W and W are linear in w with the coefficient 4/2 
and that W** = 1. Instead of requiring that Re Tr U, —0O we 


can require that Tr U, = Tr U,,, which in view of (6.2.11) means 
that det y is independent of zx. In addition, (6.2.12) yields 
det (yy*) = 1. These conditions imply that in view of (6.2.13) 
Tr R is independent of x" and its real part is zero. 

Hence, the problem has been reduced to building solutions for 
(6.2.11) that satisfy conditions (6.2.12), (6.2.13), 0, det x = 0, 
det (yy*) = 1, and the Hermitian part of Eqs. (6.1.13). The sought 
solution can then be determined by the following formulas: 


U, = U, + 2i0,R, (6.2.14) 
G=G@—~4i (QR + R*Q) + 4i8,Q, B= B + Bp, (6.2.15) 
where f, is a constant determined from the condition that h’° is 


real, which is a consequence of (6.2.15), and 6 is the function 6 


for the background solution U,, G. 
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If we employ (6.1.14), we have the solution in explicit form: 
®, =, +2iR,* - 
hog = hag + i (Ry? — Ry’) + D:D, —O,®,, 
hog == hos ar (i/2) (F," — R,?— Rj + R3) + (4/2) (0,D,4+®,9 ) (6.2.16) 
— (1/2) (B,D, + D,Ps), 
hig = hy 4-i (R,2-—R32) + D,D, — OD, 


where according to (6.1.1) a is either 2 or 3, and * stands for the 
third column in matrix AR. 


6.3 SOLITON SOLUTIONS OF THE EINSTEIN-MAXWELL 
EQUATIONS 


In the general case, the problem of building the matrix functions 
y, U,, and W that satisfy the above-mentioned conditions can be 
reduced, by a technique worked out in [1, 2], to the Riemann prob- 
Jem of analytic continuation of a complex- valued matrix function 
to the interior and exterior of a contour with given matching condi- 
tions on the contour; this is equivalent to solving a matrix linear 
integral equation. The solution for this problem (for fixed normaliza- 
tion of the matrix functions) is unique if we require that the sought 
solution be nondegenerate (i.e. the determinant of the matrix func- 
tion does not vanish) everywhere in the exterior of the contour. 
But in general the nondegeneracy may be violated at some points 
of the exterior. An important case here is when the matrix function 
has a finite number of points in the exterior of the contour where its 
determinant vanishes and the inverse matrix function has simple 
poles, and the matching conditions on the contour are simply the 
continuity condition (i.e. the function that defines the matching is 
unity). In this case the complete solution can be obtained by purely 
algebraic methods and is called a soliton solution. In what follows 
we will build soliton solutions mainly by using the technique devel- 
oped in’ [2]. Our method, which differs very little from the above- 
mentioned, enables building soliton solutions of Eqs. (6.2.11)- 
(6.2.13) under the additional restrictions on y listed above. A direct 
verification shows that conditions (6.1.13) are automatically Satis- 
fied by the constructed solutions. = 

In agreement with what we have just said, let us assume that the 
matrices y and x7? have the following form: 


N N 
H=T+ XY Rylw—w), ta I+ & Sal(w— wr), (6.3.1) 
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where NV is the number of solitons, R, and S, are unknown residues 


depending on x", and the poles w, and wa, are generally different 
and also depend on z?. 


The matrices Ry, and S;, obviously, are not independent of each 
other. The conditions yy"! = yy = I imply that 
Rix? (Wa) = 41 We) Ra = Say We) = x (Wr) Sa = 0 


for each A=1, 2,..., N. This shows that R, and S, are degenerate. 
Without loss of generality we can assume that both R, and S, 
are of rank 1 and, hence, can be represented by a tensor product of 
pairs of vectors: 

R, =n, @ ma, Sp = Pp @ Qp. (6.3.2) 


These vectors satisfy the following relationships: 


N N 
mr+ >) APR PY 9g =0, G+ be Ge) im, ==0, 
—_ Wp—-W ie Wp—W 
aes a (6.3.3) 
N N 
feds SD 220, py ye 0. 
Int WRU ind VR—W 


Ilere (-) stands for the scalar product of two vectors. For the subse- 
quent discussion it is expedient to introduce an N X N matrix [ 
with elements 


Dar = (Parm))/(w; — Wp)- (6.3.4) 


We can now express nz, and g;, via (6.3.4) in terms of vectors p,, 
m, and matrix I: 


N N 
Np ra (T-'),1:P2, Ga = — di (I!) ,mj. (6.3.9) 


Hence, the only arbitrariness in (6.3.1) is in the choice of w, and w, 
and the vectors p, and m;. We now turn to the conditions (6.2.11) 
and (6.2.12) which matrices (6.3.1) must satisfy. Substituting (6.3.1) 
into (6.2.41) we find that 


AyWy = OW, = 0, (6.3.6) 


i.e. W, and Wp are arbitrary constants. Condition (6.3.6) means that 
there are no second-order poles in the expressions we obtain. Then 


AyD y = Aux + AuyU yx (6.3.7) 
12-0714 
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has first-order poles and we obtain 
Oym, + Ay” (Wp) Mp: U,=0, 

OuPr — Ay” (Wa) Uy:pn = 0, (6.3.8) 


where the dot stands for contraction with respect to corresponding 
indices of the matrices and vectors. Generally speaking, in Eqs. (6.3.8) 
the right-hand sides must contain terms proportional to m, and px, 
respectively, but the absence of these terms does not lead to any 
loss in solutions. The solutions of Eqs. (6.5.8) are expressed in terms 


of the matrix Y determined from Eq. (6.2.8) with Ui, substituted 
for U,,: 


m, = ky ¥-! (w), pr = V (Wa)ela, (6.3.9) 
where &, and 1, are arbitrary constant complex three-dimensional 
vectors (the indices k, 7, ... = 1, 2, ..., MW label these vectors). 


Relationships (6.3.1), (6.3.2), (6.3.4), (6.3.5) and (6.3.9) define very 
broad classes of exact solutions of Eqs. (6.1.10) with a large number 


of arbitrary constants; these constants are the sets w, and w, and 
two sets of vectors k,; and l,. 

All the additional conditions that y must satisfy lead to relation- 
ships between these sets of constants. For instance, if we write 


(6.2.12) as ytW = Wy7, we find that the poles w, are the complex 
conjugates of the w,, i.e. Wp = wz. Taking (6.2.12) in the form 
W = (y*)-!Wy-? and demanding that the right-hand side in this 


relationship have no singularities (poles), we come to equations 
for the vectors n;: 


N 


by (m,+W>! (wy) +m) ny/(wWy— Wy) = Wo! (Wp) Mp. (6.3.10) 


~~ 


These equations are equivalent to Eqs. (6.3.4), (6.3.5), and (6.3.9) 
provided that the constant vectors k, and J, are related in the fol- 
lowing manner: 


l, = K7) (w,) Kye (6.3.11) 
In all other respects the choice of the constants is: arbitrary. The 


matrix # is expressed thus: 


R= 2, me ® mrs (6.3.12) 
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where the vectors n, and m, are given by the formulas 


- N 
my =k, +E (wy), Me= 2d) (UP) aiPrs 
_ re fe _ (6.3.43) 
Dy = (my: Pp)/(Wy— Wx), Pr=W7! (Wp)-me 


These formulas fully determine the soliton solutions for the Ein- 
stein-Maxwell equations if we have the background field, the sets 
of arbitrary complex constants w,, and the sets of constant complex 
three-dimensional vectors k;. 

Next we write the matrix A for soliton solutions in explicit form. 
To this end we note that each element of R (in what follows we num- 
ber the rows and columns of this matrix by labels A, B, ...; as 
usual, the first two rows and columns we label a, 0, ..., while the 
third row and third column are labeled *) can be represented by the 
sum of elements of a matrix that is the inverse of an NV * N matrix 
whose elements can be calculated from the background solution 
and the sets of arbitrary constants w, and k,. This representation 
is similar to that used in [4] for finding an explicit form (in terms 
of determinants) for vacuum soliton solutions: 


N 
RB =a,b8 > (AMR Any = Ty :a408/m,"Pra- (6.3.14) 
hk, l=1 


Here we introduced two three-dimensional vectors a, and b? with 
nonzero components. Since # does not generally depend on the choice 
of a, and 68, the components may be chosen arbitrarily (e.g. be 
functions of the coordinates), but a successful choice may simplify 
calculations considerably. Using the formula for the sum of ele- 
ments of a matrix inverse to a given matrix, namely 


N 


e> ; (A-!),, = det {[A,, + 1||/det ||A,,||—1, 
i= 


from (6.3.14) we find that 


det IIPx1-+(a4b")"} pram? | 3 
R,2 =a,b* (et) (6.3.15) 


Here we do not sum over repeated indices A, B, 

In the above V-soliton solution determined by Rv via a (6.3 3.15) there 
are NV arbitrary complex parameters w; aud 3N complex parameters, 
the components of the three-dimensional vectors 4, (however. not all 
components are significant). We can-easily see from the general for- 
mula (6.3.15) that each of the vectors k; may be multiplied by an 
arbitrary constant with no effect on R,~?. Hence, we can assume, 
for instance, that k, = {1, c;, d,}, where c, and d@, constitute a set 
of 2N complex parameters that are significant. We then find that 


12* 
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the electrovacuum N-soliton solution contains 3.V arbitrary signih- 
cant complex parameters. 

This ends the description of the algorithm for building soliton 
solutions of the Einstein-Maxwell equations. Below we will study 
some simple soliton solutions obtained by applying the above 


algorithm. 


6.4 ONE-SOLITON SOLUTIONS WITH MINKOWSKI’S 
SPACE-TIME AS BACKGROUND 


Let us consider the simplest case, where the background for the 
solitons is Minkowski’s space-time. In this case f and gg, can be 


chosen thus: 


o ° —eE 0 ce) 
p=4; | 0 __ 2 9 MO, = 0. (6.4.1) 


This notation encompasses several interesting cases. At a@ = 0 we 
have a flat melric in cylindrical coordinates, while at a = t we 
arrive at coordinates that cover a part of Minkowski’s space-time 
and expand with time, just as in the Kasner cosmological model 
(however, in contrast to Kasner’s model the singularity at t = 0 
is purely coordinate). 

For € = 1 the soliton solutions that we wish to build will depend 
on time and one spatial coordinate. If in this case @ = 0, we have 
cylindrical waves, while if ~ -= t, we have, for instance, solutions 
of the cosmological type with perturbations in the form of plane 
waves. For € = —1 and @ = 9, we have stationary axisymmetric 


soliton solutions. 
Calculations involving the background solution (6.4.1) vield 


2if, 0 0 ho? i (w—B) 0 
U,, = ( — 202 00} w= — 4i (w—fB) AE 0 
0 00 0 0 4)° 
. y-1 00 —c0 0 
Y=[ic(w—p)>-1 10), K=4| Oc 0], 
0 0 1 0 0 1/4 


where 2 (a, B, w) is the continuous branch of a two-valued func- 
tion determined by the equality 2? = (w — fp)? — €a?. 

For a one-soliton solution (V =1) we put k4 = {1, c, d}. We 
then have the following expressions for the vettors m4 and n,: 


x —i€(w—B)c 1 
a c » Ng=Y—" | i€ (w—Bf) — cd (w) 
d : a3 (7 
—4€dxX (w) 
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with 
D =X (wv) — (cc + 4€ dd) 3 (w) + 2 €oc, w= io +8. 


In these formulas w determines the position of a pole (since N = 1, 
the label £1 on A+ and w is dropped). For the sake of definiteness 


—— ee 


we chose the branch of % (w) on which } (w) = = (w). 
For this solution we have 


. F, c d 
R==2| FF; CF, dF, 
peeQG Gg =P) 2=4edeS =4edg S 


4 


with 
Fy =X —i€(w—fB)c, Fy, = i€ (w — 8) —cd. 

According to the general formulas (6.2.16), all components of 
the metric /,, and electromagnetic field @, may be determined via 
the formula for R, but here we will confine ourselves to calculating 
ho, and M,, the more so that these components contain all informa- 
tion concerning the solution. These two components are 


@®, = —40 d/D, h,, = [—€DD + 20 (cD + cD) + 16ddo?]/DD. 
(6.4.2) 


Let us now consider the cases for different € separately. At€ = —1 
the one-soliton solution is stationary and axisymmetric. We must 
put a=o, Bp —f, = 2, 2* =t, and x? = g. We introduce new 
parameters m, a, b, and c in the following manner: 


; Oc Gc (1+ ce —4da) 
m— tb ~ eee Lee See 
20d 


—o*= m+ b?—a*— ee, 


ao {—cc-+4dd 
and change the coordinates from o and z to r and 8: 
o=V (r—m)?+o2sin 6, z= (r—m)cos0. 


AS a result we have 


20 ok 
2=r—m—iocos#, D= a (r -- ia cos 8 — ib), 
29 2) 96 19? eos? (6.4.4) 
MD, = e ppl —2mr— b*- ee+ a? cos? 9 
t ™ r+tiacos@—ib’? “" r2 (a cos 8@— b)? 


These formulas coincide exactly with those for the known exact 
solution for the freld of a charged rotating black hole (the Kerr- 
Newman solution) of mass m, augular momentum a, the NUT 
parameter b, electric charge Ree, and magnetic charge Im e. How- 
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ever, the expression for o? in (6.4.3) shows that this family of solu- 
tions constitutes the superextremal part of the Kerr-Newman family 
of solutions, i.e. the part for which there is no horizon. A transition 
to solutions with a horizon can be achieved by analytic continuation 
of the solution with respect to the parameters to the region m* —- 
b? — a? — ee > 0. 

We now go on to the case with € = 1. We puta = t, B — fp, = 2, 
x* =x, and x? = y. Then in (6.4.2) 


D =senz{(H —ioz/H — (cc +- 4dd) (H -- ioz/H)) + 20c, 

H = {(22 —o? — )/2 4 [(2 —o8% — PF 4+ 40° PPP/2/, 
In these coordinates the explicit expression for 2 is 

x = senz(H — ioz/HA). (6.4.6) 

How does this solution behave with time? At ¢ =O there is 

a coordinate singularity in the background solution. For this reason 

we restrict our discussion to the case of t > 0, since the background 


metric as well as solution (6.4.2) are completely regular. 
For small positive values of t we have 


1? : 
t2?(z-+io) , 


z2-162 “WS se} Mow 3g 
D =z (1—cec —4dd) — io (1 + ce + 4dd) 
t2 — = . _ a 
— 37a ey [2 (1 — ce — 4dd) + to (1 + ec + 4dd)] + sees 
Substituting into (6.4.2), we find that 


e 
Oo, = rans (¢*), 


(6.4.5) 


2LS7 16 = 


. 7 (6.4.7) 
pe 44 ko (os Of Tein 6) + ee +0 (22), 
zn 
with the constants k, 1, e, and 6 defined thus: 
pets __4¢ po (treot ddd) 4 od 
4—cc—4dd 4—cc—4dd 4—cc—4dd 


As we can easily see from (6.4.7), the components ®, and h,.. 
in the built solution describe at an initial moment. close to t = 0 
a perturbation localized along the z axis. Indeed, as z — +o hoth 
tend to the corresponding values for the background solution, i.e. the 
perturbation vanishes: h,,.— —1 and ®, 0. All other components 
of the metric and the electromagnetic field behave in a similar 
manner. Let us now study the behavior of the solution with time. 
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Equations (6.4.5) and (6.4.6) imply that for each fixed z and as 

t —» oo all deviations from the background solution vanish. To find 

the asymptotic behavior of the perturbation we are considering as 

t —» oo, we go over to new coordinates: u = t—z andv=t-+z 

(retarded and advanced times), and consider the behavior of the 

solution for (1) v > oo and uw finile and (2) wu — oo and v finite. 
In the first case, i.e. as v —» co, we have 


__ 2e VB (u) 
v'/2 (9B (u) + il] 
2ko 1/ B (u) (2B (u) cos §-+-1 sin 6] 


a —1 a = ABS cy ype EDs 


+0 (v-*/%), 


x 


(6.4.8) 


where B(u) = V 2 + o- —u. This implies that as v — oo, the 
shape of the perturbation depends only on the retarded time u 
while the amplitude of the perturbation decreases as v~/*. This 
means that for large v’s such perturbations may be taken as waves 
that propagate along the light cone uw = const. From (6.4.8) we 
can also see that M, > 0 and h,, —~ —1 as u ~ +o, i.e. for large 
u's the solution is localized with respect to the retarded time uw. 
For the case u —» oo we arrive at a localized wave that is similar 
to (6.4.8) but propagates along isotropic surfaces v = const. 

Hence, the one-soliton solution (6.4.9) with the Minkowski space- 
time as background describes the decay of a localized perturbation 
into two waves propagating in opposite directions. For large t’s 
these waves propagate with the speed of light. The decrease in their 
amplitudes is due to the increase in their front areas, which are 
given by (det || ha, |)? = t~ v as v > ov. 

We note that by varying the parameters in the soliton solutions 
we can change the shape of the initial perturbation. If N > 14, 
then by selecting certain values of the parameters we can not only 
make the shape of the initial localized perturbation more complicated 
but produce at time zero several isolated perturbations along the z 
axis that in the course of time decay into solitary waves propagating 
in opposite directions. The characteristic feature of solitons mani- 
fests itself in the propagation and interaction of the “decay products” 
of the initial perturbations; namely, the product waves passing 
through each other and traveling to infinity have the same shape as 
if there were no counterpropagating waves. 

We can interpret the solution (6.4.2) differently if we put a = 9, 
6B —Bp, =t, 2? =z, and 2? =~. Then it describes a cylindrical 
wave propagating from infinity, approaching the axis, reflecting 
from the axis, and going to infinity. Soliton cylindrical waves exhibit 
the same properties in their propagation and interaction with each 
other as do the plane waves described above. 
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6.9 INTERACTION OF SOLITONS WITH A UNIFORM 
ELECTROMAGNETIC FIELD 


The algorithm for building electrovacuum soliton solutions proposed 
in this work enables us to describe the interaction of various soliton 
configurations with external electrovacuum fields. For this we must 
take the solution that describes the external field as the background. 

As an example we consider the interaction of a one-soliton pertur- 
bation with a uniform electromagnetic field. A uniform electromag- 
netic field is described by the following exact solution of the Ein- 
stein-Maxwell equation: 


h _. : ),6 a 6.5.4 
au 0 — o2/W2 9 = Fol ow ’ ( : 1) 


where W = 1 -+- ka’, k = B,By, and the real and imaginary parts 
of the constant By give the strengths of the electric and magnetic 
fields. At a = op this solution describes a uniform, static electromag- 
netic field, known as Melvin’s universe, while at a@ = t it describes 
: solution of the cosmological type with a uniform electromagnetic 
eld. 
For solution (6.5.1) calculations yield 


4a?/W2 — 8ika?B/W + 4i (w—B) — 2iB,a?/W 
W — | 8ika2p/W — 4i (w—B) 4 (CW2-- 4k82) 4B.P . 
(* 2iB,a2/W 4B. 1 
_ =~ 
W + 2¢k>2 —2ik=(w—B) iB,d 
i€ (w —B)/W » /W 0 
\— 21 By [22+ (w—B) (w—B+28/W)] —4B,3 (w—B+p/W) > 


—460 0 
K=| 0 4€ 0], 
00 14 


\ 


For a one-soliton solution with this background we have ce 
tl, c, d}, w = io, x 


QW ; 
yo R i SO soar 
m P4805) Na=Z ( [es hii By /W ), (6.5.2) 
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with 
P = cW + 4BLW (io — B) (d — iB,Q/2W), 
Q = —i€ (io — B) c — ia?B,d, 
R= W —4icB,W (d + iB,0/2W), (6.5.3) 
S = d —(iB,/W) O, 
D= 3 —(ce + 4€ dd) 3 + 2€oc 
+ 80B, (d — iB,Q/2W) (io + B — i€eS). 


We did not write the third component of n,4 due to its complexity 
and because it does not enter into the expression (6.2.16) for the 
components of the metric and the electromagnetic field. 

Just as before, we restrict our discussion to the simplest compo- 
nents of the metric and the electromagnetic field: 


@M, = 28,8 — (40/D) RS, | (6.5.4) 
hoo = —CW? + (20/D) PR + (20/D) PR + (1602/DD) RRSS. 

We start with € = 1 and puta = 0, 8 = ¢t, x? =z, and 2? = gq, 
i.e. a cylindrical wave in an external electrovacuum field. This 
wave converges to the axis, then is reflected by it, and goes to infi- 


nity. We assume for simplicity that in (6.5.3) and (6.5.4) ¢ = i. 
As 9 > 0, i.e. near the symmetry axis, the field is 


Dy , + o/d (t -+ io) +- const —+- O (0), 

h,, = —1 +0 (p?). 

We see that as t > + oo, the perturbation produced by the wave near 
the axis vanishes, i.e. the wave is localized. 

In the stationary case, where € = —1, a =o, and B =z, we 
proceed with the same transformations of coordinates and parameters 
as for stationary solitons on a flat background. For the quantities 
in (6.5.3) we have 


2W (m—ib Swe: i we 
p— — 20 (m0) _ 4B,W [io — (r —m) cos 8] ( —— = ae ’ 
i i°B.02 
OQ =r—m— iocos 8 - =P) Tio -- (r — m) cos 6] -+ <2 : 
| ; BD 
R=W—AiBW (r—m--io cos 6) (—*—— +02), 
_ é iByQ 
ya o—a WW ? 
2 | b) — 8oB eink 
D=— (r+ ia cos 9 -— ib) — 80B, ( ——— or ae 


x [io + (r—m) cos 9— +") (> _ m+ io cos 6)]. 
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From this and (6.5.4) it follows that for r’s that are small compared 
to the characteristic scale of the external field, | By |~*, i.e. for 
r< |B, |-4, the solution (6.5.4) coincides with the Kerr-Newman 
solution (6.4.4) to within small terms. It is easy to show that at 
r<>m, o, a, or |e |, and b = 0, the solution (6.5.4) combined with 
(6.5.3) is simply the background solution (6.5.1) for a uniform electro- 
magnetic field, provided we ignore smal] terms. 

Hence, it is natural to assume that (6.5.4) describes the interac- 
tion of a field produced by a source of the Kerr-Newman type with 
an external uniform electromagnetic field. 

On the other hand, from the physics of the problem it is evident 
that a charged source placed in an electric field will be accelerated 
by this field. However, in the stationary solution that we have just 
built the source is at rest, which makes the above interpretation 
inconsistent. 

Here we are confronted with a fairly common situation, which 
consists in the following. Although a formal application of the 
above algorithm yields a solution that for fixed values of the free 
parameters coincides with the background (i.e. solitons are absent), 
the existence of a mathematically rigorous ?imiting transition to the 
background solution does not necessarily imply a correct physical 
interpretation. We must also analyze the global properties of the 
obtained solution, such as the geodesic completeness and the absence 
of closed time-like curves and various singularities. The necessity 
of these properties is dictated by the physics of the problem con- 
sidered. 
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INTRODUCTION 


This work is devoted to the interaction of. sourceless 
gravitational and neutrino fields within the scope of general rela- 
tivity. The stress is on the properties of these fields when an Abelian 
group of motions G, on V, is present. In this case it becomes possible 
to reduce the Maxwell-Einstein-Wey] set of equations for interacting 
sourceless gravitational, neutrino, and electromagnetic fields to a set 
of canonical equations. In Sec. 7.1 these equations are derived for 
the cases of stationary axisymmetric fields and plane waves. 

Section 7.2 makes clear that the equations derived in Sec. 7.1 
possess remarkable group properties. First we show that for a denu- 
merable set of infinitesimal solutions there exists an infinite dimen- 
sional algebra. The algebra is then exponentiated and brought into 
the form of an infinite set of linear algebraic equations, which proves 
to be equivalent to a matrix integral equation. We then build an 
exact solution for any type of neutrino field, which may serve as 
a starting point for obtaining other types of solutions. 

Section 7.3 is devoted to describing new exact solutions of equa- 
tions derived in Sec. 7.1: in Sec. 7.3.1 we give a class of solutions 
described by a first-order equation, in Sec. 7.3.2 we study a self- 
similar collision of gravitational and neutrino waves, while in 
Sec. 7.3.3 we give the simplest solutions for a stationary neutrino 
vacuum. Finally, in Sec. 7.3.4 we obtain new exact solutions built 
from the initial solution for the case where the shift along the orbit 
of the infinite dimensional algebra is given by an arbitrary rational 
function of an analytic parameter. These types of solutions in the 
absence of neutrino include the Sato-Tomimatzu and many other 
known solutions. For instance, we give the solution for the case of V 
black holes in arbitrary neutrino fields. For a special type of neutrino 
fields we were able to build solutions with two arbitrary functions. 

In Sec. 7.4 we describe an effect that appears when discontinuities 
in gravitational fields propagate through neutrino fields: because 
of the latter the polarization plane of the gravitational waves begins 


to rotate. 
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7A CANONICAL EQUATIONS OF NEUTRINO FIELDS 
AND WAVES 


For zero rest mass, as the reader must know, the Dirac equation 
for a spinor field breaks up into two independent equations (Weyl 
equations) describing neutrino fields. 

Let us assume that space is filled by sourceless electromagnetic 
and neutrino fields, which bring about gravitational fields (the 
neutrino-electromagnetic vacuum). The total set of equations describ- 
ing this vacuum consists of the Einstein equations with the energy- 
momentum tensor of the neutrino and electromagnetic fields, and 
the Weyl and Maxwell equations in vacuum. 

Let us consider the solutions for this set of equations that possess 
an Abelian group of motions G,. If both (commutative) Killing 
vectors are space-like, we are dealing with plane waves. while if 
one is time-like and the other, the space-like, has closed orbils, we 
are dealing with stationary fields with axial symmetry. We start 
with the second case. 

(a) We write the interval in the form 


ds? — 2 (1, dx') (n; dx’) — 2 (m; dx‘) (m} dz) (7.1.1) 


(* stands for complex conjugation). The vectors 1]. n, m, and m* 
form a complex tetrad and, by agreement, do not depend on time ¢ 
or angle ~ (in what follows we denote the indices by capital letters 
A, B, etc.; A, B = 1,2). The other coordinates we denote by Greek 
letters pu, v ... = 3, 4 An important case is when the matrix of 
the metric tensor cannot be written in block form, i.e. when there are 
no two-dimensional surfaces that intersect both Killing vectors 
orthogonally. 

We project the sought set of equations on the above tetrad field, 
which enables using the calculations of Newman and Penrose [1]: 

Let D, A, 5, 6* be the operators of differentiation along the 
vectors Il, n, m, m*. 

The Weyl equations for a neutrino field are 


D®D + 6*¥ = (9p —e) D+ (a — an), 
8D + AV = (t ~ 8) D+ (yp —w)¥, (7.1.2) 


where ® and Y are the spinor components describing the neutrino 
held (here we use a gauge that nullifies the otherzeomponents of the 
Dirac 4-spinor). on 

To calculate the rotation coefficients of the complex tetrad, 
om B, y, €, etc., we restrict the choice of the reference frame by 
requiring that the metric coefficients g,y be conformally Euclidean. 


Next we introduce the complex coordinates z = (x + iy)/V 2 and 
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z* = (x — iy)/V 2. The interval then takes the form 
ds* = gan (dxrA — Og4 dz =. OgA* dz*) (drB + OgBdz + OgB* dz*) 
— 20° dz dz*, (7.1.3) 


with gig and 0 real-valued functions of x“, and the g4 complex- 
valued functions of z#. 
We introduce IZ, and ny in the following manner: 


Bap dx4 dxB = 2 (Ly dx) (ng dx). 


The capital Latin indices can be raised or lowered by applying 
the metric coefficients giz. Then, if we apply the differentiation 
operations D and A to scalar quantities describing fields, we obtain 


zero. 
Suppose that r= (| det gi, |)!/*. Then from the definition of 


tetrad rotation coefficients we have 


1 Or 4 ol 4 on 
- a Sor ort? & Tae ae pp 2 
1 0(0g?) 4(@g8*) 
p= —p*=2e= 55 1p | ws a Oz iF 
1 a (0g8 0 628" 
iL —p*=2y= sy n,| “SE 2 |, (7.1.4) 


ve ag Oz* O2* | 202 az* ? 
1 dl Ona © 1 00 
cea A A __ 7A A n= ans 
B= 40 ae Oz y Oz |+ 202 dz? 
o=—=iA=0 


The components 4n7;;l'm’ and 4nT;;n'm’ of the energy-momen- 
tum tensor of the neutrino field can be expressed in terms of the 
spinor field components ® and Y in the following mannet!: 


Mo, = 4ni (VOR* — P*SP — kDOD* + pb* VP 

+ (B — a*®* — n*) PW], 

Di. = 4ni [DOD* — OFSD — vFPU* — pVFO 

+ (a* — B — +1) DO*] 

(here we use a system of units in which the speed of light and the 
gravitational constant are equal to unity). 


4 The respective energy-momentum tensor components for an electro- 
magnetic field are zero. 
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According to the Einstein equations, the corresponding Ricci 
tensor components are 


M,, = (6 —a* — f — 3t) 9/2 + ky/2, 
M,. = (6 + a* + B — 3t) p/2 + v*p/2. 
What is important for subsequent reasoning is the fact that these 


field equations (combined with Wey! equations (7.1.2)) can be 
written in the form of a set of equations 


(6 —a* —B — 31) A —kB =O), 

(6 +.a* + 6 — 31) B+ v*A = 0, 

A=o-+ 8&iP¥*, B=p — 8nidO*. 

Next we use only trivial solutions of Eqs. (7.1.5), 1.e. 
A=B=0. (7.1.6) 

Then Weyl equations (7.1.2) can be written thus: 

b*P — —Ani¥* VO + (a — a) ¥, 

SD = —4niDbO* VP 4+ (t+ — B) O. 

If we combine Eqs. (7.1.4) for a, 8, t, and m with (7.1.2’), we lave 

an important first integral 

MY* = [i/(8n8r)] dw/d2*, (7.4.7) 


where w is an arbitrary real-valued harmonic function, and the 
factor i/8m is introduced for convenience. The arbitrary analytic 
function is written in the form of a derivative of w. 


Let us now consider the components OM), = 4nTSPlili and O,, = 
4nTS nini of the energy-momentum tensor of the neutrino field: 


Doo = Bri [ADY* — k*PD* + (ce — &*) VY*), 
O,, = 8ni [vV*¥OY* — vPO* + (y* — y) OD*]. 


(7.1.5) 


(7.4.2’) 


(7.1.8) 


The underlined terms in (7.1.8) cancel out with the corresponding 
terms —po* and — yp? in the Ricci tensor. The respective components 
of the Einstein equations (after we multiply them into 6) contain 
only components of the energy-momentum tensor of the electromag- 
netic field, the metric coefficients g,,, and the harmonic func- 
tion w. 

Before writing these equations explicitly, let us consider the fol- 
lowing component of the Einstein equations: a“ ~~ 


4nT ; lin? = Dy = —pp — (6 — 24 + B —a*) x. 


The electromagnetic part of this energy-momentum tensor component 
vanishes (in the stationary axisymmetric case the electromagnetic 
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field is described by two complex Newman-Penrose scalars M, and 
@, since D, = 0). The neutrino part of this component is 


Ani [(e* — e) DD* + (y — y*) PH*)] = —op. 
Whence the Einstein equations yield the equality 


(6 — 2t —a* + 8) an =0, (7.1.9) 
which when combined with (7.1.4) yields 0°7/dz dz* = 0. Therefore, 
the real-valued function r = (| det g,p |)!/* is harmonic. We choose 


the coordinates z and z* to within a harmonic mapping 2’ = f (2), 
with f (z) an analytic function. To remove this freedom of choice we 
can, for instance, require that the harmonic function r be equal to 
the real part of zV 2. 

For the subsequent discussion it is convenient to go over to tensor 
notation in Eqs. (7.1.8) and (7.1.9). Substituting (7.1.4) into the 
Einstein equations, we find that 


Dy = 4a (TH? + TH™) LV, 
Dog = 400 (TH + TH™) nin’, 
O,=—4n(7Y+ +) Tin’. 
Here the indices (v) and (em) stand for the neutrino and electro- 
magnetic components of the energy-momentum tensor, respectively. 
The symmetric two-dimensional second-rank tensor A?,p, is 
determined by its three projections M,p,lAl2, M4pn4n®, and 
M .4pl4n®, with the determinant of g4p = lang + nalp being 
fixed to within an arbitrary transformation from the matrix group 
SL (2, R). This transformation group leaves the Levi-Civita sym- 
bols e,g and e48 invariant: &,5 = —€&,; = el? = — e* = 1 and 
f,, = c44—0; A = 1, 2. 
We can show that for a fixed orientation of lin, — ml. =r we 
have the following relationships: 
mnA = e4€n,, rlA = cACl,, nya =regcn’, la = reacl. 
(7.1.10) 


We can easily verify that the symmetric tensor with projections 
Doo + p? = —(5* — 3a — B* + a) k + Th, 
Oy + pp = — (6 —2t + B—a*) a, 
@M,, + p? = (6 + 3B + a* — t)v + nv* 


is the tensor Raz: 


pect [Stan 4 Or Sean y 1 or OFap 
AB= 5 0z0z* 2r 02 O2* 2r Oz* dz 


1 Ogac 98nD ,cp__ 1 98ac O8BD epi 7.1.11 
~ 2 @2 O2t 2 Oz* az © : ean) 
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According to Eqs. (7.1.7) and (7.1.8), to build the energy-momen- 
tum of the neutrino field by three projections, it suffices to build 
asymmetric tensor y4, by the following projections: 

IAIBy 4,3 = k = — (1/0) 1401 ,/02, nAnBy 4p = (1/0) n4dn 4/02. 
We can easily verify that, if we account for (7.1.10), the symmetric 


tensor is 
CD geCDp 


4 Og rT g 
Lan=qor | Bac Oz Epp + &Bc Fz ean |. 


From the Einstein equations we obtain 
Rap = (Xa 30W/02z* + X'4 pOWw/02) r + Tem 2p, 


where T%%” are the corresponding energy-momentum tensor compo- 


nents of ihe electromagnetic field. 
Contracting both sides with g?°, we can transform the equations 


to the following form: 
5, | ree Oo (SactWweac) I+ I sa [r gBC eee 


0z* 
= 16202 TER gBC, (7.4.12) 
In the stationary axisymmetric case, the only components of the 


electromagnetic field 4-potential A; that are nonzero are Ag. 
The Maxwell equations in vacuum yield equations for Ac: 


: - 7) ~ Nw nN OA 
VRB eae LV & Guvgne — guegny) 2 |= 0. (7.1.18) 


The tildes over the contravariant components of the metric tensor 
imply that the components are calculated as the components of 
the inverse to matrix g,;;. In the metric (7.1.3), V;F## = 0 implies, 
as we can easily verify, that 


r®D, = r (gB* 0Az,/0z* — gB 0A;,/0z) = const = C,. (7.1.14) 


In the particular case where C, = 0, the Newman-Penrose scalar @, 
vanishes, a fact we used earlier. 

For a more vivid picture of the invariance of the equations in 
relation to the SZ (2, R) group, in what follows we will raise and 
lower the indices via tensor e,, [2]: 


fan=8ap=face®®, fAB=fpceBCeAD —— gAB;?2, fathac= =Tr*€ace 
If we take into account (7.1.14), we can easily transform Eq. (7.1.13) 
to the following form: 
dA at aA 
= [= foe St tae [ feo =< |=0. (7.4.15) 


Tr 
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We go over to the real variables x and y and introduce the opera- 
tor Vy = (0/dz, didy), by which we mean the gradient when we apply 
the operator to a scalar or the divergence when we apply it to a vec- 
tor. Equation (7.1.15) can then be written thus: 


V (r-'tfa°vAc) =0. (7.1.15’) 
This means that there exist potentials B, such that 


ry) oe VA. = VBas where Vv == (0/dy, —0/dz). (7.1.16) 


We introduce. following Kinnersley [3], the complex vector 
potential ©, =A, + iB,. Then it is easy to see that the new 
potential satisfies the equation 


ir VD, = f42 VOp. (7.4.17) 
We now express the energy-momentum tensor compunents of the 


electromagnetic field. TS’ g®¢, in the metric (7.1.3) and arrive at 


a closed set of equations for the neutrino-electromagnetic vacuum. 
Thus 


4nT Ge = —F Fp + (1/2) gapFuck” 
4 OA OA OAr OA 
Sarr a a - a = | (o%62 — (1/2) gEPg, 5]. 


Multiplying this formula into g?¢/0* (not to be confused with 


g8C/0*), we have 


OAgz OA 0A COAp E 1 C 
An0’rTGe™ =r | 7 ae I sae ar | | 84g?C— > BP FOS | ; 


Using the field equations (7.1.15), we write the right-hand side 
in the form of the divergence of a vector: 


Vy {r [04 gPe — (1/2) gEP84] AnVAp}.- 


If we now use the equality 5%f°?ApyAp = A,fePyAp—A fa? VAp, 

we can rewrite the above expression as 

V {[4/(2r)] [AafPOv n+ 4 faPVAal}- 

The Einstein equations take the form 

Vi(4ir) faBV (fx© + w8B) — 24 gf? VAp—2f PA VAr} = 0. (7.1.18) 
This implies that there is a matrix potential function 

ry ao = fa2y (fs¢ + w8s) — 2Aa pV Ap — 2f ,PAVAD. 

13—0714 


194 N. R. Sibgatullin 


Let us now introduce a complex matrix potential H ,?: 
VHP =V (fa? + wd4) -—O yO, 
— (i/r) fal ly (fc? + w8e) —O”*VOc]. (7.4.19) 
Such a potential does exist if we assume that Eq. (7.1.18) is valid 


together with (7.1.16) and (7.1.17). 
Formula (7.1.19) implies that the matrix potential H 8 satisfies 


ir VH 4B = fae VHP. (7.1.20) 
Following Kinnersley [3], we introduce the potentials L? and K: 
VLE = 20*¢ yH B®, YK = 20% yc. 
These potentials exist provided yOoe*.vH 8 = 0, yHc*-vD, = 0, 


which are valid due to Eqs. (7.1.17) and (7.1.20).? 
Following Hauser and Ernst [4], we build the complex matrix 


HT ,° in the following way: 


H,® O 
A> =( a) 1.€. H,® = L?, HA=Q,, Hi=K. 


L®> K 
Note that from (7.1.17), (7.1.19), and (7.1.20) follows 
2ir Hw = VHS vHe; a, b, c= 1, 2, 3, (7.4.24) 


which implies that y?H,° = 0. The definition of H,° and (7.1.19) 
imply that VH,° = 2 (yw —iyr). Let us introduce a harmonic 


function g conjugate to the harmonic function r, i.e. vr = —Vy7. 
Then the trace of matrix H,° is 
Ho = 2 (w + ig). (7.1.22) 


Take the components H,? and H,° of Eq. (7.1.21). Combining 
(7.1.17), (7.1.20), and (7.1.22), from (7.1.21) we obtain a set of equa- 
tions closed with respect to these components: 


(O* + Re H) | y2+ CL™ 9 |o= yo (WH + 20*yo), 


7 (7.1.23 
(OO* + Re H) | y2-+ Ut 5 | w= yH (gH + 20*y0), 
H=—H?, 0D=9,, yw = ww. 
The function w is the harmonic conjugate of w. 
2 It is worth noting that Eqs. (7.4.17.) and (7.4.20) together 


with the definitions of L® and K can be written in a form of a single 
3X3 matrix equation for matrix H,> (a, b—1, 2, 3): (—2Ze+eH — Hte— 
II/2) H, ,=0, where -++ denotes hermitian conjugation, z=o-+ ig, gab— AB 
a= A, b=B, If8%=1, the other components of ¢ and II are zero. 
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(b) Now we turn to the case where both commutative Killing 
vectors are space-like (the case of plane waves). In such Riemanniar 
spaces the interval can be written as 


dS* = 207 dudv — gap (dx4 + gé du + gA dv) 
x (dxB + gBdu + gBdv), 


where the functions 9, g2, gB, and gay are the sought functions 
of the retarded and advanced times wu and v, respectively. In this 
case the two-dimensional metric gap, is positive definite and can be 
written thus: 


— Sd * 
Sap = MampZ + mzm4, mamA = m4m*4, mam*4 = 1 


(the lowering and raising of indices is achieved by applying the 
matrix gaz). In this case it is natural to define the field of isotropic 
tetrads in the following way: 


Mm; (Om. g4, Om, ge, —Iny, —Ms5), l; (6, 0, QO, 0), nN; (0, 0, 0, 0), 
m’ (0, 0, m!, m?), 1* (0, 6-4, g3, g), né (07, 0,. ga, Bu). 
Applying the operators 6 and 5* to the various scalar characteristics 
of the fields that we are studying yields zero. For the tensor charac- 
teristics we must nullify the respective Lie derivatives. 


Now suppose that r = (det g,,)'/*. For this case the coefficients 
of tetrad rotation are 


Ov 
p 2r0 av? 0 dv ? ~ 2r0 du? 
am” 4 4 @0 4 am. { om*, 
dea Ran a ok Jt OP i. 8 SOY i Po Ae | eer, A | 
Na Mey: Bae | Os ap} 00”) CO a9 op 4 
v=s| grata * Gt ay ae}, kav=0. 


Curiously, the Einstein equations for the components @,) and 
@,,, to which the electromagnetic field contributes nothing, can be 
written, respectively, in the following form: 


(D — 3p + ¢ — &*) (a + 4niD¥*) — o* (a* — 4niD* V) = 0, 
(A + 3u + y — y*) (@ + 4niDV*) + 1 (a* — 4niD*Y) = 0. 


This set of equations overdetermined with respect to a -- 4niD¥* 
has a trivial solution 
a + 4niDY* = 0. (7.1.24) 


13* 
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The Weyl equations then take the form 

D® = (9 — «) @ + 4niOV*¥, 

AY = —4nV¥VOO* + (y — yn) ¥. 

These equations yield the following first integrals 

O@M* = c, (u)/8nr0, VY* = c, (v)/8n7r0, 

where c, and c, are arbitrary functions of w and v, respectively. 


The component ®,, of the energy-momentum tensor of the neutri- 
no field has the following form: 


®,, = 8ni [o*OD* + 2oDP* + APY*], (7.1.25) 
The respective component of the Einstein tensor is expressed thus: 
1 9 4 1 00 , 1 yy Omg 1, OMA 
(sar 2r0 ste 02 dv oe av. 20” Ov )a 
Ore am’, 
— 4g? AS es 
Ao." -|- 0 “Ow Ov 


Note that after we multiply the respective Einstein equation into 
8°, it contains only the components of tensor gaz, the functions 
c, (u) and c, (v) (characterizing the neutrino field), and the compo- 
nents of the electromagnetic field tensor, since in view of Eq. (7.1.25) 
the terms with a@ cancel out. 

The component @,, of the Ricci tensor is 


(1/r0?) 0®r/dudv — 4aa*. (7.1.26) 


On the other hand, the similar component of the energy-momentum 
tensor of the neutrino field is 


Sni (a*DVP* — aD*P), 
peas in mind (7.1.26), we obtain a wave equation for the function 
== (det gan)", whence r =f (u) + ¥ (v). 

We write the expression M5, + 4a? in the form m4*m8*R, pz, 
with /0,, a symmetric second-rank tensor. This tensor can then be 
built for a fixed r to within a transformation from the SL (2, R) 
group: 
xg’ = Azo'+ Ba?, 2” = C2 4+ Dx*?, AD —CB = 1, 


We do the same with the component ®,, + 4a" of the neutrino 
field: 


74 (Dyq + 4az2) = m*mB*[ 4 (u)( Save — a (er) 


— ay ecB + SBD a ECA 


d (gDCr) 0 (gDCr) 
— C2 (v) ( £4n—>— een Sapa, eca) | 
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(Here we used the fact that rmB*eo, = imé and mym3 —m,mj = 
ir.) After this the procedure is exactly the same as in case (a), and 
for this reason we give only the final result: 


[rg4° (gnc + Cegc),ul,o + [784° (gpc + Cesc),v],u 
(7.4.27) 
= 16ng4TSO@r, C.y=c,(u), Cy =ee(v), 
where TS® is again the corresponding energy-momentum tensor 
components of the electromagnetic field. 
Suppose that A, are the nonzero components of the 4-vector 


potential of the electromagnetic field. The Maxwell equations in 
vacuum are 


(rg42 Apu)» + (rg4? Ap,r),u=0. (7.4.28) 


In what follows the raising and lowering of indices is done by apply- 
ing the tensor €,p,. 

If we calculate the energy-momentum tensor of the electromagne- 
tic field and substitute the result into (7.1.27), we obtain 


(r-! [fal (fo® + C82) u— 2f4CAc, uA? — 2p?" Ac, wAal},» 
{rt [fae (fo2 + C83) ,—2f 4CAc, ,AP—2f?" Ac, vAg]},u=0, (7.1.29) 


facfc® = —r?d4. 
If to this matrix equation we add Eq. (7.1.28), which we write as 
(rf 4© Ac, u),o + (r7'f4CAc,c),u= 9, (7.4.28’) 


we obtain a closed set of equations. Next we reintroduce the vari- 


ables xz and t by the formulas u = (x + t)/V 2 and v = (x — ty/V' 2. 
Then, in view of the divergent form of Eq. (7.1.28), there exists 
a potential vector function Baz: 


Tf A° Ac x= Bayt rtf, Ac += Ba,x- (7.1.30) 


If we build the linear form A, + iBg, Eq. (7.1.30) yields a self- 
duality equation for the gradients of Dz: 


rv, = ifacyDe, where y = (d/dt, a/dx), VY = ia = 


The matrix equation (7.1.29) implies that there exists a complex 
matrix function H 4? such that 


VE AR=V (fa2 + CoA) = MP*y@, 


+ (i/r) [9 (fo® + C68) — O*VDe)f 4° 
From the definition of H,® it follows that 


rvH 8 =ifscVHc? . (7.1.38) 


(7.4.32) 
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Taking the divergence of both sides of Eqs. (7.1.31) and (7.1.33), 
we arrive at the following equations: 


2 , aD 0H 4© #¢ O® 1 0 
dirt Pa — gtk Me | + 20° 204) jin* l=(o_4) 


dx? Oxk oxi dzk zk 
| (7.1.34) 
ap OH a® iy OH? | OHA *c aD, that 0 
airy” Axi Axk al xi rag ae axk “2 ozk ); eee (_4 o}° 
(721.35) 


Following Hauser and Ernst [4], we introduce the three-dimen- 
sional matrix H,° (a, b = 1, 2, 3) such that 


H,? = H,8 at ae: ie A b= B=1, 2, HF = Da, 
VHB = 20% yHoB, yH,) = 20% yo. 


Combining this with Eqs. (7.1.34) and (7.1.35), we have an equation 
for H,°: 


4, 07H? i ap OHoo OH? 


aq Oxi Gxk as 2r © ox! ork 


(7.4.36) 


‘From the definitions of H,° and H 48 (the latter is defined in (7.1.32) 
it follows that H,° = 2(C + iz), where z can be found from the 
equation yr = = —Vz. 

For the components H,? = —H and H,? = ® from Eqs. (7.1.31), 
(7.4.33)-(7.1.35) we find a closed set of equations 


(DM* -+- RelH) 


oH —. oH am 
ss [ Oxt Axk + xi Oxk sak | -_ Axi oF (SS Oxk + * Oak )= 0, 
(Db* + Re H) i (7.4.37) 
62D 4 0 a iC) o®@ aw 
laa te r zi sr |- (5 + . <=) =0, 


where C is determined from the equation yGr= yC. 

The canonical equations of the neutrino electrovacuum obtained 
here are generalizations of similar electrovacuum equations of 
Geroch [2], Kinnersley [3], Hauser and Ernst [4], and Kinnersley 
and Chitre [5] to the case of the presence of a neutrino field. 


7. Neutrino Fields in General Relativity 199 


ON THE INFINITE DIMENSIONAL ALGEBRA AND 
THE LIE GROUP OF NEUTRINO VACUUM 
EQUATIONS 


Let us consider the invariant transformations of Eqs. (7.1.21) and 
(7.1.36) continuously depending on parameters and including the 
identity transformation if the NV-dimensional case (the case N = 2 
corresponds to the gravitational-neutrino vacuum, while V = 3 to 
the case of neutrino electrovacuum). 

We introduce the “right” matrix H, in the following manner: 


VHt = (vH) H + 2i (q vH —rvi). (7.2.4) 
This matrix exists if the following equation for AH is valid: 

2ir y?H = vH VH. (7.2.2) 
From (7.2.1) it follows that Hj satisfies the equation 

2ir y?Hs = yH yi. (7.2.4") 
Next we introduce the right matrices H, (7 = 2, 3, ...) by the 
recurrence formulas 
vi = (VH) Hh + 24 (9 VHn- — 1 VHn-1)- (7.2.3) 
These matrices exist provided that the equations 

Qir y?H-+ = VA Via (7.2.3') 


are valid, which we assume is true. 
In asimilar way we can introduce left matrices 'H,, (m = 2, 3, ...) 
by the recurrence formulas 


Vm ='HmaVH — 26(0V'Hm-a —7V'Hm-1). (7.2.4) 
These matrices exist provided that the equations 


Qir V" Hm = V’'Hm-1VH 7.2.4’) 
are valid, which we assume is true (when m = 2, this equation 
coincides with (7.2.1), and ‘H, = H,; = #). 

Starting from the definitions for 'H, and Hm, we can show that 

Vin =0, Ba ='H, —'Hn1 + 'An-.Ay +... + (—1)"An. 

(7.2.5) 

(From now on we will assume that 4%, =0,n=1, 2, ....) We build 
the matrix 


AL = TH, —~ HT Hye + HET’ Hyog +1... +(—1)" Hi, (7.2.6) 
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with I an arbitrary constant matrix. By induction we can show that 
the h, satisfy the equations 


2ir Wh, = Van VH + VA VA. (7.2.7) 
At n = 1 the matrix h, forms the solutions 6H = TH — AT. But 
Eqs. (7.2.7) coincide with the equation for small perturbations of 
Eq. (7.2.2). By the known solution H, then, formulas (7.2.6) yield 
a denumerable set of solutions depending continuously on the com- 
ponents of matrix I and differing from the given solution H by an 
infinitesimal quantity. 

Let us now show that the found set of solutions of the linearized 
equations for H (7.2.6) is isomorphic to an infinite dimensional Lie 
algebra. The corresponding Lie group provides a set of nonlinear 
invariant transformations of Eq. (7.2.2), which enable building 
solutions depending continuously on a denumerable set of para- 
meters from a given solution. 

Consider the perturbations 6’H, and 6H; at 6H =hi. By induc- 
tion we can prove that 


6Hi44 = hal, — hnsrHs—4 +... +(—1)” lng 
(7.2.8) 
6’ Hoiy='Hohint'Ay-thngit ... thangs 


Bearing these formulas in mind, we consider the commutator of two 
infinitesimal transformations: 


8x? (671 1) — 8m (8n*H) 
—s Pihatina de hi'hmtn—2 ee + hintin=ohi® 
+ Anin—1V2—Tohiten—1— hy Rnten~2 


ee eer ry eee We (7.2.8’) 
By induction we can show the validity of 
Din eh het ARS aa PR gh EAT Sa (7.2.9) 


Hence, combining (7.2.8’) with (7.2.9) we have 

On? (Ont) — 83 (6,2) = Wests het 

Thus, the infinitesimal transformations (7.2.6) do form an algebra, 
which can be built by successive application of transformations ae 
provided that matrices I belong to a matrix algebra. - 

Let us now turn to transformations that reflect the. fact that the 
matrices ‘H, and Hy, (n > 2) are determined to within constant 
matrices. 

By induction we can show that the matrices 'H, and Hi (s < n) 
do not change under the transformation ’H, >’H, +T, Hi, > Hat 
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T, with 

6’Hna1 = TH, ..., Ans, = I'A;, 

6An+, = AT, ..., 6474, = A;Y. 

We label the respective perturbations by —m: 
6. mn! Hmin=IA,, 8 mA = ALT. 


Consider now Bertin aone of this type at m>n for (7.2.6). 
We note that 6°14), = hit 

For the neutrino electrovacuum (VN = 3) it follows from the 
ee of H,® (A, B = 1, 2) that these components of matrix 

> (a, b=1, 2, 3) are determined to within arbitrary constant 

ue 
H4® + H,8 + w64? + iv 2: 
here Wy and p a” are arbitrary real constants. Similarly, the com- 
ponents @, are determined to within arbitrary complex terms*® 


OD, +> @D, + a4, Hap >Agg — 2a4D p — agorp. 

We will now exponentiate the infinite dimensional algebra. We 
multiply Eqs. (7.2.3) by (—is)", with s a complex parameter, and 
sum over 7 from 0 to oo, assuming all along that Hj = 1 and H!, = 
O (n > 1). 

We introduce in the ordinary way the generating matrix potential 


oo 


F’(s, ry = 3) (— ig Halts 9) 

Then from (7.2.3) it follows that F’ satisfies the equation 

VF" = —is (yH) F’ + 2(q yF’ —ryF’). 

The equation can be solved for yF’, which yields 

[U — 2sq)? + (2rs)*] yF’ = is [2rs YH — (1 — 2q8) WHI. (7.2.10) 
From Eq. (7.2.3’) it follows that F’ satisfies the equation 2ir y°F’ = 


vi vr’. In Eq. (7.2.10) it is expedient to go over to complex 
variables z = r+ ig and z* =r— ig. Then from (7.2.10) we get. 


aF" is OH p OF’ _ is OH p, 940) 
62 A+2isz 2 nt) 1—2isz* o2* (7. 10’) 
° In other words, we can make the oe transformation in 


the hierarchy of potentials: Hy? ALtAAn- ao e+ Cns N=1,. 2h cee, 
where C; are constant matrices, with eC,— Cfe=0. 
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We now introduce the left generating matrix potential 
“F (s, Ts 9) = 2) (is)™’Hm (Tr, 9)- 
From the recurrence formulas (7.2.4) it follows that the matrix 
'F (s, r, g) satishes the equation 
VF =isF yH+2(QV'F —rvy'F), 
whence 
[(14 — 2sq)? + (2rs)?] y'F = — is’ F [2rs vH — (1 — 2¢s) VAI. 
From (7.2.4) is follows that ’F satishes the equation 

2iry? F =v'F Vi. 
We now calculate the product ‘’FF’; 


‘FF’ = Xi, (is)"['H, —'HnetH +’AHn-2Ho+ ... +(—1)" An). 


According to (7.2.5), the coefficients of (is)” at m > 1 are zero and, 
hence, 


ee ile (7.2.41) 
Therefore, from now on we will drop the prime on F’, i.e. F’ = F. 
Equation (7.2.10) has an important corollary. We multiply both 


sides of Eq. (7.2.10) into F-! from the right and take the trace of 
the resulting matrix equation. This yields 


(4 — 2sq)? + 4s*r?] vy In (det F) 


= is [2rs V Hq? + (1 — 29s) VHa"l. (7.2.42) 


Now we employ the fact that, according to (7.1.22), the trace H,? 


is equal to 2 (w + iq). When we go over to complex variables, from 
(7.2.12) we have 


(1 -+ 2isz) 0 [ln (det F)]/dz = —2is (@w/dz + 1/2), (7.2.13) 
(1 — 2isz*) a [In (det F)\/d2* = —2is (dw/az* — 1/2). 

Integrating (7.2.13), we finally have, 

det F=ent9/4; A=Y (1 —25q)? + (2sr)?, 


= dw dz dw dat a" 2 (7.2,18") 
a= 2s| | “Oz 1+ -2izs =F \ oz* =e 


Let us now consider the infinitesimal transformations 6H;4,, 6’H,+1 
generated by the infinite dimensional group we are studying. We 
introduce the notation H,, = 'H,H; (—1)*. Then, comhining (7.2.8) 
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with (7.2.6), we have 


n—-1 t 
2 
9A .41, t41= — pa A544, nV n-1 pj Hitin-i-k, i 


n=-1 


— He44, n+t Dn- t+ oe py Hi;, N+ 8—i- yee 17; , t+1 


4 Pra ein, t44- (7.2.14) 


Here I’, -, is the matrix that determines h! (see definition (7.2.6)). 
It is interesting that Eq. (7.2.14) can be simplified if we introduce 
the matrices 7,,, in the following way: 


—Tan + Im-1, ati = Han atmpd>i,n>1, 
Ton = —Hon-=-— (—1)" Hi at n> 1, (7.2.15) 
Pm-i3i = Hm. m > 1, Tinn = 0, m<Q, n<i1. 


To demonstrate that the transformation from Hy, to Tm» is non- 
singular, we multiply (7.2.15) into (is)™ (it)” and sum over m and rn 
from 0 to oo. Next we introduce the generating matrix functions 


T (s, ¢) ~ 3 Py json (is)™ (it)" and 
H (s, t)= py pay H m,n (is)™ (it). 


According to the definition of Hyon, 


H (s, t) = ‘F (s) F* (t) = F7 (s) F (t). 
From (7.2.15) we have 
T (s, t) (—1 + s/t) = F (s) F (t) — 4, 


whence 


T (s, t) = t/(sJ— t) (F- (s) F (t) — 11. (7.2.45) 


Taking the coefficients of the like terms in powers of s and ¢, we get 
a unique formula for 7,,, in terms of Hy». 

If we substitute (7.2. 15) into Eqs. (7. "3. 14) at m>1, we can 
easily find that 


671, m=T ntl n-141, m— Lt, n-tt+-mE nas 


n-1 
or T, 2Vn-12n-1-h, me (7.2.16) 
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In an infinitesimal transformation, in general, all the I’, are nonzerog 
hence, from (7.2.16) at m=>1 we have 


871,m= Zi. Pitre? n, m— 2 Ty, nV r—m 


— DD 1. Tate n, m- (7.2.16’) 


k=1 n=0 


This expression is in matrix form and has the same dimension NV 
as the matrix H. We now form infinite dimensional matrices 92 and 
i, whose elements are matrices of dimension JN: 


Qin (-—o<ci< +o, —wo<k< +00) 

Qmn = Smnatm>d0, n>0,Q,,-, =90,nS1,—-w<cm< aw, 
Q umn = Imn at m > 0, ni, Q_y»=0, mS 1; 

Nin (ool i< +o, —w<k< +00), 

Ain = Ty-,p at —wo cc kci<c ow, 

Ai, =O at —coci<k< o. 


Then we are able to write Eqs. (7.2.16’) in the form of one matrix 
equation: 
6Q2 = AQ — QAQ. (7.2.17) 


According to the definition, matrix ® has the form 


(G4) 


with # the unit matrix. While A is a triangular matrix: 


ee ee oe oe j@ j@® @® @ j®© @® @ °@ 


It can easily be shown that the matrix equation (7.2.17) has 
the solution 


2Q-Q+£)=Q, : (7.2.18) 


where Q is an arbitrary constant matrix, E is the unit matrix, and Q 
is the solution of the equation 


6Q@ = AQ, or §Qn r= » Lopig ahs (7.2.19) 
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To find the solution of (7.2.19) at a fixed k, we multiply both sides 

of Eq. (7.2.19) into (it)”, sum over n from —oo to +00, and put 
00 00 

Qrn(t)= d) Qn, xn (it)®, T (t)= >: T, (it)-*. Then we can write 
n=-—0o k=0 


(7.2.19) in the form 6Q, = TI (t) Q,, where Q, and I (é#) are ma- 
trices of dimension N, from which we can easily find that ; 


Q, = (exp y (t)) Qn, T(t) = dy (2). (7.2.20) 


It is expedient to identify matrix Q with @, which corresponds 


to the unit element of the group. Matrix Q is obtained from Q 
via a nonlinear group transformation. Let us introduce the notation 
tT (t) = exp y (4) — 1. Then (7.2.20) can be written as 


I : 0° 

—Qy m+ Q1, m = » Tog hd coens T (t) = 2 Tr (it)-*. (7.2.21) 

Allowing for (7.2.21), we can write (7.2.18) at n >1 as 

Pn,n = Dies = > a ee » j dee eee =D a Tm,ktr+il ine 
(7.2.22) 


Now we put m=O, multiply both sides of (7.2.22) into (it)", 
sum over nm from 1 to oo, and get 


—F (t)-+F (t)+ > Portnall aaa): 
nm, l,m 


+ 2, 2 Lo, sts-t (it)' = x x) Vela, (it)'. (7.2.23) 
= s= l= s=0 

Consider a closed curve Z that separates a simply connected 
domain D. (the origin of coordinates belongs to D+) from a simply 


connected domain D~_ (the point at infinity belongs to D-). We 
assume that in the domain D4, -+- L the functions F (6) and F (t) 
are analytic, while in the domain D_ —- L the function t (¢) is analyt- 
ic. From (7.2.13’) it follows that ¢ = i/2z2 and t = —i/2z2* are 
singular points of F(t), and for this reason both must lie in D-~. 


We now employ the fact that 2nit, = \ (is)” + (s) ds/s and obtain 
L 


co 


>) To.nta-1 (it)'= >) \ To,n (is)” >} (t/s)' (s) ds 
in=l n=1 I-51 


M 3 


T 


[F(s) —F(t) MIs (s—t)]} 7% (s) tds. (7.2.24) 
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Using formula (7.2.15’) and combining (7.2.23) with (7.2.24), 


O (1 ar J Te) 
+ Fr \ F(s) (9) F+ (3) F () = =0. (7.2.25) 


L 
If we use the fact that + (s) is analytic in D- and F(s) F'* (s) is 
analytic in D1, we have 
toe tds —t(t) at tEb, 
Tar | — | 


0 at tE€ D.; 
4 F(s) Ft tds —1 at ¢€D_, 
Dr ) () FP" (9) SG=9 ys (t) at t€ Ds. 


We introduce the notation y-«& F (t) (1 +7 (t)) F2(@). From 
(7.2.25) it follows that 

d 
\ x (ey = 0, tED,, 
L 


; . (7.2.25') 
yO ae rg \ X- (8) Go py =O: te DL. 


L 


The above formulas show that the function y-(s) given on L 
admits of an analytic continuation into D_. The respective function 
in D_ we denote by y-(¢).* 


If we now introduce the notations y+ (s) = F(s) F-1(s) and 
G(s) = FB (s) (14 + 1 (s)) Fo (s), then we can interpret (7.2.25’) in 
the following manner: we wish to find functions y+(t) and y_(é) 
analytic in D4 and D_, respectively, such that 


x- (s) = x%+ (Ss) G (s) (7.2.26) 
on ZL and 


y+ (0) = 1. (7.2.27) 

This is the classical Riemann hourdary problem in the theory 

of analytic functions. Note that det y, = 1 in D4 and therefore 
the problem is regular. 


4 Equations (7.2.25) could have been derived directly from 


gs. (7.2.8) without introducing the generating matrix ‘functions H (s. t) 
and T(s, ¢). Indeed, using the generating function F(s). we find that Eqs. 
(7.2.8) yield 


| {8 F() F4 () F(T (@) F4 (9) ds/s (6-91 =0 1 € Dy, 
; | | , 
which is the variation of matrix equations (7.2.25’). 
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If we use the solution of Riemann’s problem for a fixed L, we can 
obtain the solution to the initial equation (7.2.2) not for all values. 
of r and q but only in the domain i/2r € D_, i.e. in a restricted domain 
that includes the origin of coordinates. 

We can easily prove that when a solution exists, it must be unique. 
Indeed, suppose that y’, yi is another solution. Then on ZL 
we have x,'y- = (x1) ?4_ = G (s); hence y- (y/)7* = y+ (x4)71. 

The function that is defined as y- (y/)“} in D. and as y+ (y,)7} 
in D+ is analytic in the entire complex plane and, therefore, by 
Liouville’s theorem is a constant. This constant is equal to the unit 
matrix, i.e. the matrix y+ (y{)7? at t = 0 is the unit matrix by 
definition. Whence y+ = y¥, in Dy} and y.=~y/ in D.. 

We note that in the absence of neutrino fields, the Riemann 
problem and the integral equations (7.2.25’) were first formulated 
by Hauser and Ernst [4], who based their reasoning on the matrix 
potentials of Kinnersley and Chitre [3, 5]. Our method of introduc- 
ing matrix potentials does not contain the operation of complex 
conjugation and is based solely on the set of equations (7.2.2).° 

In the absence of neutrino fields, we can use the Minkowski space- 
time as the bare solution. For this case we can easily build the 


matrix F (t). From (7.1.18) it follows that at w 40 the flat space- 
time is not a solution. A generalization of the flat solution is 


14 w 
(Zan) =(, | (7.2.28) 
For the complex matrix potential according to (7.1.19), we have 
Hy = 1, Hy, =2(w-+ ig), Hy = 9, (7.2.29) 


Hy. = ww —r? 4+ 2iqw+2 \2* (Ow/dz*) dz* — 2 \2 (Ow/0z) dz. 


To find the components of the generating matrix function F (t) 
corresponding to solution (7.2.28) we use Eq. (7.2.10°): 


02 4b Qizt ( dz 29°% 
oie tt (4 _) (7.2.30) 
d2* ~~ «4-4 2izt ( 0z* ae ig 


OF »,/02 = (OF ,p/02) (w —1r), @Fyp/02* = (OF 1p/62*) (w + 1). 


Integrating (7.2.30), we obtain 
Fip = (cp (t)/N) e-, Fon = (Cp (t)/A) e-¥9 (w + ig + A/2it) + An) 


° Equations !(7.2.2) are differential corollaries of the initiai 
equations (7.1.17) and (7.1.20); therefore, we have to adjust the constructed 
algebra to those equations. This leads to additional restrictions on T (s), 
which for n=3 must be 1-+-+ (s)=exp [y (s) (e —is I/2)} (see the footnote on 
page-194), with y(s)=" (s). 
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Here cg and dg are arbitrary functions of parameter t, and the 
expressions for 4 and o are given by formula (7.2.13'). By the def- 
inition of F4,, the following is true:| 


F ap (0) = Eas; OF ,,/ot | ts = —it 4 p- (7.2.31) 


The matrix functions H}, (n = 2, 3, ...) are determined to within 
constant complex matrices.' For this reason we can take the simplest 
expressions for c,(t) and d,(t) for which conditions (7.2.31) are met: 
€; = —it, cg = 1, dj = —1/2, d, = —1/2it. 

Hence the matrix F,8 (t) for solution (7.2.28) has the form 


4 it 
dexp (to) Fa (t) = (op tgt(t—a exp (io))/2it it (w+ ig)-+(1-+4 exp (io))/2 
(7.2.32) 


7.3 EXACT SOLUTIONS OF NEUTRINO VACUUM 
EQUATIONS 


Few exact solutions of the simulJtaneous set of EKinstein-Wey! equa- 
tions are known. Golubyatnikov [6] found an exact solution with 
a group of motions G; on V,. Solutions with an isotropic Killing 
vector (the case of pure radiation) and a zero energy-momentum 
tensor are also known (see [7, 8]). Griffiths [9] found solutions that 
describe the collision of a stepwise neutrino wave and a delta-like 
gravitational wave. Repchenkov [10] found a solution that depends 
on one variable only and which, from considerations of limiting 
transitions with respect to parameters on which the solution depends, 
was interpreted by him as collision of neutrino waves. 

Below we present a class of new exact solutions found by the 
author. In Sec. 7.3.1 we reduce the problem to an analysis of a first- 
order equation; in Sec. 7.3.2 we study a self-similar collision of 
neutrino waves; in Sec. 7.3.3 we give a steady-state solution with 
local sources of the neutrino field; finally, in Sec. 7.3.4 we describe 
ways of generating exact solutions, i.e. methods that lead to solu- 
tions with any number of arbitrary constants, which are based on 
the theory we have developed in Sec. 7.2. 

7.3.1. A Class of Solutions Described by First-Order Equations. 
Let us now consider the class of exact solutions:of thé equation to 
which, as we have shown earlier (see (7.1.23)), we can reduce the 
Einstein-Wey] set of equations in the stationary axisymmetric case: 


ryé + vé (yr + i yw) — 2r (yé)P2E + &*) = 0, (7.3.4) 
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where w is a real-valued harmonic function, and y = (0/dr, 0/0 
: sd harm , and v == (Alar, 3/09) 

We write Eq. (7.3.1), introducing new coordinates z = r —+- ig and 
z* =r — ig: 

0°6 1 06 06 2 06 O06 
Oz 02* ae 2 (z+2*) (e+ Oz* )- E+6* a2 Oz* 
4! a6 Ow , 06 aw 

2(z+2*) | 62 d2* O2* = | 


aS 066 (1, . wy, 0 [4 dw 
= t| ——{-— =—_—_ ——_ |_— } i 
dz Oz* | | Oz (x+2 az* aa a2" (5 is) |/ cere) 
2 06 06 
gage ae Gt (7.3.2) 


Let us show that the solution to the equation 


66 = S4+G* 71, , ow 
Gen (at! an) =" i 


satisfies Eq. (7.3.1) provided that 0&€*/dz2* = (0€/0z)*. Indeed, 
differentiation of (7.3.3) with respect to z* yields 


arg { J6 1 06 (1, ., dw 
jz a® (z+ 2*) lar az* (sti) 
66* (1, . Ow 
— je (gt? Ge) |=0. Cae) 


The required assertion follows if we compare (7.3.2) and (7.3.4), 
and from the relationship 


&*/az* (1 + i Owldz) = (06/d2) (1 — i Ow/dz*), 
which is valid on the basis of the above condition, Eq. (7.3.3), 
and the fact that w is a harmonic function. 

This class of solutions of neutrino vacuum equations is more 


general than that found by Bitsadze [11] for the case of a gravita- 


tional vacuum. 
7.3.2. Self-Similar Collision of Neutrino Waves.® When there are 


no electromagnetic waves, the set of equations (7.1.37) after the 
substitutions 


£1. = rcosh W exp V, gi. = —rsinh W, g.. =r cosh W exp (—V) 


The results of this subsection belong to L.Yu. Blazhenova-Miku- 
lich and the author. 


14-0714 
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can be reduced to 

2rW uy +ruWy +roWy —rViV,, sinh 2W 

+-cosh W (c, (uv) V.» — cz Vv) Vu) = 9, (7.3.9) 
(2rV uy +ruViy +rivV,y) cosh W + 2r (VW + Viu Wo) 

+c, (v) Wy —e (uy) Wy = 0 (% (u) = Cin, C2 Y) = Cr). 


The self-similar solutions to this set of equations are sought in 
the form 


W=W(), V=alnr+V (6), 

8 = arccos [(f (u) — g (v)/(f u) + g (v))I, r= FU) + g (Vv). (7.3.6) 
These exist if 

c, (u) = Af’ (u), ce, (v) = Bg’ (v). 

Then (7.3.5) is reduced to 

V” cosh W + oV'W’ sinh W — 2a cot OW’ sinh W 

— W’' (A — B cos 8)/sin 0 = 0, 


W" + (1/2) (a? + 2a cot 0V’ — V’) sinh 2W 
+ cosh W {aB + [(B cos 8 — A)/sin 6] v’} = Q, 


where the prime means differentiation with respect to 8. As in the 
case of self-similar collision of electromagnetic and gravitational 
waves studied by Blazhennova-Mikulich and Sibgatullin [42], there is 
a first integral for (7.3.7): 


(V’)? cosh? W + (W’)? + (a sinh W -+ BY? = &, 


which at a = 0 has the same form as in the case of collision of 
purely gravitational waves. We assume that V’ cosh W = c, cos ¥ 
and calculate the Ricci rotation coefficients: 


XK = —tan (6/2) exp (ix) eof’ (u)/2r, 
o = —cot (6/2) exp (—i¥x) cog’ (v)/2r. 


(7.3.7) 


We see that the colliding waves undergo a shift in which the rota- 
tion angles of the major axes are opposite and the magnitude of the 
shift obeys the “conservation law” | Ao | = c?f’(u) g’(v)/4r?. 

The obtained first integral enables reducing the order of the set 
of equations. For « =0 we introduce a new variable: wu = 
arccos (tanh W). Then (7.3.7) is reduced to 


Lb = —Co sin X sin U, (7.3.8) 
x = Cy cos pcos x -+ (A — B cos 8)/sin 9. 
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This set of equations has singularities at 0 = 0 and 0 = n, i.e. the 
metric is singular on the surfaces wu = uw», v = vg where f (u) and 
g (v) vanish, respectively. 

The asymptotic behavior of w and y at the singular points is: 


0-0: WX Wo, ¥ * Xo + (A — B) In tan (0/2); 
0 —> m1: pp & const, y © yo + (A + B) In tan (6/2). 


Hence, as the colliding waves approach the singular points, they 
undergo “shearing” vibrations with an infinitely increasing frequency. 
The quantities y + p and y — up satisfy the equation 


GC’ = ¢, cos § + (A — B cos 8)/sin 0. 


The phase of the neutrino waves can be found from the Weyl 
equations (7.1.2): 


4arg@M = y + (2B — A) In | sin 8 | — B In | tan (6/2) | + const, 
4arg PV = —y — (2B + A) In [sin 0 | — B In | tan (0/2) | + const. 


Thus, in the self-similar problem of coiliding neutrino waves, 
the approach to a singularity has an oscillating behavior that is due 
to shearing vibrations with infinitely increasing frequency. In the 
problem of self-similar collision of electromagnetic waves (see [12]), 
notwithstanding the formal similarity of the solution to that for 
neutrino wave collision, the physics of the vibrations is entirely 
different: the vibrations appear due to transmutation, so to say, 
between gravitational and electromagnetic waves in the approach 
to a singularity (this effect was studied by Sibgatullin [13] in the 
approximation of nonlinear geometrical optics). 

7.3.3. A Stationary Axisymmetric Solution. In the coordinates 
A, pw: g = Ap, and r = [(? — 1) (4 — p*)}?, Eq. (7.3.1) becomes 


2 fz) 26.) _ 2021) (06 )2, 4 / WaT ww 06 
a | @ ==) 3c |— (€é+€*) (=) 1-2 OA OX 

a » 06] 2—p) (ae 2, . (= dw 96 
+57 (4 -K) ar l—waen (ae) +'V aT ap oe =? 


(7.3.9) 


In the A, p-coordinates the Laplace equation is 


Viti 0 (VFI) | ons VT a (VI) / am 0. 


The simplest solution for this equation that tends to zero as r > 00 
(this is necessary for the space-time to be asymptotically flat) is 


w=yV1—-w (A -V ei). 
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Let us look for the solution to Eq. (7.3.9) in the form € = é (A). 
We put A = cosh o and obtain 
aE dé 2 d&\2. .. d& exp(—o) _ 
do2 + coth oF -- 6+ e* (=~) + LY 5" —sinh o 0, 
or, separating the real and imaginary parts, 

12 aqy’2 , . 
f’+coth of’ LP e-°/sinho = 0, 


ap” -- coth op’ — 2f’y’/f + yf'e-9/sinh o = 0 


(the prime stands for differentiation with respect to o). We multiply 
the first equation by f’, the second by yp’, and add the two. This 
yields 


sinh? o (f’? -- ’?) = cf. 
Now we introduce the variable ¢: 
cy sin 6 = (f’/f) sinh o, ¢) cos ¢ = (y’/f) sinh o, 
which satisfies the equation 
t’ — —c, cos C/sinh o + ye-°/sinh o, 


and the variable 9 such that d0 — do/sinh o. Then we have 
dt/d® = cy cos € — y (cosh 8 — 1)/sinh 0. 


It is worth noting that for an entirely different situation we 
have arrived at the same equation as in the case of self-similar 
collision of neutrino waves (to within the substitution of a hyperbolic 
sine for an ordinary sine). 

7.3.4. Generating Solutions by a Shift along an Orbit of the Infi- 
nite Dimensional Group. The integral matrix equation (7.2.25’) 
for t € D= is reduced to an integral equation for one sought function 
in two sufficiently general cases: (i) when matrix Tt has only one non- 
zero, off-diagonal component, and (ii) when matrix tT is diagonal. 
Although an arbitrary matrix t can be represented by a product of 
four matrices of type (i), nevertheless a study of transformations 
of type (ii) enables us to obtain physically interesting solutions by 
solving an integral equation only once. 

In this section we wil! derive the integral equations and give 
their solution for matrix t(s) that is an arbitrary rational function 
analytic at the point at infinity for cases (i) and (ii), respectively. 
If we choose the neutrino field w in the form w = +E, it proves 
possible to find a solution for an arbitrary shift along the orbit 
of the infinite dimensional group. 

(i) Let us consider the integral matrix equation (7.2.25) at t € D4 
for the component F,? (t) on the assumption that matrix t has only 
one nonzero component T,! (s). If we put t,! (s) = T (s) and F,? (s) = 
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—Y(s)s, we have a Fredholm integral equation of the second kind: 


Y(t) —Y(t)= sr | Y(s) T (s) M (s, t)ds, (7.3.10) 
L 


with 


M (8, t) =A (5) exp (io (9)) (F2 (9) Fe) — Fy (9) FZ OIA. 


(7.3.41) 


Here F,° (¢) and F’.,* (¢) are the components of the generating matrix F 
for the initial bare solution, from which we will generate al) other 
solutions. From the fact that T(s) is bounded as s ~ oo and rational 
it follows that this function can be written as 


N Qm 
L (s) =a +- > Dy On| (8 — Uy)? *!. (7.3.12) 


m=i n=0 


The complex constants a™ and u, are restricted by the condition 
that after 7(s) is reduced to a common denominator, it can be writ- 
ten in the form of a ratio of two polynomials with real coefficients 
and such that the degree of the polynomial in the numerator is no 
greater than that of the polynomial in the denominator. 

After we integrate by parts and calculate the residues at points 
s = u,, in (7.3.10) and (7.3.12), we obtain 


N am m 
ie] a, on 
Y(t)—Y(t)= >) D) —- sor (Y (8) M (8, t).—u,,: (7.3.13) 
m=1 n-=0 


Let us denote d"Y (s)/ds* at s = u,, by Y py. From (7.3.13) it follows 
that 


2 N am 
Y@+YQ= 2) > Yao" @ 
ne (7.3.14) 
sae ar” M(s, t) 
p™ (t) = Onth Ea rea) ee 
n=0 se 


We differentiate (7.3.14) g times with respect lo ¢ and put Oe Uy 
(g runs from zero to @,, with / = 4, 2, .... N). Then trom (7.3.14) 
we obtain a closed linear set of algebraic equations to determine 
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» a 
Ves) = 3 -y Y On: G20¢ a0@ bay cee 
m=1k 
(7.3.15) 
Bee ce 
mR ___ m 
a= a are eee (Gara MD), type testy” 


The sought solution € = € (r, q) of Eq. (7.3.1) is expressed in terms 
of the solution to (7.3.15) in the following manner: 


N Om am—k 
° ; 4 en e. 
€é=iY (0)=6+i a > baa > Aint Qn ; ky oa Ea (s) A (s) e! "Js=u,, 
m==1 k=0 n==0 
(7.3.16) 
If we use (7.2.32) as the initial solution, we have 
N am 
= ages) 2G 7 bik!) ap (7.3.16’) 


In the absence of a neutrino field solution (7.3.16’) of Eqs. (7.3.15) 
includes as particular cases the solutions found earlier by Sato and 
Tomimatzu [14], Kinersley and collaborators [3, 5, 15], and Hauser 
and Ernst [4]. 

(ii) We note that in the general case the matrix 1 + Tt (s), being 
the exponent of a matrix with a zero trace, has a determinant equal 
to unity. Therefore. if matrix 1 + Tt (s) is diagonal, it must neces- 
sarily have the following form: 


1+20=(9" ri) 


where [(s) is an arbitrary analytic function regular at infinity and 
real-valued on the real axis. 

To derive the integral equation containing the one and only sought 
function, we use the result obtained in Sec. 7.2, according to which 
there is an analytic continuation y (é) of the matrix function 


F(s) 1 + t (s)) Fo (s), the latter being given on LZ, into domain 
D_ achieved by the Cauchy integral. 
From the fact that 


y, (t) = F (s) (+ 1 (s)) Fo (s) 
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on ZL we find that 


Poly) = (FIP — F2F'P-) 4, = 2 exp (io), (7.3.17) 
Toy? = (—-FiF2 + F2FYT-%) 4, (7.3.18) 
Tyo! = (PF 1F2 — F.2F,}) A, (7.3.49) 
Ty? = (°F IF? + F2F,) 3. (7.3.20) 


We note that in D_ the functions [-'y,4 and Ty,.4 (A = 1, 2) 
are analytic, too. 

Let us use the known Privalov solution (e.g. see {16]) for the 
inhomogeneous Riemann problem of finding functions X analytic 
in D, and D_, respectively, and such that 


X.=aX,+56 


on L. If the index of a(s) is zero, the Privalov solution has the form 


X (t) = exp (—F (t)) (A—ae> | 0 (8) [exp F (9) 5), 


X_-=X(t)attE€D_., X+ = X(t) att ED, 


(7.3.21) 


with F (t) = (4/2zi) \ {{In a (s)l/(s — #)} ds. Combining (7.3.24), 
(7.3.17), (7.3.18), and condition F4? (0) = 64, we find that 


FAO ERO RO = 1 aie) RO) FAO) FOTO Faas 
(7.3.17’) 
FA F2 (QE = ap VT) FeO FAW re) Sy. (7.3.48) 


L 


Solving (7.3.17’) and (7.3.18’) for /';' (¢), we obtain a singular 
integral equation: 


Y (t) = (4/2ni) \ Y (s) I-2(s) W(s, t) ds, (7.3.22) 
L 

where 

sY(s) = —F,*,(s), sY (s) = ae (s), 7.3.22") 


W(s, t) = 1% (s)/(s — ) (FY (8) F? @) — Fo (8) Fe (1. 
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We can obtain a similar singular integral equation by solving 
both (7.3.19) and (7.3.20) for F,? (é): 


Z(t) = (1/2ni) | Z (s) T2(s) W(s, t) ds, 
4 F (7.3.19’) 
Z.(s) =F (8), Z(s) = Fe! (s). 

Here W(s, t) is again given by (7.3.22’). 

The integral equations (7.3.22) and (7.3.19’) differ only by the 
power to which [(s) is raised in the kernel. 

Ifw = +r (orw = —r), it is easy to find solutions to Eqs. (7.3.10) 
and (7.3.22) for arbitrary analytic functions 7(s) and I(s). Indeed, 
in this case we have for the components F , (t) the following expres- 
sion: 

Fi = (1 + 2izt)-}, Fy? = it 1 + 2izt)?, FJ = 0, Fy? = 1. 


Whence W(s, t) = (s—t)}!, and from (7.3.19°) and (7.3.22) it 
follows that 


Fy? (t) = it (4 + 2izt)T? (i/22), 
Fp (t) = (4 4+ Qizt)4, F,! (t) = 0, F,? (t) = 4. 


Hence, when w=vr, the function @ (r, g) = I? (i/2r) is the 
sought solution. In view of the fact that ['(s) is chosen arbitrarily, 
F? (t) is an arbitrary analytic function regular at the origin of coor- 
dinates. 

Let us assume that I (s) is an arbitrary rational function that is 
bounded but nonzero at the point at infinity. We also assume that we 
can represent [~* (s) in the following form: 


N1 Ne 
T'-2(s) = U (s —u,)°R*" fox Ul (s—v,)Pn*?, (7.3.23) 


with 
Ny 


No 
21 (eat) = 2) (Bat 1) =N. 


. When the denominator in (7.3.23) has complex conjugate roots, 
in the corresponding gravitational fields there appear ring singular- 
ities. If we integrate the right-hand side of (7.3.22) by parts and 


calculate the residues at points s=v,, n=1, 2,..., No, we 
obtain 
) Ne 4 gn 
= —2 —_—_————_ = 
¥O=¥ I+ 3 arm, 
r= 


Ny No 
«| ¥() W(s, 2) I (s—u,)***"/ TT (s—v,)Pot* | 


kin 


sS=tn 
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We simplify this expression by introducing the notations 


Ny No 
<a [¥ (8) [J (a) *4/ TP @—v,)**]. 
k=1 


kh#n iis 
SL yg WOAH Oy Ay 2405 Bee 
1 ghn-™ ‘ 
WaT Rae VO] =O, wad, 2 0 Me 
~~" 
This yields 
° N2 By, 
Y(t) = Y (@t) T(t) + 2 dX Y 0°). (7.3.24) 
To find the sought solution for € we put ¢ = 0 in (7.3.23). This yields 
5 Ne Br Ne, iy Ni | 
6 Ale—-i 2B YamQr(0)|, 4=a [Pen / |] ugett. (7.8.25) 
n=1 m= n—1 k=1 


Hence, we need only to calculate the Y,,,. To this end we differen- 
tiate both sides of (7.3.24) / times with respect to t and then put 
t= u,. This yields 


é Ne Bn 
AY (uy)/Ot'= SY YamQil, QR =A'QM/At |r (7.3.26) 
Here 1=0, 1, ..., a@,, with & varying from 1 to N,. Hence, 


Eqs. (7.3.26) comprise a set of N linear algebraic equations in NV 
unknown Y,m (m=0, 1, ..., Bay m= 1, 2, ..., Ne). 


We now turn to the particular case of (7.3.23) where a, = f, = 0, 
i.e. 
N N 
Pr (s)= |] (s—ua)/ II (ses), (7.3.27) 


with u,; and v; parameters that are never equal. 
For the initial solution we take that for F,48 (t) corresponding 


to the metric 211 =o 21 =D, Zoo = w* — 9, 
Suppose that 


N N 
X= [iF y? (v))/v7] 1] (v;—Ur)/ [J (VU, — Vp); 
k=1 k=l 


then, according to (7.3.26), the X, satisfy a linear system: 


N N 
{ X24 eth _y 0 (7.3.28) 
+ 2) Xu2+ >, Vim tio a 
l=1 


l=1 
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where 
Qa7 =r (v;)/¥,,  2Am == Nn (Um)/Ums 
R(t) = V (1 — 2tg)? + 4r#? exp (ic (t)), 
=_ > Ow dt Ow ac* 
o(t) == 2t| | "Oe, ee2icEy \ “oC* (1—2iC*t) 


If the constants u, and v, (k, / = 1, ..., N) are real-valued, it is 
expedient to introduce new constants according to the formulas 


2u, = 1/(g, + my), 20; = 1/(qi — m)). 


This enables us to transform (7.3.27) into a linear set: 


N 
2 es X, [4+ (An +47) /(n — Qi-+ m, + m,)] =9, (7.3.29) 
where 

=V (q +m, —4)* + r? exp (inf), 


. dw dz dw dz* 


ot= | = (qx mp + iz) +) 62* (qur+mp—iz) ? 


An =V (qx — mn — 9)? +1? exp (ion), 
ieee — Ow dz dz* 
t } 82 (qr—mp+iz) a oo 0z* (qr—mp—iz) * 


For the components of the generating matrix function F(t) we have 
m 
F,* (t) = S (@)/A () =o, XV,/(¥;—t), 


N 


Fe (t) = tS (t) [] eva) (t—ua)]/a (0), (7.3.30) 


N 


S(t)=1+ +> X,(v, (A (t) + 2taz) +0, —t]/[2 (vy, —D), 


N 
Fi) = |] (¢—uaitt—va)] QO OA Os 


F,? (t) = 4 + itQ (t) +- it 5 Y yu, /(u, — t), ae 


a N (7.3.34) 
Q (t) =w+ig+ (A—A (é))/2it + Dy Y, (uy; (2ta7 


~w 


+ A (t)) +-¢—uj,]/(t—u)), 
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where the functions Y, can be found from the linear algebraic set 


N 
7 7 ee An tat 
2(w+i (9 — Qp) + iAR 4- imp) + >, [D——— i 1 | Y, =0. 
I=1 
(7.3.32) 


The solutions (7.3.30) and (7.3.31) correspond to the solution for N 
black holes lying on a symmetry axis in an arbitrary neutrino 
field.? 


To find the sought components A ,%, we can use the formula 
OF 4" At\ so —_— —iHf ,8. 
We then have 


N N 
Hy=A(1 ar Py X,), A= a, (Vv, /Uz), 


Hyp =2(w+i2) +3) X,(w+i(q—q) +idr+imy]; 


Hy =, Y;, (7.3.33) 
H,. = At {uw — 7? + 2igw + 2\ 2 = dz* —2 (2 az 

F 
+2 >) ketene 

feet 


Note that when there is only one black hole, the explicit form of 
the solution is 

At+A~—2m 

At A= 2m? 


= 3 4m [w+ i(q—q,)+iA- ee 
sk | eae oy os 


Ay, = 


(7.3.34) 
H,, = 4m [w+ i(g—q)+ta7+im|] 
a am? 
; 4) IAT —q;)—tA* — i 
By = Hyp — PE) 


In the absence of neutrino fields the solution given by (7.3.34) 
coincides with the Schwarzschild solution. Indeed, if we go over to 


? In the absence of neutrino fields our solution becomes the WN soli- 
ton solution of Belinskii and Zakharov [17]. 
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the variables 

2(R—m) = A*++d-, 2mcos 0 = At —A- 

and isolate the real parts in (7.3.34), we obtain 
214—= (1 —2m/R), goo = —R* sin 9, gi. = 0. 


7A ROTATION OF THE POLARIZATION VECTOR 
OF GRAVITATIONAL WAVES IN A BURST 
OF NEUTRINO RADIATION 


Let us consider propagation of discontinuities of the first order of 
gravitational and electromagnetic waves in a neutrino field. 

By the definition of a Hadamard discontinuity of the first order, 
the metric on the discontinuity surface remains continuous while 
the discontinuities in the first derivatives of the metric coefficients 
cannot be eliminated by an appropriate choice of the discontinuities 
in the second derivatives of the coordinate transitions. The coordi- 
nate transformations z‘’ = f* (z’) admit of discontinuilies in the 
second derivatives: 


(af"/dztax*] = y™' Lily, (7.4.4) 


where 1, = du/dx'|, = 9 and u (x*) == 0 is the equation for the dis- 
continuity surface. 

The Hadamard conditions for the discontinuities in the first de- 
rivatives of the metric coefficients are 


0g;,/dx" = lp Caz. (7.4.2) 


These imply that when we transform to the reference frame zx‘ , the 
jumps ¢6,; change in the following manner: 


(Of"/0z?) (0f'/0x") Ch? = Cig Ss Liv; + Lj. 


We can obtain algebraic conditions on ¢€,; either by integrating 
both sides of the Einstein equations over a layer of small thickness ¢ 
surrounding the surface u = 0 for continuous solutions that rapidly 
change across u = 0 and then going to the limit with e +0, or by 
using a variational condition concerning the continuity of the gen- 
eralized momentum on the discontinuity surface (see Sedov [18]): 


whence we obtain 
Del bay — Lil ( Cay — Bn bm/2) — jl” (Ing — gi b™/2) = 0. 


These conditions imply that the discontinuities in the derivatives of 
the metric coefficients cannot be removed only on isotropic surfaces, 


J& 
3 
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where J*/, = gu ju, = 0, and that 
(£4) — Ghgn/2) = 0. (7.4.3) 


Let us have corresponding to the discontinuity surface u = 0 a 
tetrad held 2;, m;, mf, n;, of which the first three touch the surface 
wu == 0 and are translated in parallel along the isotropic geodesics 1,. 
In the vicinity of surface u = 0 we build the tetrad field by parallel 
translation along vector n;, which is assumed to be tangent to the 
family of isotropic geodesics that go transversally through the sur- 
face u = 0 touching the field of vectors n; on the surface u = 0 de- 
fined above. We note that the integral curves of vector J; are geodes- 
ics only on the discontinuity surface. 

Then, decomposing ¢;; along the tetrad vectors of (7.4.3), we ob- 
tain 


Ci; = Pmim; + P*mtmi +- ly; + Lyi, 


where the y; are the components of an arbitrary vector on the sur- 
face u = 0. 

The Ricci rotation coefficients of an isotropic tetrad, except 4, are 
in this case continuous on the discontinuity surface and 


(Al = —P/2, } = —m**m*iqjn;. 


According to the definition of the Ricci tensor component @,), 
we have 


[®,,] = — (4/2) (DP + y,liP/2). (7.4.4) 


The Maxwell equations provide the algebraic conditions on the dis- 
continuities of the tetrad components of electromagnetic field _ bi- 
vector: [F;,;] ? = 0. Whence 


[Fiz + (é/2) ey 1jF* 4) = 2flyumy, 


where €,,;; is the totally antisymmetric symbol in four dimensions. 
We can easily calculate the jump in the ®,, component of the energy- 
momentum tensor of the electromagnetic field: 


[D,5] = @* (7.4.5) 


(here x is the Einstein gravitational constant). Subtracting from 
each other the Maxwell equations written for both sides of the discon- 
tinuity surface, we obtain 


Dj + yilifi2 — ©,P/2 = 0, (7.4.6) 


where @, is the tetrad component of the electromagnetic field com- 
ponent continuous on the discontinuity. 

Let us now turn to the Wey! equations. They imply that the only 
component of the neutrino field that experiences a discontinuity is 
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@, while the other component Y must remain continuous. But the 
discontinuity in ® is not connected with the discontinuity in the 
gravitational field, and therefore from now on we will assume that 
the discontinuity is zero thanks to the initial conditions. 

The discontinuity in the component ®,, of the energy-momentum 
tensor of the neutrino field can easily be calculated: 


[DM] = —ixPVY*/2. (7.4.7) 
Whence, from (7.4.4), (7.4.5), and (7.4.7) we finally obtain 
0= DP + y,lP/2 + (4G/c*) {D5 + (8nG/c*) iPPY*, (7.4.8) 


where G is the gravitational constant. The set of equations (7.4.6) 
and (7.4.8) is a closed set of ordinary equations describing the time 
behavior of the discontinuity in the gravitational and electromagnet- 
ic fields. It is interesting that the presence of a neutrino field has 
no effect on the total size of the discontinuities in the gravitational 
and electromagnetic fields. Indeed, from (7.4.6) and (7.4.8) it follows 
that 


vi ll ((8G/c*) | f? | + | P? pf] = 0. 


Suppose there is no external electromagnetic field. Then Eq. (7.4.8) 
becomes closed and it yields 


PY —g=co nst-exp| — (i8nG/c*) ( yy do.) | : (7.4.9) 


Ao 


Here g is the determinant of the metric tensor in an isotropic-geo- 
desic coordinate system. 

The last equation implies that the polarization vector of the gra- 
vitational waves rotates in the neutrino field. Indeed, the argument 
of the complex function P characterizes the angle between the pola- 
rization vector of the gravitational wave and the initial polarization 
vector translated parallelly along the ray. The greater the intensity 
of the neutrino field, the greater the angle through which the gravi- 
tational wave polarization vector is rotated (see formula (7.4.9)). 

In the presence of external electromagnetic fields, this effect is 
imposed on the effect discovered by the author [13] of successive 
transmutation of the discontinuities in the gravitational and elec- 
tromagnetic fields. er 

Let us put MD, = a exp (ib), where a and 0 are real-valued func- 
tions. To determine the changes along rays, let us go over to aniso- 
tropic-geodesic system of coordinates and new variables 


P=P/—gexp(ib), F=2VGf/—gle, 2VGale=o. 
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Then the set of equations (7.4.6) and (7.4.8) can be written thus: 
adF/da + OF + i [(8nG/ct) PW* — Ab/da] P = O, 
a¥/lda — F/2 = 0. 


This set implies that the effect of the neutrino field on the time beha- 
vior of the discontinuities is equivalent to the action of an external 
electromagnetic field Mf with the same intensity a but with a differ- 
ent law of variation of the argument along the ray: Dj = a exp (ib*), 
with 


a 
b* — b—(8nG/c*) \ WEF dav, 


Therefore. the effect of successive transmutation of the gravitation- 
al and electromagnetic discontinuities in a neutrino electrovacuum 
is accompanied by a consistent rotation of the polarization vector of 
these waves, i.e. the situation is the same as in an arhitrary electro- 
vacuum case [13]. 

The above results also hold for the case of short waves propagating 
in neutrino-electromagnetic fields. 
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INTRODUCTION 


As we know, finite dimensional linear representations of 
orthogonal groups are exhausted by tensor and spinor representa- 
tions. Hence, the geometric objects associated with orthogonal group 
representations are also exhausted by tensors and spinors of various 
ranks. The theory of tensors and tensor analysis are widely used in 
modern physics: both are tools of modern physical theories. The 
theory of spinors is now used largely in field theory and quantum 
mechanics (to mention the physical applications). Lately the notion 
of a spinor and spinor analysis are also being used (e.g. see [4-3]) 
in the mechanics of continuous media, for one, to build models of 
magnetizable and polarizable media with a microstructure. 

The present article presents the methods of tensor representation 
of spinors in three- and four-dimensional spaces. As an example we 
consider the tensor form of some spinor equations, including impor- 
tant equations of field theory. The developed approach is also used 
in the relativistic hydrodynamics of magnetizable fluids with intrin- 
sic angular momentum to build solutions of the differential equa- 
tions. 

The main results connected with the tensor representation of spi- 
nors consist in establishing a one-to-one invariant algebraic and 
geometric interrelationship (see {1, 2, 4]) between spinors and some 
simple tensors whose components are connected by bilinear algebraic 
equations.’ This interrelationship between tensors and spinors 
enables writing spinor equations in the form of equivalent tensor 
equations, which is important and useful in physical applications. 


8.14 DIRAC MATRICES 


The spinor representation of pseudo-orthogonal groups and spinors 
in a four-dimensional pseudo-Euclidean space can be defined by 
means of an algebra generated by matrices ; defined below. Let the 


Se 
1 The problem of representing spinors as objects of a mechanical or 
geometric nature was posed by L. I. Sedov in 1964 at the All-Union Conference 
on Mechanics Workshop “Interesting problemsand methods of fluid mechanics” 
[5]. It was completely solved in [1, 2, 4], where the author specified the tensors 
that fully define a spinor as an invariant geometric object in any, in general cur- 
vilinear, system of coordinates. 
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yi (i = 1, 2,3, 4) be 4 x 4, in general complex, matrices that satisfy 
the equation 
Piva + ViVi = 28:4, (8.1.1) 


where J is the unit 4 x 4 matrix; the components gi; form a diagonal 
matrix: 


; (8.1.2) 


Matrices that satisfy (8.1.1) are called Dirac matrices. With the 
PY) 


help of the four y; we introduce four matrices y*, six matrices y;; = 
—yj;, and the matrix ’: 


g beg 
vig = (1/2) (vivy — vividly YE = — (4/6) Ov ayes 
y§ = —(1/24) e¥* vy wre, (8.1.3) 
where e”*5 is the totally antisymmetric symbol in four dimensions 


(the Levi-Civita symbol; e!*84 = —1). In Eqs. (8.1.3) and in the 
material that follows (except if stated otherwise) we assume Ein- 
stein’s summation convention to be valid, i.e. any term in which 
an index appears twice will stand for the sum of all such terms as the 
index assumes all of a preassigned range of values. 

The main property of a Dirac matrix is formulated by Pauli’s 


theorem: any two systems of matrices y; and ys satisfying Eq. (8.1.1) 
are always related thus: 


~w 


y= T-,T, (8.1.4) 


where 7 is a nonsingular 4 <X 4 matrix determined to within a 
factor that is an arbitrary nonzero complex number. 
If the y; are the solution of Eqs. (8.1.1), then, obviously, the 


transpose vi and the Hermitian conjugate y; (T is the transposition 
symbol, and the dot over a symbol stands for complex conjugation) 
are also solutions of Eqs. (8.1.1). Pauli’s theorem then implies that 
there exist, to within factors that are nonzero complex numbers, 
nonsingular matrices — and £ such that* 


YE = —Ey,E", vi = —Byibo'. (8.4.5) 


2 In the physical literature (e.g. see [6]) the matrix E-" is usually de- 
noted by C (the operator of charge conjugation in Dirac’s theory). 


15—0714 
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We can easily show that £ is antisymmetric, while 6 can be tak- 
en Hermitian: 


ET = —E, pT =68. (8.4.6) 
In what follows we will use the matrices y; in the form 
0 00 i 0 0 O04 
0 0: 0 jo 0 —4 0 
w=! g 70 ol? % Ho —41 0 Of’ 
—i 00 0 1 0 00 sae 
00: 0 00: 0 (5.1.7) 
000 —i 000i 
Y=; 00 oll? % li 000 
0i0 0 0:00 
Then 
010 O 0010 -i 000 
100 0 0004 0-100 
E=!! 990 —al? P=laoooly Y= o 0: 0 
0014 0 0100 0 O00: 
(8.1.8) 
8.2 THE SPINOR REPRESENTATION OF THE 


LORENTZ GROUP 


Let us take the four-dimensional real pseudo-Euclidean vector space 
E, of signature (+, +, +, —) with an orthonormal basis 9,, 
i = 1, 2, 3, 4. The scalar products of the basis vectors, g;; =(9;, 9),), 
in £, are determined by matrix (9.1.2). Consider the full homogeneous 
Lorentz group of linear transformations of basis vectors in Ly: 


I = 1,9). (8.2.1) 
The transformation coefficients ?; of (8.2.1) satisfy the equation 
Lil 83m = Sin» (8.2.2) 


which may serve as a definition of a full homogeneous Lorentz trans- 
formation. 

The full homogeneous Lorentz group can be divided into four con- 
nected components: proper Lorentz transformations and improper 
Lorentz transformations of the 1st, 2nd, and 3rd kinds; all are defined 
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by the signs of 1*, and of the determinant A = det || /; || accor- 
ding to the table: 


transformations | proper | Ist kind | 2nd kind | 3rd kind 
I, a | a 77% | ~~ 


Improper Lorentz transformations of the tst, 2nd, and 3rd kinds 
can be represented in the form of products of the proper Lorentz 
transformation and one of the reflection transformations P, 7, or J 
given by the matrices 


4 0 00 100 O 
0-1 00 010 0 
Pe gy og a ple 2 = oud Ol" 
0 0 Of 000 —1 
4 0 0 0 
0-1 0 0 
J=! 9 QO 1 0 
0 0 0-1 


(i) Spinor representation of the proper Lorentz group. Let us consid- 
er the Dirac matrices y;, which satisfy Eq. (8.1.1). The orthogonali- 
ty condition (8.2.2) implies that the matrices yi = iy; also sa- 
tisty Eq. (8.1.1). From Pauli’s theorem it then follows that there 
exists a 4 X 4 matrix S (defined to within a factor that is an arbit- 
rary nonzero complex number) such that 


Bip, = S-y,S. (8.2.3) 
Transposing Eq. (8.2.3) and using (8.1.9) for yi, we obtain 
wy; = E“STEy; (E-1SPTE)*. 
Comparing this equation with Eq. (8.2.3), we find 
y, SEASVE = SE3STEY;. 
Hence, the matrix SE-1STE commutes with al} the y; and, by 
the well-known Shur theorem, is a multiple of the unit matrix: 
SE-1STE — 2, where A is a nonzero complex number. We can also 


write this equation as STES = AE. Since S is defined in Eq. (8.2.3) 
to within an arbitrary nonzero complex factor, by normalizing S 


15* 
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by the condition 
STES = E (8.2.4) 


we find that Eq. (8.2.3) combined with (8.2.4) relates each proper 
Lorentz transformation L to two matrices, S and —S. 

We think of S and —S as identical transformations and each pair 
of transformations S and —S we consider as one element +S. The 
product is defined on the set of all pairs +S as 


(+ S,) (4 Sq) = + (8,82), (8.2.5) 


where S,S, is the usual product of matrices S, and S,. We can easily 
see that the set {--S}, corresponding to the proper Lorentz group, is 
a group with respect to multiplication (8.2.5), which realizes the 
representation of the proper Lorentz group known as the spinor 
representation®. The group {+S} will be called the group of spinor 
transformations. 

(ii) Spinor representations of the full Lorentz group. It is expedient 
to break up the spinor representations of the homogeneous Lorentz 
group into several classes {1, 2]. The first class of spinor represen- 
tations is defined by the equations 


Viv; = SyS (8.2.6) 
and one of the following normalization conditions: 

(a) STES = E, 

(b) STE S = E sgn A, (8.2.7) 


(c)i STE S = E sgn (Al4,), 
(d) STE S = E sen 14. 


For all’ normalization conditions (8.2.7) and with Eqs. (8.2.6) 
valid we; have 


STBS = B sgn /4,, (8.2.8) 
which connects the spinor transformations S and the complex con- 


jugate transformations S. 

We write out the spinor transformations Sp, Sp, and S, corres- 
ponding to the reflection transformations P, 7,.and J for various 
normalization conditions (8.2.7), assuming that the matrices E and 


. Obviously, if the set of some matrices {S} forms a group, the cor- 
responding set { + S} also forms a group with respect to multiplication (8.2.5) 
(which is the factor group S/ + J). 
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vy: are defined by (8.1.7) and (8.4.8): 


a b Cc d 
Sp V4 | ive | V4 V4 
ot * * * 
Sr | iva Ye | iva | Ya 
Sy iy? iy? ve 


For all normalization conditions (8.2.7), the spinor transforma- 
tions Sp, Sr, and S,; anticommute: 


SpSp = —S7Sp, SpS; = —S7Sp, S7S; = —S;S rp. 


The second class of spinor representations is defined by the equa- 
tions 
Py; = S-y;S sgn A (8.2.9) 


and one of the normalization conditions in (8.2.7). 
For all normalization conditions (8.2.7) and with Eqs. (8.2.9) 
valid we have 


STBS = B sen (AL,). 


We write out the spinor transformations Sp, Sy, and S,; of this 
class corresponding to the reflection transformations ?, 7, and J 
for various normalization conditions (8.2.7), assuming that the 
matrices E and y; are defined by (8.1.7) and (8.1.8): 


a b Cc | d 

* * * _#* 
Sp LV, V4 V4 LV4 
Sr V4 iV, V4 iva 
SP tye ape pope oboe 


For all normalization conditions (8.2.7), the spinor transforma- 
tions Sp, S; ,and S, of the second class anticommute, too. 

The spinor representations L — {+Sj;} defined by Eqs. (8.2.9) 
and (8.2.7) are equivalent to the spinor representations L — {+Sy} 
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defined by Eqs. (8.2.6) and (8.2.7) and the two are related thus: 
+S = A (+S) A}, with A =JI + y°. 

The third class of spinor representations of the full Lorentz group 1s 
defined by the equations 


I wy; = Sty S sgn (Al*,) (8.2.10) 


and one of the normalization conditions in (8.2.7). 
In view of Eqs. (8.2.10) we also have 


STBS = B sgn A. 


Assuming that the matrices y; and E are defined by (8.1.7) and 
(8.1.8), we write out the spinor representations S p, Sr, and S, of 
this class corresponding to the reflection transformations: 


| a | b Cc d 

ok * * x 

Sp tV4 Va Va UV 4 
ok 2 * * 

Sr UV4 Va V4 V4 
Sy I | I il il 


For all normalization conditions (8.2.7), the spinor transforma- 
tions Sp, Sy, and S,; of the third class commute: 


SpS; = S7Sp, SpSy = S;Sp, S7pSz = SjSyr. 


Finally, the fourth class of spinor representations is defined by 
the equations 


li, = Sty ,S sgn ies (8.2.41) 


and one of the normalization conditions in (8.2.7). 
For all normalization conditions (8.2.7) and in view of Eqs. (8.2.11) 
the following is also true: a 


STBS = B. 


If the matrices E and y; are defined by Eqs. (8.1.7) and (8.1.8), 
for the spinor representations Sp, S7, and S, of this class corres- 
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ponding to the reflection transformations P, 7, and J we have the 
following table: 


a | b c d 
Sp V4 iva iV, Ys 
Sr Ya V4 Ya tV4 
Sy I I | il | il 


For all normalization conditions (8.2.7), the spinor transforma- 
tions of the fourth class commute, too. 

The spinor representations ZL — {+S;y} defined by Eqs. (8.2.11) 
and (8.2.7) are equivalent to the spinor representations L — {+Syq1} 
defined by Eqs. (8.2.10) and (8.2.7), and the two are related thus: 
+Siry =— A (- Sqq1) Ags, with A =f + ae 


8.3 SPINORS IN FOUR-DIMENSIONAL 
PSEUDO-EUCLIDEAN VECTOR SPACE 


Let S, be a four-dimensional complex linear (vector) space and let 
€, bea basis in S,. Take in S, an arbitrary vector p4e, and another 
vector —w4e, defined in the basis €,, respectively, by components 
4 and —p4. We think of p4e, and ~4e, as identical vectors and 
to each pair of vectors p4e, and —p4e, we take as one object 
ly = tpAe , in S 4." 

We also think of the bases e, and —e, of space S, as identical, 
and the same for the components 1p4 and —w4. The pair of bases €, 
and —e, we consider as one element --e, and the pair p4 and —p4 
as one element --w4. To each pair of bases +e, and each pair of 
component systems +14 we assign in a one-to-one manner the pair of 
vectors +i4e, in space S,. 

Now let us take a group of linear transformations S$ = || S¥?, || 
of bases €, in vector space S,. Suppose {+S} is the group whose 
elements are pairs of transformations S and —S. By means of the 
{+S} group, on the set of pairs of bases +e, in S, and on the set 
of pairs of components --p4 we define the transformations +&, — 


Geometrically, such an object defines an unoriented segment in Sy. 
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+e, and +4 — +1’4 by the following relationships: 
def 
+ 84 =(+ 27,4) (4s) — + Z” 23; 
, def 

+ p= (+ S45) (+ 8) == + S*z0", 
with || Z?, || = S77. 

Obviously, under such transformations the pair of vectors -kip4e,, 
corresponding to the pairs +14 and +€,, are invariant: 


ap = +p4e, = +y'4 ef. (8.3.2) 


Consider the case where {+S} is the spinor group thai effects the 
representation of the full Lorentz group of transformations of the 
bases of the four-dimensional pseudo-Euclidean space £,. To an 
orthonormal basis 9; in E, we assign a pair of bases +e, in S,, while 
to each orthonormal basis 9; in E, obtained from 9; via a Lorentz 
transformation L by (8.2.1) we assign a pair of bases +e4 in S, 
obtained from +e, via the transformation 


+e, = +23 .e5, (8.3.3) 


with || Z2, || = S77. 

According to the established correspondence between F, and S,, 
under the Lorentz transformation (8.2.1) of the 9; bases in F,, the 
pairs of bases +e, in S, undergo the transformation S~!. After we 
have established the correspondence between EL, and S,, we can 
consider the object i = ty4e, as an invariant object in the pseudo- 
Euclidean space £,, and when the transformation 9; = [’;9; in E, 
is effected, the components +14 transform in the following manner: 


yA = +54 58. (8.3.4) 


The invariant object p = --y4e,, where the pairs of contrava- 
riant components +4 and the pairs of bases +s, are taken respec- 
tive to an orthonormal basis 3; of the pseudo-Euclidean space E, 
and transform according to (8.3.3) and (8.3.4) under the Lorentz 
transformation of the basis 9;, is called a spinor of rank 1 in the 
pseudo-EKuclidean space £,. The bases +&, are commonly known 
as spin-bases. According to the definition, the components 4 and 
—p4 referred to one spin-basis -+-e, define one and the same spi- 
nor %. 

The covariant components pz, of a spinor are given by the rela- 
tionship en 


(8.3.4) 


B= €pavA, (8.3.5) 


where éga are the components of the matrix E defined in (8.1.5). 
If we denote the components of the inverse E-! by eB4, then 


pa = eABy 5. (8.3.6) 
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We will call objects whose components contain both spinor and 
tensor indices spin-tensors. Equations (8.2.6) imply that the Dirac 
matrices y; determine components (invariant under transformations 
of the basis 0;) of a spin-tensor with one covariant tensor index and 
one covariant and one contravariant spinor indices. For the spinor 
representations defined by Eqs. (8.2.9)-(8.2.11), the y; are invariant 
under continuous transformations of the 0; basis. From (8.2.7) it 
follows that the components of FE = |leg, || (with £7) = |! e4 |)) 
are covariant (contravariant) components of a second-rank spinor 
that are invariant at least under continucus Lorentz transformations 
of the J; basis. 

Raising and lowering the indices of a spinor of arbitrary rank is 
achieved by using the components of the invariant spinor £ accord- 
ing to (8.3.5) and (8.3.6). Note that in Ecth (8.3.5) and (8.3.6) 
contraction is done with respect to the second index inep,z and eB4 
(which is essential for spinors of even rank). 


8.4 CONJUGATE SPINORS 


Besides spinors that transform via matrices S, we can introduce geo- 


metric objects that transform via matrices S, which are complex 
conjugates of S. We will label the components of these new objects 
by a dot and call them dotted components. It is clear that the com- 


plex conjugate components ~, and 4 of a spinor transform like 


the components with dotted indices pg and wp4. 
From Eqs. (8.2.8) (or similar equations for other classes of spinor 

representations) it follows that the matrix f determines a second- 

rank spinor invariant under continuous Lorentz transformations 


and has the following index structure: B = || Baa |. 
A second-rank spinor determined by the covariant components 
bh = Peay? (8.4.1) 


is said to be conjugate to a spinor with components 2 calculated 
in the same basis as the 7%. For the contravariant components t8 
of the conjugate spinor we have 


ptB = eBApyt = eBABS Ae. (8.4.2) 


It can be easily shown that in the four-dimensional space £,, con- 
jugation of the conjugate spinor 1p* yields ¥: 


aptay+ = oA, (8.4.3) 
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8.9 THE RELATION BETWEEN EVEN-RANK SPINORS 
AND TENSORS 


* 
As is known (see [7]), the 16 matrices J, yi, yij (<< f), Yi, and a 
are linearly independent and form a basis in the space of 4 X 4 com- 
plex matrices. For this reason the components pBA of any second- 
rank spinor can be written as 


. Pa % * * 
p24 — (4/4) | —FeBA + FeyBA + (1/2) FiiyBa + Pippa + Fy5PA), (8.5.1) 
with 
F= epay?4, F' = — vi, PA, Fu r= ye DEA, 
oe ; (8.5.2) 
Fi=ypap24, F= —ypapPA. 


The spinor indices on the components of spin-tensor y in Eqs. (8.9.1) 
and (8.5.2) are lowered or raised by using the spinor &. For instance, 


Vea escvas VPA = e4°yic. 

Under continuous Lorentz transformations, the quantities / and 
F in Eqs. (8.5.1) and (8.5.2) are invariants, while F’, F”, and F" 
are transformed via a tensor law. 


It is clear that components of any even-rank spinor can be expand- 
ed in each pair of indices with respect to the set of spin-tensors /, 


*k 
Vix Vij. Yi. aud y°. For this reason even-rank spinors in £, are equi- 
valent to collections of tensors in £,. 


8.6 THE RELATION BETWEEN FIRST-RANK SPINORS 
AND SYSTEMS OF COMPLEX TENSORS 


Let us suppose that Z — S is a representation of the Lorentz group 
of transformations of the pseudo-Euclidean space Ey, acting in the 


space of variables a,, dy, ..., @y. We say that a geometric object 
is given in £, if in each orthonormal basis J; of E, there is a system 
of components a, d,, ..., @y that transforms according to the 


representation L — S when we go over from the orthonormal basis 
to a new orthonormal] basis 9; in the same space £,. 

Definition. Two geometric objects A, and A, in E, are said to be 
equivalent if in each orthonormal basis 9; of E, thére is a one-to-one 
correspondence between the components of A, and Ag, i.e. A, =f (A,), 
that is invariant with respect to the choice of basis 9. 

It is obvious that the above definition of equivalent objects is 
reflexive, symmetric, and transitive, and hence possesses all the 
properties of an equivalence relation. 
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According to this definition, if we know the components of a geo- 
metric object in every basis of E,, we can unambigously calculate 
the components of an equivalent object. Hence, we can either use 
the components of A, or those of an equivalent object A,. However, 
the components of two equivalent objects, may, according to the 
above definition, transform by essentially different representations. 

Consider an arbitrary r X r complex matrix || 4 ||. Obviously, 
if the elements ?4 of the matrix are products of complex numbers, 
i.e. 


pBa = pbyA, (8.6.4) 
we have the following equations: 
-BA — yas, WABYCD _ pACypBD ts ypady BC . (8.6.2) 


Conversely, if the elements of matrix || p34 || satisfy Eqs. (8.6.2), 
there exists a system of r complex-valued components 4 defined to 
within sign and such that p?4 = wp p4. Indeed, if all the elements 
of || p24 || are zeros, then we put p4 = 0. If at least one element is 
not zero, we put 


YA = pB4Ans/(+ V pePycnp), (8.6.3) 


where yo (C = 1, 2, ..., r) are arbitrary and, in general, complex 
numbers satisfying the condition p©? non p ~ VU. In (8.6.3) we sum 
over the indices B, C, and D from | to r. We can easily see that if 
the p24 in (8.6.3) satisfy Eqs. (8.6.2). the 4 defined by (8.6.8) 
satisfy Eq. (8.6.1). 

In view of Eqs. (8.6.2), the definition (8.6.3) for 44 does not de- 
pend on the choice of the numbers yc. Indeed, if f°? Wen yp # VU and 
wD nénp 0, employing Eqs. (8.6.2) we obtain 


peng nk ni? An 
+VypPnenn + V op ne nk)? yPncnp 
NA, * BM, nx Ane 
= penne NBN _ pow aN (8.6.4) 


Vp Neng, (EOP nen)? Ve Nag 
If in (8.6.3) we define the nc by the equalities nc = Sgc, where 
B is a fixed number, and 6 gc is the Kronecker delta (i.e. all the ye 


expect one is zero, and the one numbered B is unity), we can write 
(8.6.3) in a simpler form: 


1p = wpB4/(+ V wp), (8.6.5) 


where we do not sum over B. Since definition (8.6.3) does not depend 
on the 1c, formulas (8.6.3) and (8.6.5) determine the same dependence 
of p4 on pF, 
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If the components 124 in (9.6.3) are transformed according to the 
formula 


pBA —> (BA)! = SP oS* utp, 


where the S2 £,, in general, form an arbitrary r X r complex (non- 
singular) matrix, the p4 defined by (8.6.3) are transformed thus: 


pA —» (pA)! = SA E ath? 


Indeed, since the right-hand side of (8.6.3) is independent of the 
choice of the y¢, in (8.6.3), we may put ny = Z4E pHa, with 24 §, 
the elements of the inverse matrix St, and write 


ee (8.6.6) 
+ V ypPnenp + V °Pnenp 


Using (8.6.6), for the transformed quantities p4 we have 


yey = PA SoM hy ya 
tV (ye?) nend = + V ¥°P ncn 

Hence, a geometric object that is transformed via the S x S$ 
group and whose components wP4 satisfy Eqs. (8.6.2) is equivalent 
to an object p = {-+p4} transformed via the {+S} group. In parti- 
cular, it follows from the above stated that in the pseudo-Euclidean 
space £,, a second-rank spinor with components 4 that satisfy 
invariant equations (8.6.2) is equivalent to a first-rank spinor with 
components 4. 

If in #, the components of a second-rank spinor are not arbitrary 
but satisfy Egs. (8.6.2), then, in view of the symmetry properties 


of y, the components F, Fi, and F defined by (8.5.2) are zeros and 
we can write (8.5.1) as 


pBA = (1/4) [—CéyBA + (1/2) CpBA], (8.6.7) 


where the vector components C* and the antisymmetric tensor com- 
ponents C* are 
C= yi pay4, CV = —CU a yi pByd. (8.6.8) 


In view of the definitions (8.6.8), the components C* and C% sa- 
tisfy the following invariant equations: 


C;;C? = 0, GijnsC UC = 0, Cici + CC® =a, (8.6.9) 


among which there are six independent equations. Tensors with 
components C* and C” that satisfy the algebraic equations (8.6.9) 


are equivalent to a second-rank spinor with components wp?4 satis- 
fying Eqs. (8.6.2). 
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Thus, a second-rank spinor with components w4 satisfying 
Eqs. (8.6.2) is equivalent, on the one hand, to a tensor with compo- 
nents Ct and C and, on the other, to a first-rank spinor p. Then, 
since an ene relation is transitive, we have the following. 

Theorem [1, 2, 4]. A first-rank spinor wp in EF, with components 4 
determined to within sign is equivalent to a complex vector and a com- 
plex second-rank antisymmetric tensor with components C' and C*’, res- 
pectively, that satisfy six independent algebraic equations in (8. 6. 9). 
The one-to-one relationship between the components C* and C* and the 
components .p4 of the spinor is given by E4s. (8.6.3), (8.6.7), and (8.6.8). 

It is expedient to write Eqs. (8.6.7) and (8.6.8) in matrix nota- 
tions: 


Ch = ptEyp, CY = p'Epp, 
II p24 || = (1/4) [Céy; — (1/2) C¥y ij] BL (8.6.10) 


Here wp is a column consisting of four spinor components pA, 

If the matrices of the components of the spin-tensor y; and & are 
defined by Eqs. (8.1.7) and (8.1.8), the components C‘ and C® are 
expressed in terms of the 4 thus: 


C1 = 2i (py? — py), C? = —2 (py? + Py), 

C3 = —2i (phpt + rp), Ct = 2i (—plyt + yy), 

Cu — plyt — pap? + pp? — pry, 

i php? + py? + pap? + pp’), (3.6.11) 
C8 = i (py! — py? — pry? + pp’), 

appt — pep? + prp? + ptyps, 

CH — —2 (php? + prpt), C% = 25 (phy? + pp’). 


iz 
| 


2 
e 
| 


in this case the expressions for the compunents p84 of a second- 
rank spinor in terms of the tensor components C' and C” are 


yu = (4/4) (—C31 — ics +4 Ci _. iC74), 

p?? = (1/4) (—C31 4+ ic? — C14 — ic), 

ap? = (1/4) (Cc? + ic +t. ci a iC**), 

ptt = (1/4) (C32 — iC® — CM — ic), (8.6.12) 
ye = (4) (C8 + C4), ye = (WA) (C? — C4), 

pe = —(1/4) (C2 + iC), pt = (1/4) (—C? + iC’), 

pe = (4/4) (—C% + iC), pe = —(1/4) (C# + iC”). 


! 


| 
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8.7 REAL-VALUED TENSORS DETERMINED 
BY A SPINOR 
If the components w4 of the second-rank tensor in (8.0.1) are not 
arbitrary but are expressible in the form of the product p24 = 
pt2p4 with w4 a first-rank spinor, then we can write (8.5.1) as 
prape = (1/4) [Qe4B — ijf>pAB + (i/2) M* yh. — StyA B44. Ny5AB], 
(8.7.4) 


where the components of the tensor D = {Q, j*, M**, S*, N} are 
defined by the following formulas: 


Q = —e, pptApB, jf = —ivyaph**y?*, 
Mts — — iy ap Ap, Sk = —* ht AypB, (8.7.2) 
N = —Vapip pe. 
Let us write the definitions (8.7.2) in matrix form: 

a = Subs = iip* Y “hp, 

= inp we S* = ptyhp, N = wp yy. (8.7.3) 
Here w* stands for a row of the covariant components 14 of the 
conjugate spinor. 

In view of the definitions (8.7.3), the tensor components Q, j*, 
M*s, S*®, and N are real-valued and satisfy the following bilinear 
equations [2, 7, 8]: 
jji = —Q? — N2, S,S' = Q? + N®, 7,S* = 0, 

(1/2) M,;M*¥ = QQ? — N?, EijnsMUM* = BQN, 

(Qj? = (41/2) gishs S;Mi,s, Nji= — SM, (8.7.4) 
QS? = (4/2) e4**7.M,,, NS' = —j,M*, 

ji? = S'S? + M*,.M® — Q?g%, 

QM; + (4/2) Neij,.M™ = — 

Tensors with components Q, j*, M**, S*, and N define a spinor 
to within a phase factor exp ie in all of its components 4, where 
g is arbitrary and real. The formulas that express the spinor com- 


ponents 4 in terms of real-valued tensor componente Q, 7, MS”, 
and N have the following form [2]: 


pa = p24n5/V wePnenp, 


| (8.7.5) 
| spB4 |] = (1/4) [QU —ij*y, + (i/2) M**yy, — S¥py + Ny] BA, 
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where Ye are arbitrary and, in general, complex numbers such that 


yPncnp #0. If we put nce = Sgc¢ exp (ig), where @ is arbitrary 
and real, then for 4 we can write 


wp == (p24/V wp) exp (ig). (8.7.6) 


Since the spinor % is fully determined by the complex tensor com- 
ponents C* and C*’, it is obvious that tensors with components Q, 
jy’, M**, S*, and N must be fully determined in terms of the C? and 
C7, The respective equations are (see [2, 4]) 


4Q? = C,Ci — (1/2) C,;C4, 4Qj' = i (—C#C, + C,C%), 
4QMu =i (CiCi == Cici ae cric 3 + C"iC,,%), 


4QS? = —(1/2) et4* (CjC,, + CjCrs), 
4QN = —(1/4) €;j,.CUC™, 
4ANj* = (i/2) et5**(_C.C jy, + CC»), (3.7.7) 


2e"NM,, = i (CiCi — CiCi + CrC,5 — C*C,'), 
4NSi = C,C4% + €,CU, 4N? = C,Ci + (1/2) C4,C%, 
Ajij® = CIC’ + CiCt + CHC, + CHC, 

+ g [—C,C4 — (4/2) C;,07"]. 


Here the tensor complex conjugate components C* and C’ are 
expressible in terms of the components of the conjugate spinor: 


Ci = —yiapip ty *4, Ci — —yiatptBypt, 

The components C‘ and C* of the complex-valued tensors and 
the components 2, j*, WM’, S", and N of real-valued tensors are re- 
lated to each other by the following crossed equations: 
C,j' = 0, C,S* = Q, C,,;M¥ = 0, Cijnsc 9M" = 0, 
QCci = (1/2) e**S,.C,, = —iC;M" = iC”"j;, (8.7.8) 
Nc! — — (i/2) gtht7 Cy, = (i/2) etI8C M),, — —CS ;. 

If the matrices built on the components of the spin-tensors £ 


and y; are given by (8.1.7) and (8.1.8), then the components of a 
real-valued tensor D are expressed in terms of the spinor components 
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4 and the complex conjugate components pa thus: 
Q = Pop + ppt + pep + pty’, 
jp = yly? + yipt — wpt — pty’, 
f= i (ply? + pty! + phyt — pty), 
P= pry — py — pty + yy, 
jt = plyt + wy? + yy + phys, 
M9 = —aphyt — yy? — phy? — ppt 
M™ = i (bop — pry? + pry? — pp), 
Mi = —aphp? + aprpt — php! + php, (8.7.9) 
M = i (—phpt — pry? + py? + ty), 
M™ = —phpt + py? + ppt — pty, 
M™ = i (pty? + ppt + prt — pip’), 
St = ply? — pap! — whpt — pty, 
S? = i (php? — prpt + whpt — php’), 
S? = —phpt + pry? — phy? + phys, 
S*+ = —aphpt — pry? + pry? + whys, 
N = i (php? + prpt — prpt — pty?). 
8.8 ROTATIONS IN FOUR-DIMENSIONAL SPACE 
AND SPINORS 


Suppose that is a four-component spinor in the four-dimensional 
space £, in which an orthonormal basis J; is chosen. Consider vectors 
with components j', S*, p*, and gq determined via a spinor: 


=— ivan pt aye, S' = — pi pipt Ape, 
q oa C= (1/2) pap (p*p? — pt 4yt), . (8.8.1) 
pi=Im'C' = —(i/2) pany(yry” + pray"), 


with 4 and w*4 contravariant components of spinor tp and conju- 
gate spinor p* calculated in the 9; basis. Equations (8.7.4), (8.7.7), 
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and (8.7.8) imply that vectors with components j‘, S‘, p?, and q? 
are mutually orthogonal and have equal moduli: 


—jij' = $,S* = pip’ = qiqi = QB? + Ne (8.8.2) 
jiS* = jip' = jig’ = Sip’ = Siq' = pigi = 0. 
li 9? = 2° -- N? =£0, then in £, we can introduce an orthonor- 
mal basis e,: 


%* 1 ; * f. * { ge * 4 
e=— PY, i are q'9;, 3 = S'9:, Naar j'd;. (8.8.3) 
Therefore, if in £, we define a spinor with a nonzero invariant , 


this also defines a pseudo-orthogonal transformation connected with 
* 


a pair of orthonormal bases 9; and e,. 
From definitions (8.8.1) and (8.8.3) it follows that both a spinor 
with components and a spinor with components 


H= apt wyp, (8.8.4) 
where « and wu are arbitrary real numbers that are not simultaneous- 
ly zero, have corresponding to them one and the same orthonormal 

%* 
basis @,. fo 
Equations (8.7.4), (8.7.7), and (8.7.8) imply that the real-valued 


tensors D determined by the spiner sp via formula (8.7.2) in the Co 
basis are given by the components 


02 00 See 
- —Q 0 §) 0 , j=(0, 0, 0, VQ?+N)), 
Mi=l 0 owl | | (8.8.5) 
00—N 0 S' = (0, 0, V 224 -N2, 0), 


For the components of the complex-valued tensors C determined 
by the spinor tp via formula (8.6.8), in the eC, basis we have 
00 —iN- Q 
Ci — bt > = rs ,  Cla(i VQ N2, VQ2+4 N2, 0, 0). 
—2 iQ 0 0 
(8.8.6) 


If the matrices built on the components of the spin-tensors EF 
and y' are given by (8.1.7) and (8.1.8), then the components of spi- 
* . 


‘nor %p in-the e, basis are , fic, | 
pia yp? = 0, 2 i p/2 exp (in/2), ' = i V p/2 exp (—in/2). 
| (8.8.7) 


“Ue 16-0714 


242 V. A. Zhelnorovich 


Here v is related to Q and N in the following manner: 2 + iN = 
p exp (in). | 

Let us now consider a point real-valued four-dimensional pseudo- 
Euclidean space with the sign convention + + + — (the Minkowski 
space) with a Cartesian system of coordinates z' and a covariant ba- 
sis 9;. Suppose that p = wp (z*) is the field of a four-component spi- 
nor in the Minkowski space, and this field has corresponding to it 
fields of real-valued tensors D (x*) and fields of complex-valued ten- 
sors C (z‘). At all points of the Minkowski space where the invariant 
0° = 9? + N? of » is nonzero we can introduce a local orthonormal 


basis e, (x‘) defined by (8.8.3). Since the vectors of any orthonormal 
basis of #, may be expressed by formulas of the type (8.8.3) if we 
choose appropriately , it is clear that any, in general nonholonomic, 
set of orthonormal basis vectors in the Minkowski space can be de- 
fined by fixing the four-component spinor field w (z‘). 

We can show (see [1, 2]) that the Ricci rotation coefficients A;, ;;, 


* 
which give the change in the vectors e, under transformations from 
one point in the Minkowski space to another, i.e. 
* 7 & 
h;°de, = An, 10? dz* , Qj = h,e,, (8.8.8) 


are expressed in terms of the components of spinor ~p in the follow- 
ing manner (here 0, = 0/dx* is the symbol of a partial derivative 
with respect to variable z*): 


An iy = (1/(Q? + NJ] [Q Opty. jOp — Ogpt-y;;p) 
+ (1/2) Neijpg Opty?20xb — Agrpt-y?p)]. (8.8.9) 


We can now express the Ricci rotation coefficients (8.8.9) in terms 
of the vector components p’*, g‘, S*, and ji: 


1 


Ax, i7= TEN (—~FnFy + FjOnfi t+ SpOnSj —SjO,S, 
+ PiOnPy— PjOnPi + GiOnVs — 9 j9n4))- (8.8.10) 


This formula enables us to write relationships that can easily be 
verified (taking into account Eqs. (8.7.4), (8.7.7), and (8.7.8)): 


On (pile) = —Ani; (p/p), On (Gi/P) = —An.ay (G'/p), 


: 8.8.14 
On (Si/p) = —Ap,i; (S4/9), On (f;/0) = —Anr i; (77/p). 

Thus, by defining in the Minkowski space a four-component spinor 
p we also define a system of orthonormal bases by formulas (8.8.1) 


and (8.8.3), with the Ricci rotation coefficients f h 
hases given by (8.8.9). or such a system of 
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8.9 INVARIANT SPINOR SUBSPACES 


Consider an equation that is linear in the spinor components p4 
‘and the components p*4 of the conjugate spinor and invariant under 
proper Lorentz transformations of the orthonormal bases 9; of £4, 


pA = iny?4 ap? + ppt exp (16), (8.9.4) 
where yn, , and 9 are real numbers such that y? -+ wu? = 41. We can 


easily verify that if y4 are the components of an arbitrary spinor in 
E,, then a spinor with components 

pA = x4 + iny’4 ax® + pyt4 exp (18) 

satishes Eq. (8.9.1), provided that the coefficients yn and uw satisfy 
the condition n° + uw* = 1. Hence, Eq. (8.9.1) is solvable with re- 
spect to ‘hp. 

Since Eq. (8.9.1) is invariant under transformations of the proper 
Lorentz group, it defines in the spinor space a certain subspace in- 
variant with respect to this group. 

* : 

In the spin-basis &€,, where matrices built on the components of 
the spin-tensors EF and y; are defined in (8.1.7) and (8.1.8), Eqs. (8.9.1) 
can be written thus: 


(1 — n) pt = —p! exp (10), (1 — n) p? = py? exp (19), 
(1 -- n)y? = wf? exp (16), (t = ) pt = — pup! exp (10). (8.9.2) 
The complex tensors C and real tensors D corresponding to spin- 


ors from the subspace (8.9.1) have a special form, which is de- 
termined by the following restricting conditions: 


St — —yji, Ci = ipjie’e, Q=N =O, 
Cim = (i/2) nei™C,, + ipe® Mm, 
Mim — — ipe*°C™ — (i/2) ne?™*M,,. 
At » = 8 = 0 and uw = 1, the subspace (8.9.1) is given by the 
equation p*t4 = 44. The spinor with components p4 satisfying 
this equation is called a real-valued spinor. Depending on the class 
of the spinor representation we are considering, the subspace of real- 
valued spinors may be invariant under transformations of either 


the proper or the full Lorentz group. 
For real-valued spinors, Eqs. (8.9.3) transform into 


Ce N=S = 0,.C° =" CR = iM, (8.9.4) 
Hence, the tensors C and D defined by real-valued spinors have 

the special form 

D= (0, 7’, M”’, 0,0}, C= {ij", im™}. 

16+ 


(8.9.3) 
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The algebraic equations (8.7.4), (8.7.7), and (8.7.8) connecting 


the components of C-and D for real-valued spinors become 
‘hk = Q, M,,;M*# = QO, ijrnsM4M" = 0, 

= ee . e@ 6 o4 2 4 . nj v2 , (8.9.5) 
j,;M” = 0, : etFhS7 MM jp = 0, 1h = M jM ‘ 


At uw = 0 and yn = +1, Eqs. (8.9.1) can be written thus: 
(I — iy’) p = 0 or (I + iy’) p = 0; (8.9.6) 


they define the subspace of so-called half-spinors. We can easily see 
that if the matrices y,; are given by (8.1.7), the first equation in (8.9.6) 
yields py? = p* = 0 while the second yields py! = y* = 0. Hence, 
half-spinors are defined by no more than two independent complex 
parameters. : 

For the tensors € and D defined by half-spinors we have 


Q=N = Mi =0, fi = +S, 
Ci =0, C4 = + (i/2) cti*C,,. ee (8.9.7) 


Here the upper sign corresponds to the first equation in (8.9.6) while 
the lower to the second. 

The algebraic equations that link the tensors CG and D defined by 
half-spinors are 
jj = 0, 7,C# =0, 47'ji = Ci,c* + CC®. 


If we study the compatibility of equations of a general type, li- 
near in and p* and invariant under proper Lorentz transformations, 
aap + nyS4 sph + pnptd + p54 apt® = 0, (8.9.8) 


we can show that the spinor subspace defined by Eq. (8.9.1) is the 
most general subspace of type (8.9.8) that is invariant under proper 
Lorentz transformations. ~ 


8.10 SPINORS IN THREE-DIMENSIONAL EUCLIDEAN 
SPACE 


Let us take the three-dimensional real-valued Euclidean space EF, 
with an orthonormal basis 9,, a = 1, 2, 3. Suppose that SO, is 
the group of proper orthogonal transformations of the 9, basis: 


I: = 18,98, det || 1B, || =.4. (8.10.1) 
A spinor representation of the orthogonal group SO, is given by 

the group of matrix pairs {+S} defined by the equations 

B,o, = S 6,8, STE S + Ej. (8.10.2) 
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where o, are the Pauli matrices 


0 ‘ 0 --i 0 


) 05 = 


| (8.10.3) 


’ 03> 


“=| 0 i 0 0 —4 


and the 2 X 2 matrix £ is defined in the following manner: 


(8.10.4) 


- 0 1 
~ |} —4 0]f° 


A first-rank spinor in E, is a geometric object of the type p= 
t+y4e.4, where the pairs of contravariant components +4 and 
the spin-bases +e, are referred to an orthonormal basis J, of £3 
and under an orthogonal transformation (8.10.1) of this basis are 
transformed thus: 


+y’4 = +SAppB, +e, = +2885, (8.10.5) 


with S4, the elements of matrix S given by Eqs. (8.10.2), and 
Z8, the elements of the inverse S7} 

The covariant components yp, of the same spinor are obtained by 
using the metric spinor & (whose components are defined in (8.10.4)) 
with elements e ,,: | | 


be = Czar, (8.10.6) 


or tp}, = tp and tp, = —p’. 

The second equation in (8.10.2) implies that the components of 
the metric spinor & are invariant under transformations of basis 
J3,, while the first implies that the Pauli matrices o, form the com- 
ponents of invariant spin-tensors with the following index structure: 
Og = || GFxall- 

In E, the raising and lowering spinor indices is done by contract- 
ing the spinor with the components e,, and e84 of the metric 
spinor (always with respect to the second index). 


A spinor given by its covariant components 14 = 4 is said to 
be conjugate to the spinor with components 74 (in one and the same 
basis). We denote the row of covariant components of the conjugate 


spinor by »* = pt = (pj, 3). The contravariant components *8 
of the conjugate spinor are obtained by using the metric spinor: 


prB = eBA wy. (8.10.7) 
Employing (8.10.4) and (8.10.7), we find that p*? = —w? and p*? = 
1p. 
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8.114 TENSOR REPRESENTATION OF SPINORS 
IN THREE-DIMENSIONAL EUCLIDEAN SPACE 


In view of the definitions (8.10.3) and (8.10.4), the components of 
the spin-tensors E and o, satisfy the following identities: 


2eprepa = — pars + ODACg ED: 
2ohnepa = Cpa0kn — Obaeen — i€*gnO DAC EB, 
2€ nO BA = €n AOEB — ODACEB fe ie%pn0 DAO BB, (8.11.1) 
20% rob — — 6%? (Cpa€re + ODAOnEs) + oaks 


B a ; 
+ OpAaCEB— ietbn (EnaOnEB + OnDACEB): 


The definitions (8.10.3) and (8.10.4) show that the four matrices 
E and o,f = || o®4 || are linearly independent and, hence, 
form a basis in the space of 2 X 2 matrices. Each 2-by-2 matrix 
\| p24 || can be represented in the form 


pBA — (1/2) (FeBA + F%G BA), (8.14.2) 
where 
F= —epapB4, Fe = —o%apPA. (8.11.3) 


Obviously, if p24 are the components of a second-rank spinor, F 
is an invariant and F@ are components of a vector. If p24 in (8.11.2) 
is written in the form of a product of first-rank spinor components, 
pBA = wpyp4, then, in view of the antisymmetry of the components 
€na of the metric spinor, the invariant F is zero, and we can write 
formula (8.11.2) for this case as 


pBA — — (4/2) Coa", (8.14.4) 
where for the complex components C® we have 

C* = oBarpPyA, (8.11.5) 
or 


C1 = apt yp! fa ‘pap, C2 — j (ap apt aL. wprp?), C3 eae 2aptrp?. 


Contracting the first identity in (8.11.1) with the components of 


the spinor pP?y*p*p4, we find that the vector witht components C, 
is isotropic: 


C,C% = 0. (8.14.6) 


In a way similar to the proof for spinors in four-dimensional space, 
we can show that an isotropic vector with components C% defines 
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a spinor w according to the formulas 


ap4 = pPAns/ (+ V yePnenn), pBA — — (1/2) C%0g", (8.11.7) 


where nz (B = 1, 2) are, in general, arbitrary complex numbers 
such that p°Pncynp ~ 0. If the components C¢ of a vector are relat- 
ed to each other by Eq. (8.11.6), the definition (8.11.7) for p4 does 
not depend on the choice of 7 z. 

Thus, a first-rank spinor p in the three-dimensional spave E, is 
equivalent to a complex isotropic vector C = C¢9,. The one-to-one 
relationship between the two is given by (8.11.5) and (8.11.7). 

We write the second formula in (8.11.7) component-wise: 


pit = (1/2) (Cl — iC), p® = —(1/2) (Ct + iC), 
pe = yp = —(1/2) C%. 

If the components 84 of the second-rank spinor in (8.11.2) are 
expressible in terms of a product, p84 = wtp, of the components 


a4 of a first-rank spinor and the components »*? of the conjugate 
spinor, we can write (8.11.2) as 


pt BypA = (1/2) (pe24 + jaz“), (8.11.8) 
where 

P= —epapt eps, j*=— —opaptFyA, (8.14.9) 
or 


| 


9 =py + yy, P= ply? t+ py, 

P= iy — py), = Hy — yy. (8.14.10) 
The invariant 9 and the vector components j% are real-valued, 

with 9 > 0. Contracting the first identity in (8.11.1) with the com- 


ponents of the spinor wptop2ypt4p4, we find that the components oe 
and j® satisfy the equation 


Joj® = 0’. (8.14.14) 


The invariant op and the vector components j% satisfying 
Eq. (8.11.14) define a spinor to within a phase factor of each of its 
components equal to exp (ig), where g is arbitrary and real. 

Contracting the identities (8.11.1) with the components of the 
spinor p*? p= pFpt4, we find p and the j* expressed in terms cf the 
vector components C®: 


22 =C,C%, 2j% = — ie*BC, Cy, 


. (8.41.42) 
2728 — 8c, c"— c%c® — CPc*. 
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Contracting the identities (8.11.1) with the components of the 
spinor p*?y2pBp4, we also find that p, j*, and C% are related by 
crossed equations of the type 
Caj* = 0, 0C% =- ie*BIfgCy, jeC8 — jBC% == —ie*Pn0C,. (8.11.13) 


8.12 ROTATIONS IN THREE-DIMENSIONAL SPACE 
AND SPINORS 


Let us write the complex vector components C% in the form C*% = 
p® +- igé, where p® and ¢® define two real-valued vectors: 


p% == Re C® = (1/2) (C% +-'C%), g& = Im Co 
= (i/2) (C* — C2). (8.12.4) 


Equations (8.11.6), (8.11.11)-(8.11.13) imply that the three vectors 
with components p%, q%, and j* are mutually orthogonal and have 
equal moduli: 


JeP* = Jaq = Pad = 0, Jal™ = PaP® = Taq? = 0°. (8.12.2) 


Hence, for each nonzero spinor wp the vectors with components p%, 
g“, and j@ form an orthonormal basis. For this reason, defining a 
first-rank nonzero spinor in £, determines a rotation, which is de- 


* 
scribed by going over from basis J, to basis eg, 


* *“ * 
e, = (p%/p) Ia, €2 = (Q%/P) Ia, €3 = (J*/P) Da, (8.12.3) 
and an isotropic stretching 9, = 09,. 
The scale factors h,* and h®, that connect 9, and Co, i.e. 
Gq ieee he Da, Do, = ha® Ca; (8.12.4) 
are defined, according to (12.3), thus: 
pt gt jt 
ro =a? =|] op? a 7]). (8.12.5) 
p® @ 7° 
One can easily see that both spinor and spinor np, where n is 


an arbitrary real nonzero number, correspond to the same basis e. 
and, hence, the same scale factor h®, and h,?°. 

Let us now suppose that the components of spinor ~p are functions 
of a scalar parameter ¢t. In the 9, basis of F, we take.a vector with 
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components 
Q* = (i/p) [pto® dyp/dt — (dpt/dt) op] 
= (i/p) o%4 (—pt® dp4/dt + wpAdp*8/dt), (3.12.6) 


where the invariant po is given by (8.11.9). We can easily see that, 
in view of the definition (8.12.6), we have 


yt pF" — — ofa [ — preypES (pt Ppa) 


d 
+ pF yp & (pt Dptsy |, (8.12.7) 
Contracting (8.12.7) in indices D and E with the components ey. 
of the metric spinor and allowing for (8.11.1), we can express Q@ in 
terms of the components j%, p%, and q®: 


1 . a d d 
tah ext (jy 22+ py $04 95 SO), 8.12.8) 


This implies that 
d (j*/p) dt = e%PQ2» (j,/p), d (p%/p) dt = e%P*Q, (p,/p), 


d (q*/p) dt = e®Q, (q,/0), (8.12.9) 
which are simply identities in view of the definitions for Q¢, op, j 
p%, and q®. 


If #, is the physical three-dimensional space and ¢ the absolute 
time, Eqs. (8.12.9) imply that the vector with components 2 defined 
by (8.12.6) is the vector of angular velocity of the rotation of the 


A 
basis e, defined by spinor %. 

Now in the point three-dimensional Euclidean space G, defined 
on the manifold 2% (x = 1, 2, 3) let us consider a spinor field p (z%) 
given by the components 14 (z*) with respect to a Cartesian system 
of coordinates with variables x<*. The spinor field w (z*) defines at 
each point of G3; an orthonormal basis e, (z*), which is determined 
by tp via formulas (8.12.3). The set {e, (x*)} can be taken asa sys- 
tem of coordinates (in general nonhoJonomic) in G3. 

Take the quantities A, ag determined by the spinor field % (z%) 
and the conjugate spinor field wt (z%): 


Anjap = (i/0) ba pnoBa (—A~p*Bdap4 +- rpAdwp*). (8.12.10) 
Contracting 

ip *Pyp# Aya = (i/p) Ea anOBA [—ap +29, (ptPy) 

+ pEp4d, (pt Pp*)], 


which follow from the definition (8.12.10), with the components 
€ prof the metric spinor with respect to indices D and £ and allow- 
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ing for (8.11.1), we find that 


Ax.ag = (1/2?) (pa0.Pp — PpIPa + Far 


— 9p0.9a + FaPr.ip — FpArTa)- (8.12.11) 
Using the notations of (8.12.5), we can write the above formula as 
Ax.ap = (4/2) bab (hg,20,hg° — hp"Onhg,”). (8.12.12) 


Equations (8.12.12) constitute the definition of the Ricci symbols 
* 
corresponding to bases e,. These symbols enable us to calculate de- 
* 
rivatives of vectors e,: 


Ox€q = (W%ghBy Apap) C° = An. gte?- (8.12.13) 


If in Eqs. (8.12.13) we express the en in terms of the 9, via (8.12.3) 
from Eqs. (8.12.13) we arrive at equations that link the derivatives 
Orja, 9.Pa, and O,¢,. with the components j,,, p,, and qq: 


0x (ja/p) = —Ar,a® (is/e), 

On (Pa/p) = —Ar,a? (pe/p); (8.12.14) 
0x (qa/p) = —Arz,a® (78/0). 

We can also obtain Eqs. (8.12.14) by directly contracting (8.12.11) 
with the components p%, g*, and j@. 


Instead of Ricci symbols A, ,, it is often expedient to use their 
duals A,,: 


Ana = (1/2) ea PY Ay ae = (i/o) Lpto, Axap 7s (0;,.p*) Cath]. 


8.13 TENSOR REPRESENTATION OF DIFFERENTIAL 
SPINOR EQUATIONS IN THE MINKOWSKI SPACE 


Suppose that 4 = 4 (z*) is the field of contravariant components 
of a first-rank spinor in the Minkowski space with a Cartesian system 
of coordinates with variables x’, i = 1, 2, 3, 4. Let us consider the 
following differential equations: 


yBadinps + [x54 + inyyha + (i/2) xjpPBAP 8 
* &k Ss * 
+ nypBa + xyPalpd = 0. (8.13.4) 


* * 
Here x, %;, %js, %j, and % are real-valued and are fixed functions of 
the x‘ or are given by additional equations. 
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: ie Eqs. (8.13.1) follow the equations for the conjugate spinor 
eld: 


—yB2dtph + ph (xOA + in ypB + (i/2) jy P 4! 

+ nypBhy + xyP] = 0. (8.13.2) 
It is expedient to use these equations in matrix form: 

vidnp + [xl + inyy? + (i/2) x;y% + xy + xy) ap = 0, 

—O pty? + pt [xl + ix? + (i/2) x," (8.13.3) 

+ xy) + xy] = 0. 


Equations (8.13.1) contain, as particular cases, the well-known 
spinor equations of quantum field theory (Dirac equations, Heissen- 
* * 


berg equations, etc.); for special values of x, %;, %j;, “%;, and %, 
Eqs. (8.13.1) are used in the mechanics of magnetizable continuous 
media [1, 2]. Below we study a closed system of differential tensor 
equations in components of real-valued tensors determined by a 
spinor. This system is a consequence of spinor equations (8.13.1) 
(tensor equations in components of complex-valued tensors C equi- 
valent to spinor equations (8.13.1) are given in [2, 4}). 

If we contract Eqs. (8.13.1) with the spin-tensor components %p3, 


: ed x. 
oyon, veyce’, piya, and yéyCR with respect to index B and then, 
separate the real and imaginary parts, we find that 


(a) ij‘ = 0, 
(b) (1/2) ean (b?d°pB — yeaupr4) = (1/2) a,AT5 + mf 
— ¥Q + (1/2) e()Mane + KnSe)s 
(c) (1/2) (g"*yan — g™yan) (p*4d,p® — rp2d,1p*4) 
= (1/2) etkso, §. -b nip? — x? jt + yt M7 — v?,M*s 4+. x8? — x7S3, 
(d) (é/2) 4B (ptAdnpB .— yBorpta) = (1/4) e7*50,M,, (8.13.4) 
— uN + iS; + xyM + xy, 
(e) (41/2) 0:5! — xN —~ (1/4) eff**4,My, + xQ = 0. 


Introducing the notation 
m P . 
Pf == a [pryFagrp— depty’p — 6; (pty dtp — Itt y*)] 
= — a (yandi — pasos) (pt4d,p® — p3d,pt4), a =const, 
17% 
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we can write Eq. (8.13.4c) in the following form: 

#0, ss 

Pii — Ph + ae?"9,8, 

+ 2a (xiji— xij? t+ x, MP — 7M + X'S? — x/S") = 0. (8.13.5) 
A direct check shows that, in view of Eqs. (8.13.1), the tensor 

te P, i satisfy the following equation: 


,P3 = 2a [xd;Q + %,0j7 + (1/2) x; 0,M* pe OM, 


Let us express the P, } in terms of the real-valued tensor compo- 
nents Q, j‘, MY, S*, and N. We can easily see that for any differen- 
tiable fields A(x *) and wt (x*) we have the identity 


pt Dye (ptB dA goes yA diptF) == pt Bypa (pt? dy# a pF dt?) 
= PEpttd (pt Py) — pr Ppad (pt Bye). (8.43.7) 


Allowing for this identity and in view of definition (8.7.2) we 
can write 


pt PpeP J = — a (van! — vands) [PE pt29, (pt Pps) 

— wry da, (ptepe)]| — a (778; — j°8)) (PAE — pBIap*2). (8.13.8) 
Contracting Eqs. (8.13.8) with the components epg of the metric 

tensor and with the spin-tensor components yar yields 


OP i = a (516%, —- 8,8") ij"ezp (pt qpE — pEO, pt) 
+5"d,N +M™d,j.), 

NP} = a (816%, — 61,67) [ij yd u(t? 9, 1pF 

— PEG, pt?) — §™d,Q-+ (1/2) e™* IM, 0, ja). 


By means of Eqs. (8.13.4b, d), we can transform Eqs. (8.13.9) 
‘into 


QPJ=a(ji0,.M—M*a,j,— Si0,N) 
+ 2a {77 [xj; — Qu; -+ (1/2) e:nms (ckM™ + hm S8)) 


(8.13.9) 


812 [Q + regi? + (1/2) eng +x S™ IND, 

NP j= a[(1/2) errs Me™ — (1/2) "M4 Os) + S?0,Q| 
+ 2a [j? (— Noy + XimS™ — M+ x);) 

+ 82N (xQ+ xj + (4/2) tng + xm S™ + XN). 


(8.13.10) 


8. Tensor Representation of Spinor Fields 253 


The system of equations (8.13.4a, c, e) and (8.13.6), in which the 


tensor components P,’ are defined by (8.13.10), constitutes a closed 
system of equations for the functions Q (z*), j* (x*), M¥ (2*), Si(z*), 
and N (x*) that is a corollary of spinor equations (8.13.1). 

Assuming that 2? +N? =40 let us introduce tensors determined 
by real-valued components p, uw‘, u¥, and n: 


ou? = j*, pun? = QMY + (1/2) ct**NM,,, 
Q + iN = ¢ exp (in). 


If we multiply the first equation in (8.13.10) by Q/o and the sec- 


& 
ond by N/p and add the products, we obtain an expression for Pj 
in terms of the tensor components p, u', p”, S*, and n: 


(8.13.11) 


Pi = 0 [u,0,075 + wd,u;5— S40.q + wv? (S;u* —u,S") Agn] 

4-20 [(8) + u,u4) (Qx + Nx) 

+ (S{u"™ —82u4) (0%m — (4/2) enna) 

+ (1/2) 8%, AM" + (1/0) ud (Nx sp 4- (41/2) eirem2x™) S*]. (8.13.12) 


Using this formula, we can transform Eq. (8.13.5) into 


(o/g) d (uiip)/dt + wi,F — pi, Pri = 0, (8.13.13) 


Here d/dt = cu‘d; and c and g are arbitrary nonzero constants intro- 
duced for the sake of convenience in applications while the anti- 


symmetric tensor components F’? = —F? are defined thus: 


Fri = (e/g) {(84, + Umu') (8 + uqu’) [e™™* up, (— 2x, + Ayn) 
+ (2/p) (Qu™” — (1/2) e™**Nxy,,)] — d'ud + diu'}, (8.13.14) 


Contracting Eqs. (8.13.13) with the tensor components €,;j;,u" 
with respect to indices i and j, we obtain 


od (Sm/p)/dt = gFmjS?. (8.13.15) 


Since contracting Eqs. (8.13.15) with the tensor components 
giimky, with respect to m yields Eq. (8.13.13), we see that Eqs. 
(8.13.13) and (8.13.15) are equivalent. Equations (8.13.10) contain 
no more than two independent equations, since contraction of 
Eqs. (8.13.15) with vector components j™ and S™ is ensured iden- 
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#.. 
tically, in view of the definition of the FP”: 
u™ [od (S,,/0)/dt — ZF mjS'] = 0, 


S™ [od (Sm/p)/dt — gF mS] = 0. 
We write out the closed system of equations for real-valued tensor 


components defined by a spinor wp. This system is a corollary of 
Eqs. (8.13.1): 


dou’ = 0, 

8;P i = 2a [xd,Q + %,0;f) + (4/2) %,j0:M% 

+ %,0;5) + % 9,N], 

od (Sm/o)idt = gFmjS', (8.13.16) 
(1/2) 0,8 — xN — (1/4) e#**%,,M,, + xQ = 0. 


Here the tensor components PA and Fis are defined in (8.19.12) and 
(8.13.14). 


8.14 SOME SOLUTIONS OF DIFFERENTIAL EQUATIONS 
FOR RELATIVISTIC MODELS OF MAGNETIZABLE 
FLUIDS WITH INTRINSIC ANGULAR MOMENTUM 
IN AN ELECTROMAGNETIC FIELD 5 


We assume that space-time is four-dimensional and pseudo-Eucli- 
dean with a metric of signature +, +, +, —. We assign to it an 
inertial Cartesian system of coordinate associated with the observer. 
Let us consider the following system of differential tensor equations: 


0,P 7 = 0, d;out = 0, 


od (M,/0)/dt = gF , Mi, oT = dA,/ds, (8.14.1) 
OiF jn + O;F ni + O,F i; = 0, 0;H” = 0, 
eT ds/dt = —cu'd ;t,!. 


Here the P ;’ are the components of the energy-momentum tensor, 9) 
the invariant mass density of the fluid, u? the components of the 
velocity 4-vector (dimensionless) of individual particles in the fluid, 
s the specific entropy density, 7 the scalar temperature (in equilibri- 
um processes), t;? the components of the tensor that determines the 
viscous and heat-conducting properties of the fluid, g a constant 
(the gyromagnetic ratio), d/dt = cu‘d; the symbol of the derivative 
i) 


SERRE Fae See tA APNE Oey a ere Re ie I ee NS el ENED 
A similar theory but in the framework of Newtonian mechanics 
has been developed by the author in [9]. 
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with respect to proper time, c the velocity of light in vacuum, Fi; 
the components of the electromagnetic field tensor, H;; — Fi; - 
4niM;; the components of the electromagnetic induction tensor, 
and .l/;; the components of the fluid’s body magnetization density 


tensor related to the components M; of the body magnetization den- 
sity 4-vector thus: 


M;; a —Ej jp." MS, M, = (1/2) ijn U2 M"®, (8.14.2) 


where €;;,. is the totally antisymmetric symbol in four dimensions. 
The quantity A, in Eqs. (8.14.1) is defined as a differentiable 

function of parameters 9, s, M;, d;M;, u;, and dju;, where d; = 

(5; — wu‘) 0; is the symbol of the spatial derivative. The com- 

ponents ?;’ of the energy-momentum tensor and the antisymmetric 

# 

components F;; in Eqs. (8.14.4) are given by the relationships 

duk 

dt 


Pie Pin +(p+e) uu? + pdi+— uM ip, 


OX, ; OKg j [ ( R ONy ) | 
+ jay Cee a eau, U'Ois : 0, On- Ee 


Au 
aad aA aA 
— iM ju’u, | iM, 8 (on Ud, Ma ) | 


L 
oA, dMs (8.14.3) 


1,5 j ONy dup ) j 
1G: ; a ee, paca ee 

Cc (u Cis = U;0s) Od, M}, dt ae Od,UR dt T; ’ 
* 


OA aN 
Spee nae jue [bccn ee so 
Fi; “= 0; 0; {Finn i Emnk pu | OM p Oy (0; dd;M p I 


4 ; du du; 
ee 
5 JA 


where for the tensor components® P, dy and the quantities p and 
€ we have 


Pin =a | Pint" — OF mH —whum (Hin P™ —H™F,,) |, 


o OAG/p AA, ( s Og )|-+ iiP.. 
P ~~ —je Ms | aM ; rae Oo” Gdn Mj gE 


e= Ay — (4/4) M4F jy 


The system of equations (9.14.1)-(9.14.3) with appropriate values 
of A, and 7,’ can be used to describe, within the framework of spe- 
cial relativity, viscous magnetizable fluids with intrinsic angular 
momentum. The intrinsic angular momentum body density tensor 
for this specific type of models is given by its components kK”, 


. The tensor components P; ‘ can be assumed to be the components 


of the energy-momentum tensor of the electromagnetic field in the medium (see 


(1]). 
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which are proportional to the magnetization tensor components: 
gk — — Mii. 

The system of equations (8.14.1)-(8.14.3) was derived by means of 
a variational equation in [1], and the function Aj, entering these 
equations constitutes a part of the matter Lagrangian. 

The system of equations (8.14.1) contains equations for energy- 
momentum, the continuity equation for the mass density of the 
fluid, the angular momentum equation, the temperature equation, 
the entropy balance equation, and the Maxwell equations for the 
electromagnetic field. Here the unknown functions are u ‘(x7), 0 (z*), 
T (x'), M; (x*), s (x*), and F,,(xt). The components u* oi the 4-vec- 
tor velocity and the components MW; of the magnetization 4-vector 
entering Eqs. (8.14.1) are, by their definition, connected via the 
algebraic equations 


uiM; = 0, uu = —1. (8.14.4) 


To complete the system of equations (8.14.1)-(8.14.3), we must 
give the tensor components 7; defining the viscosity and the heat 
capacity of the fluid. For one, in many cases we may put 


= pw (o70,ui + of%0,u;) + [6 — (2/3) p) ofa,u* 


— (4/c) (uig’ + u’q:), 
where qg’ are the components of heat flux vector, and uw and ¢ are 
the viscosity coefficients. 
Let us introduce in space-time a four-component spinor field 
tp (z‘), which in the observer’s Cartesian system of coordinates is 
oe by its components 4 (x), and the conjugate spinor field 
p* (x'). For the mass density p, the components wu’ of the velocity 
4-vector, the components M; of the magnetization 4-vector, and 
the entropy s, by definition, in Eqs. (8.14.1)-(8.14.3) we put 


pu = inptyhp, Mi = mptyey, 


(8.14.5) 
p exp in (s) = pip + ipty. 
j * 

Here y’ are,the Dirac matrices, y; and y°® the matrices built on the 
spin-tensor}components given in (8.1.3), m a constant, and y (s) a 
fixed differentiable function with a nonzero first derivative in the 
entire range of variation of s. 

Definitions (8.14.5) imply that the fluid’s density p can be ex pres- 
sed in terms of the spinor fields thus: a 


e = [Op*p)? + (pryep)?lt?. (8.14.6) 


In view of the definitions (8.14.5) and according to (8.7.4), Eqs. 
(8.14.4) are simply identities, while the components M; of the mag- 
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netization 4-vector satisfy an additional algebraic equation 
M,M* = 0? m?. (8.14.7) 


Parametrization (8.14.5) imposes no other restrictions on pe, wu’, 


M,, and s except (8.14.7) and (8.14.4). 
Let us take the system of equations 


, ok, * 
yOnp + (xl + inyy? + xyyt + xy*) p = 0, 

t * OK, * 
—Ip*y’ + p* (xl + in’ + xryt + y*) = 0, 
OF jy, + O;)Fai + O,F 13 = 0, 0;H” = 0, 
where the second equation is the conjugate of the first, and the real- 


* * 
valued coefficients x, x;, x;, and x are determined from the rela- 
tionships? 


"= Guage {—2 (0 Getz FM”) 
1 [ar (2307) + 0a) 


t= gmege {—N (0 Got y Fue”) 


(8.14.8) 


Op 

1 OAg \ ES. : i 
—2 | Sarde ( 9p PE + OM }}. 

g& 1 iRATS 
Ki = a 1 0G +5 Ejnsil"M 

aie a (8.14.9) 
k 0 
—o1;/ a — (a; wat) 
OAg aM, 


ON5 OAy j ft 
+ Us ( PM, iy Od,uR d Un) + c 0d;M, at 


0d,Mp 
a,Mis + Mis Sts. 
Oi; COs = at 9 


{ A. OAg du, |}+ 4 
ier OdjuR at ' 2mco 
* . 

g 4 , 0Ag J OAg 

41 36 f — ¥ Ege ue — Sart 8; (0: dd,Mi 

1 on 4 , jak, ,8 
a Pa 0:8 + > Fi jnsW’O u. 
Here Q and N are defined in (8.7.2), 0, wu‘, /*, and s are expressed 
in terms of the fields and »p* by formulas (8.14.5), Oij = Bij rv Uy, 
gi; the covariant components of the metric tensor in space-time, 
F;; the components of the electromagnetic field tensor, and M;; 
the magnetization tensor components determined by the magnetiza- 
tion 4-vector components via (8.14.2). 
: All subsequent results do not change if in Eqs. (8.14.8) instead of 


x4, we take x; + 0;y, with y = y (x4) an arbitrary differentiable function of z!. 
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To determine the G; in the x;, we introduce the following equations 
linear in G;: 


pul (0 ;G; aes 0;G;) + of 0;8 - 0;t;) = 0 (8.14.10) 


The physical meaning of Eqs. (8.14.10) and of the G; is explained 
in [4]. 

Hence, Eqs. (8.14.8) and (8.14.9) for given G; constitute a system 
of differential equations for determining the spinor field (x*), 
temperature T(x’), and the components F;; (z‘) of the electromag- 
netic field tensor. 

Let us show that all the equations in (8.14.1) for arbitrary G;, 
t;/, and T satisfying Eqs. (8.14.10) follow from Eqs. (8.14.8) and 
(8.14.9) if density, entropy, velocity, and magnetization of the 
fluid are determined in terms of the fields and ‘pt via (8.14.5). To 
this end we consider a system of real-valued tensor equations (8.13.16) 
at x;; = 0, which are valid due to the spinor equations (8.14.8) 
and (8.14.9). 

As we can easily see, the fourth equation in (8.13.16) with the 


coefficients % and x defined by (8.14.9) can be written as 
4 0,S'— uN +7Q = 6,M' 


we Layee (—“ge te?) —- eM 


 2me 'On/Os 


= treme (~~ + oT) =0. 


This means that the temperature equation in (8.14.1) is a corol- 
lary of Eqs. (8.14.8) and (8.14.9). 

According to the definitions (8.7.2) and (8.14.5), the first equation 
in (8.13.16) is 


0, = d,0u' = QO. 


This means that the continuity equation in (8.14.1) is also a co- 
rollary of Eqs. (8.14.8) and (8.14.9). 


We now calculate the tensor components ae entering the third 
equation in (8.13.16) and defined in (8.13.14). Substituting x;; = 0 


and ; defined in (8.14.9) into the definition (8.13.14) and doing the 
necessary transformations, we find that 


F = (c/g) [&; jn 34" (— 2x’ + A°n) — du, + 0;uj] 


ONo ON 
= 0101 Fan + &mnnpl” | “sq — 9a (08 ad,Mp ) I} 


+ (4/g) (ujdu /dt —u, du,/dt). (8.14.41) 


8. Tensor Representation of Spinor Fields 299 


The components F;; defined in (8.14.11) coincide with those defined 
in (8.14.3). Hence, the angular momentum equation in (8.14.1) is a 
corollary of Eqs. (8.14.8) and (8.14.9). It is somewhat more compli- 
cated to show [1] that the energy-momentum equation in (8.14.1) 
is also a corollary of Eqs. (8.14.8) and (8.14.9). We can easily see 
that the entropy balance equation in (8.14.1) is found by contracting 
Eq. (8.14.10) with the components u* of the velocity 4-vector. 

Thus, if density, entropy, velocity, and magnetization of a fluid 
are expressed in terms of spinor fields and w* via (8.14.5), then, 
in view of Eqs. (8.14.8)-(8.14.10), all equations (8.14.1) are satis- 
fied identically. 

As we can easily see, if the coefficients G; in (8.14.9) contain deriv- 
atives of the determining parameters 0, u*, M;, and s not higher 
than the second order, the spinor equations in (8.14.8) with the 


coefficients x, x,;, on and x defined in (8.14.9) are’second-order differ- 
ential equations in the components of the spinor and contain com- 
ponents F;; of the electromagnetic field tensor but not their deriva- 
tives. 

Obviously, if in the system of hydrodynamic equations in (8.14.1) 
which corresponds to the spinor equations in (8.14.8), we use for- 
mulas (8.14.5) for 0, u’, M;, and s, the resulting equations are, in 
general, third-order differential equations in the components of % 
and first-order differential equations in the F;;. In this sense Eqs. 
(8.14.8) can be thought of as the integrals of Eqs. (8.14.1)-(8.14.3) 
with 0, u', .W;, and s expressed in terms of and * via (8.14.5). 
The peculiar feature of these integrals is that for them M,;M* = 
07m”. 

In view of the temperature equation pT = 0A,/ds, tor the coef- 

* 
ficients x and x defined by (8.14.9) we can write 


g ONo 1 1 qyis N _9.Mi 
n= — pep @ (0G by MIF) + anor OM (8.14.12) 
* g OA 4 4 Q ; eo ° 


Direct verification shows that Eqs. (8.14.8), in which the coet- 


*& 
ficients x and x are defined by (8.14.12) and the coefficients x; and x; 
by (8.14.9), are related identically: 


5 * , * 
pry? [vidwp + (xl + inv? + xy? + xy9) yl 
. ee * 
= — [—dapty! + pt (Kl + imap’ + meayt + my)] vp, 
and, hence, contain no more than seven independent real-valued 
equations. Clearly, if the coefficients x and x are defined by (8.14.12) 
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and the coefficients x; and 2; by (8.14.9), the following system of 
equations can be taken as a complete system: 

. «x, +. 
ydnp + (xl + inzgyt + xy + xy’) > = 9, 
—appry! + pt (al + ineay! + xeuy! + ey) = 0, (8.44.43) 
O:F jp ++ OjF »; + ORF i; = Q, 6,HY = 0, of = dA,/ds. 


Sometimes it is useful to write the formulas for the coefficients x, 
* 
i, oe and »% in Eqs. (8.14.13) in another form: 


«= Gap (—8-G tae N om"), 

x =e (—N A = oun), 

= [2m 42 (tir) gems Pena 

Hee maa 01 Muon E ae On (38 a) (8.14.14) 


ees (a5 Fae, Eat Ga ae ~ diu* ) 


1 . -, dus 
+ Fmep F8 (co,M’ + M? =) : 


Here the components £’ of the electric strength 4-vector and the 
components 8; of the magnetic induction 4-vector are defined thus: 


Ei — Up,r™, B; — (1 /2) €; nF **, 


Equations (8.14.8) with coefficients (8.14.9) and Eqs. (8.14.13) 
with coefficients (8.14.14) are equivalent. 
The reader must note that the expressions for the coefficients x; 


and Hi simplify somewhat if we put 
= (2/g) Mtoi + Am (0, 8, Mi, djMi, Wi, Gjuti), (8.14.15) 


where @; are the components of the vorticity 4-vector: 


@; = (c/2) €;;,,u70"U'. 
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. : * * 
In this case the coefficients x, x;, x;, and x in Eqs. (8.14.13) take 
the following simpler form: 


x=>2— (—Q “hm += Nam), 


2mcp dp 
i g ( 0Am Cc i 
%=Fmop \—\ “Gp — Fy 2M"), 
*  g OAm j OAm { 
m= 35 | Bi— Gar +4: (0 zat) |+ zen 


%1 = 2 — { 6; — Mi) E — 04, UD iia. (os Te) | 


Ou; 


tu, ( 6d, Mp OMe: Od.up e ur) re éd;M, dv 


1 OAm dus 
+ C OdjUs =|} ° 

If the G; that enter x; and satisfy Eqs. (8.14.10) are given as func- 
tions of the main parameters of fluid and field, the system of equa- 
tions (8.14.8) and (8.14.9) is complete. Defining the G,; is closely 
linked with the concrete thermodynamic and mechanical formula- 
tions of the problem. 

We note that if we put 


T = da/dt; Gy = —chd;s, t? = 0, 


where 4 = A (z’) is an arbitrary differentiable function, and ¢ the 
speed of light in vacuum, Eq. (8.14.10) is satisfied identically if 
ds/dt = 0. This case corresponds to adiabatic processes in a mag- 
netizable liquid. 

Equation (8.14.10) is also satisfied identically if we put s = const, 
t;/ = 0, and G; = 0. This case corresponds to isentropic processes 
in an ideal magnetizable liquid. 
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